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Abstract

This dissertation presents new models and simulations of wave growth experienced
by electroma.gnetlc waves propagating through the magnetosphere in the whistler
mode. For these waves, which have frequencies below the electron gyro and pIasma
frequencies, the magnetospheric plasma acts like a natural amplifier often amplifying
the waves by ~ 30 dB. The mechanism for growth is cyclotron resonance between the
circularly polarized waves and the gyrating energetic electrons which make up the
Van Allen radiation belts. The main emphasis is to simulate single frequency wave
pulses, in the 2-6 kHz range, that have been injected into the magnetosphere, near
L 2.4, by the Stanford transmitting facility at Siple Station, Antarctica. However,
the results of this thesis can also be applied to naturally occuring signals, signals from
other transmitters, non CW signals, and signals in other parts of the magnetosphere.

which are not probed by the Siple Station transmitter.

Simulations using a new transient model reproduce, for the first time, exponen-
tial wave growth (25-250 dB/s) and saturation (20-35 dB) coincident with a linea.rly..
increasing frequency versus time (up to 60 Hz/s). No other simulation or modeling
efforts have simultaneously predicted these experimentally observed féa,tures,' partic-
ularly the linear frequency increase. The transient model includes the geomagnetic
inhomogeneity and electrons ranging in all three dimensions of velocity space. The
methods for calculating the phased bunched currents, stimulated radiation, and radia-
tion propagation are also unique and are based upon test particle electron trajectories
calculated by integrating nonlinear equations of motion generalized to allow the evo-

lution of the frequency and wave number at each point in space.

The results show the importance of the transient aspects in the wave growth
process. The wave growth established as the wave propagates toward the equator, is
given a spatially advancing wave phase structure by the geomagnetic inhomogeneity.
Through the feedback of this radiation upon other electrons, the conditions are set.
up which result in the linearly increasing output frequency with time. The transient )
simulations also show that features like growth rate and total growth are simply-
related to the various parameters, such as applied wave 1nten31ty, energetic electron -

flux, and energetic electron distribution.
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Chepter 1. Introduction

This research concerns the cyclotron resonant interactions between Wh:stler mode
electromagnetlc waves and energetlc electrons in the earths’ magnetosphere. Through
this mteractlon energy is exchanged between the resonant electrons and the whistler-
mode waves resulting in wave growth or damping. - This cha,pter includes a brief
~ description of the magnetosphere, wave-particle interactions, previous Work in th1s

ﬁeld and a review of spe01ﬁc contrlbutlons presented in this the31s _
1.1, -The__Earths’ Magnetosphere

" The ea;rths_"ma,gnetos.pher.e is a region of space contained within an outer bound-
ary, or magnetopause, that separates the interplanetary and. geomagnetic fields. The
supersonic solar wind impinging upoﬁ the earths’ dipole-like ma,gnetic.ﬁeld gives the
magnetosphere its Ia.rge scale structure shown in Figure. 1.1 In the sunward direc- -
tion the magnetosphere is compressed by the solar wind and extends out to about 10
earth radii. In the anti-sunward direction the geomagnetic field is pulled out into a
tail extending several hundred earth radii. The inner boundary of the magnefoephere
is taken to be approximately 100 km above the earths’ surface [Lyons and Williams,
1984]

This thesis deals with a type of wave-particle interaction found throughout the |
magnetosphere. The inner magnetosphere is defined by the geomagnetic field lines
with L < 6 (i.e. field lines which extend out less than 6 earth radii at the geomagnetlc T
equator). These field lines can be approximated by a distortion free dipole field.

The inner magnetosphere is a magnetoplasma composed of thermal electrons and
- positive jons that can be divided into two constituents, a cold background plasma a.nd
a hot energetic plasma. The cold plasma consists of pa.rtlcles with energies less than 1
eV and is believed to originate from the ionosphere, a layer of the earths’ a.tmosphere_
ionized by solar radiation and extending from 60 km to ~ 1000 km altitude. The

cold plasma is believed to flow up the magnetic field lines from the upper layer or

F-region, of the ionosphere. Cold plasma densities measured at the magnet:c equator L

gradually decrease with i 1ncreas1ng distance from the earth until a sharp decrease in ..

‘plasma. density occurs at the plasmapause [Carpenter, 1_963].-_The reg_lon._withm -t_he




PLASMA MANILE
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Figure 1.1. A 3-dimensional cutaway view of the earths’ magnetosphere (from
Park [1978]). This figure shows how the geomagnetic field is blown into a comet-
hke shape by the solar wind. :

plasmapause is called the plasma.sphere. The plasmapause is field aligned and begins
- at about L=4-5 during quiet geomagnetic conditions [Park and-Carpenter, 1978].

The hot energetic plasma consists of magnetically trapped particles with energies
ranging from ~ 100 eV to hundreds of MeV. These charged particles gyrate about the
magnetic field lines, bounce back and forth between magnetically conjugate mirror
points a.nd drift across field lines [SCh'U.ltz« and Lanzerotti, 1974]. These particles make
up the Van Allen radiation belts.

A variety of plasma waves propagate in the magnetosphere [Anderson 1983; Mél—
rose, 1986; Shawhan, 1979a ,b]. The wave mode of importance in this study is the
whistler-mode which can propagate at frequencies below the electron gyro and pla.sma

frequencies. When propagating through a smpoth.background plasma, whistler-mode- -
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waves are nonducted with elliptical pola..ri.za.tion and propagate at an angle to the ge-
omagnetic field. Whistler-mode waves can also be guided by gradients in_the_. cold _
plasma, such as the plasmapause [Inan and Bell, 1977], or ducted by field elighed' .

enhancements or depletions in the cold plasma at frequencies below or above the -

one-half electron gyrofrequency, respectively [Smith et al., 1960; Smith, 1960, 1961;
Scarabucci and Smith, 1971; Walker, 1976; Strangeways, 1980 1981a bl A combi-
nation called hybrid mode propagation can exist where ducted whistler-mode waves
propagate down the field lines, reflect off of the topside ionosphere, and continue
propagating in a nonducted mode [Bell ¢t ol., 1983; Smith et al., 1985; Rastani et al.,. |
1985]. Guided or ducted waves have wave-normmals roughly aligned with the geomag-
netic field. A whlstler mode wave whose wave-normal is aligned with the geoma,gnetlc-
field is said to be longitudinally propa.gatmg and is a circularly polarized wave. In

any case, the sense of rotation is the same as the gyrating electrons.

The whistler-mode gets its name from the whistling sound of dispersed electro-
magnetic impulses generated by lightning, called whistlers, first described by Preece
in 1894 [Alpert, 1980]. Whistlers have been observed between 100 Hz and 1 MHz
[Shawhan, 1979]. The first explanation of whistlers "hypothesized the existence of
the plasmasphere [Storey, 1953] and a more detailed analysis of whistler dispersion
led to the disco\?ery of the ‘nose’ whistler [Helliwell iet al., 1956] which in turn led
to the discovery of the plasmapause [Carpenter, 1963]. The magnetosphere has also
turned out to be a natural laboratory for the study _ef ‘wave-particle interactions. A
too]l which successfully exploits magnetospheric. Whi'stl"er-mode. signals is the Stan-- |
ford University VLF transmitter at Siple Station, Antarctica (L =~ 4) [Helliwell and
Katsufrakis, 1974, 1978]. The Siple transmitter and the geomagnetlcally conjugate
receiving statlon at Roberval, Quebec (now at Lake Mlstlssml Quebec), are used to
investigate a broad range of topics mcludmg VLF antennas magnetospheric electric
fields, duct locations, electron number densities, occurrence properties of ducted sig-
nals, wave-induced electron precipitation, wave growth and saturation, wave growth
threshold, tnggered emissions, suppression, VLF induced quiet bands, entrainment,

side-band generatlon spectral broadening, earth-ionosphere waveguide propagation,

power line harmonic radiation, and magnetospheric hiss [Bell and Inan, 1981; Bell
et al., 1985, 1983, 1981, 1980; Carlson, 1983; Carlson et al., 1985; Carpenter, 1980 L
Carpenter and Bao, 1983; Carpenter and Miller, 1983, 1976; C’arpenter et al., 1985;
Helliwell, 1983a,b, 1979, 1975, 1974; Helliwell and Katsufrakzs, 1978, 1974 Hellzwell
et al., 1986a,b, 11980, -1975: Inan and Helliwell, __1982, I_nan et al., 1977’---K"“_“T.“,-.~?t'
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al., 1983, 1981; Kininer et al., 1983; Park, 1981; Park and Chang, 1978; Paschal and
Helliwell, 1984; Raghuram et al., 1977a,b; Rastani et al., 1985; Sonwalkar and Inan,
1986 Sonwalkar et al 1984; Stzlcs 1974; Stzle.s and Hellzwell 1977, 1975; Tkalcemc.
1983] '

12 _ ,Ek_peri_mental results

" The main focus of this thesis is the interaction between ducted VLF whistlet-
mode waves and the radiation beIt electrons. More specifically, the growth of single
frequency ducted wave pulses is studied, although evidence and analyses imply that
results from single frequency studies can be applied to variable frequency signals [Hel-
liwell, 1970; Carlson et al., 1985] and even to broadband ‘noise-like’ signals [Helliwell
et al., 1986]. The sketch in Flgure 1.2 shows the predicted interaction region for
ducted, constant frequency signals centered at the geomagnetic equator.

ROBERVAL VLF
. RECEIVER

lNTERACTION
REGION

SIPLE STATION
VLE TRANSMITTER
. AND RECEIVER

Figure 1.2. Sketch of ducted VLF propagation from Siple Station, Antactica,
- and Roberval, Quebec (from Helliwell [1986]). As suggested by Helliwell [1967]
" the 1nteract1on region is located around the equator for constant frequency signals,

and upstream or downstream of the equa.tor for fa.lhng or rising frequency signals, -
Tespectively. S '

Twe cha.recteristic_mee.éures of wave growth are the growth ra,_fe_ and the _sé.ti___ T e

uration level. -

The growth itself .can be somewhat. irregular but in many'.eaees :isi R |
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exponential, with growthr rates between 25 dB/s and 250 dB/s, reaching saturation
after 20-35 dB of total growth [Stiles and Helliwell, 1977]. Satellite measurements of -
the unamplified signal strength have been limited and none has yet been made in situ
of a ducted signal. Satellite based field strength measurements of nonducted Siple
signals place the input field strength between 0.01 pT and 0.3 pT [Inan et al., 1977 7
Rastani et al., 1985]. The actual field strength necessary for wave growth within a
duct is of interest since there is a power threshold below which wave growth is not
possible [Helliwell et al., 1980]. Two possible explanations for this growth thresh-
old have been given. One explanation is based on the signal to noise ratio in the
magnetosphere. The other explanation requires that the wave intensity exceed the
threshold above which electrons can become trapped in the potential well of the wave.
.Ma.ny wave growth theories, as will be discussed, are based on this trapping threshold.
However, the model developed and applied in this thesis does not requlre trappmg

for wave growth to occur.

Simulations or models of whistler-mode wave growth should reproduce both the

amplitude and phase evolution of a received signal. While the. spectral characteristics

of these signals have been analyzed for many years, most studies have examined
only signal amplitudes as functions of frequency and time and have not considered
the signal phases. Recent work has begun to include phase analysis [Paschal and
Helliwell, 1984; Dowden et al., 1978; Rietveld et al., 1978; Rietveld, 1980]. Phase
measurements of signals from the Siple VLF transmitter [Paschal and Helliwell, 1984]
show that puises with temporal growth have a relative phase advance with time and
thus a positive frequency offset from the transmitted mgnal often starting at the very

beginning of the pulse.

One of the pulses analyzed by Paschal and Helliwell [1984] is reproduced in Flg—
ure 1.3 and includes the traditional spectrogram and amplitude versus time displays
along with the phase versus time display. This pulse, received at Roberval Que-
bec, was transmitted from Siple Station, Antarctica. Besides the exponential wave
growth (36 dB/s) up to a peak or saturated level, Figure 1.3 also shows the initial
frequency offset (1.1 Hz), advance in phase during wave growth, a jump in the pha.se
advance ra,te indicating the release of the triggered emission, and the- constant fre-

quency advance versus time of the rising emission. This phase advance rate is plotted

in Figure 1.4 and indicates that prior to triggering, the phase advance versus time

was nearly parabolic since the frequency i increase rate is nearly lmea.r a.t ~ 9 Hz/s. 7' i

Measurements made of a few ‘more pulses, hke the pulse shown in Flgure 1 3, suggest
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- Figure 1.3. Displays of a 1 second, 2 kHz Siple pulse received at Roberval (from
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Paschal and Helliwell, 1984]). The spectrogram (top panel) shows a triggered
rising emission. The magnitude plot (middle panel) indicates a 36 dB/s growth

rate up to a saturated level after ~ 20 dB of total growth. The phase relative to

the transmitted phase (bottom panel) shows an initial frequency offset of 1.1 Hz: -~
from the transmitted signal. The phase advance with time, prior to tnggerlng, is P
'nearly parabohc mdlcatmg a lmea.r increase in frequency w1th tlme '
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Figure 1.4. FreQuency versus time for the pulse in Figure 1.3 calculated by simply
measuring the slope of the phase curve. Prior to triggering, the frequency increases
nearly linearly with time at ~ 9 Hz /s.

that the higher the growth rate the higher the rate of frequency increase which range
up to 60 Hz/s.

The simulation efforts in this thesis concentrate on reproducing the features de-

scribed above and shown in Figure 1. 3, namely:
I. Exponential wave growth.
II. Saturation.

HI. Parabolic phase advance in time.

1.3. Whistler-mode Wave_-parti(_:le in_t’eractions

Wave-particle interactions are a mgmﬁcant and mtegral part of the global dynam— n s

partlcle mteractlons ca.n occur

ics of magnetospherlc partlcles [Gendrm 1975] Wa,ve-
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through either longitudinal (Landau) resonance or cyclotron (gyro) resonance. Lon-
gitudinal resonance occurs when the phase velocity of the wave matches the electron
velocity component parallel to the geomagnetic field. Cyclotron resonance occurs
when the Doppler-shifted wave frequency, as seen by a counters‘treanﬁng electron,
approximately equals the electron gyrofrequency. This can be visualized using the
sketches of a wave field and an electron trajectory in Figure 1.5. Since thef_wa,ve field
is right-hand circularly polarized, the angular relationship between the electrons’ ve-
locity vector and the wave field vectors can become stationary over an extended time
period, thus allowing a cumulative energy exchange between the electrons and the

wave.

Bo
Figure 1.5. Sna,pshot of the right-hand circularly polarized wave field and the

tra,Jectory of a gyrating electron.

The importance of cyclotron resonance as a mechanism for whistler-mode wave
growth was first suggested by Brice [1963] and Dungey [1963] and has been the basis

for most theoretical treatments and simulations which followed. A good review of the |

early ideas is given by Helliwell [1965] and a review of the attempts to understand. i

coherent effects in whistler-mode wave-particle interactions prior to 1979 is gwen_."'

| by _M_c__ztsy_mqto_ (1979].. Helliwell [1967] proposed a- phenqmenolog1gal t_he_or_y for the
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growth and triggering of coherent whistler-mode waves which utilized both nonlinear
currents and the inhomogeneity. Helliwell’s theory included a nonlinear saturation _
mechanism and linked the frequency evolution to the inhomogeneity of the geomag-
netic field. Figure 1.2 summarizes the role of the inhomogeneity in Helliwell ’s theory
indicating that coherent VLF waves propagating along the geomagnetic field will in-
teract significantly with the energetic electrons around the geomagnetic equa.tor if
the signal is constant frequency. However, if the coherent wave frequency is increas-
ing or decreasing with time, then the interaction region will be located downstream
or upstream of the geomagnetic equator, respectively. This phenomenological model
has been generalized and successfully applied [Carlson et al., 1985; Dowden, 19715 b3

Dysthe, 1971; Helliwell, 1970; Helliwell et al., 1986a,b; Winglee, 1985] and remmns a

useful tool for interpreting experimental results.

Most other studies of the gyroresonance interaction were performed within the
framework of a linear or quasilinear approach (for reviews see Gendrin [1975], Liemohn
[1974], or Matsumoto [1979]) with the most notable being the work by Kennel and
Petschek [1966). Hotvever, there is argeneral agreement that the emission trig'ger—'
ing process involves both the nonlinearity and the inhomogeneity [Matsumoto, 1979).
Several theoretical works and models have specifically included the geomagnetic in-
homogeneity |[Bell, 1984, 1986; Bell and Inan, 1981; Carlson et al., 1985; Das and
Kulkarni, 1975; Dowden, 1971a,b; Dowden et al., 1978; Dysthe, 1971; Helliwell, 1967,
1970, 1986a,b; Helliwell and Inan, 1982; Karpman et al., 1974a,b, 1975 Matthews et
al., 1984; Matsumoto and Omura, 1981; Molvig et al., 1986; Murdoch 1983; Neubert
et al., 1987; Nunn, 1971, 1974, 1984; Omura, 1985; Rathmann et al., 1978; Roux and
Pellat, 1978; Sudan and Ott, 1971; Vomvoridis and Denavit, 1979; Vomuvoridis et al.,
1982; Winglee, 1985].

Some of these theoretical works have assumed a przora that only the electronsi
trapped in the wave potential well contribute to the wave growth [Das and Kulka-
rni, 1975; Dowden et al., 1978; Molvig et al.; 1986; Nunn, 1971, 1974, 1984; Rouz
and Pellat, 1978; Sudan and Oit, 1971). However, these models all fail to provide a
saturation mechanism and require an applied wave intensity above or near the max-
imum measured levels. The trapping assumption has not been validated by studies
which have examined both trapped and untrapped electrons [Bell and Inan, 1981;
Matsumoto and Omura, 1981, 1983; Omura and Matsumoto, °1982]. .' One'appeal' of-_

trapped electron models is the easy identification of trapped electrons via the trap—_

plng condition. Trapped electrons also obey constants of the motlon whlch can be'
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utilized to develop simple analy:cic expressions. Some of these models have produced
emission forms cla,irned'to be reproductions of the actual phenomena [Das and Kulka-

rni, 1975; Nunn, 1974; Molvig et al., 1986; Rouz and Pellat, 1978]. However, these
forms are not consistent with recent data analyses and with the presenf knowiedge of

triggered emission morphology. For example, some models generate preterinination

fallers which have not been seen in the data. A theory by Vomvoridis et al. [1982] '
looked at growth rates from trapped and untrapped electrons. Numerical implemen-

tation showed a threshold for growth which implied that the trapped electrons were

responsible for the growth. However, this growth was significant only in the upstream

region and also did not lead to saturation. Other simulations have shown that in this

same upstream region, trapped electrons can actua.lly damp the wave [Omura and

Matsumoto, 1982].

‘One theory, a feedback model developed by Helliwell and Crystal [1973] predicted
saturation and exponential growth but did not account for the observed phase ad-
vance. A later model [Helliwell and Inan, 1982] was also able to predict the advancing
phase by including the inhomogeneity. This model 1s explored further in chapter 3.

Karpman et al. [1974a,b,c] developed a nonlinear theory in an inh’omogeneoué
plasma which included trapped and untrapped electrons and was based upon gener-
alized theorems of phase conservation. Their work predicts a frequency shift propor-
* tional to the product of the linear growth rate, trapping period, and a term related to
the inhomogeneity. The nonlinear evolution of the wave packet is also related to these
quantities. In applying their theory, Karpman ef el. [1974b,c] predict a modulational
instability with a period near the propagation delay fhrough the magnetosphere simi-
lar to observations [Bell and Helliwell, 1971; Likhter et al., 1971; Park, 1981]. Another
 interesting approach was taken by Murdoch [1983] in which analytic expressions were
developed by assuming weakly nonlinear interactions. However, Murdoch predicted
that growth rates and frequency shifts would be proportional to the square of the

electric field strength, which is not supported by the observations.

Because of the assumptions that have been required in order to apply modern
mathema.tic_:a,l' tools to the problems of plasma physics, a fully general theory for
whistler-mode wave growth and emission triggering has not been developed. As an al-
ternative some researchers have turned to computer simulation. Some whistler-mode
simulation efforts include, in some form, the geomagnetic inhomogeneity [Matthews et
al., 1984; Matsumoto and Omura, 1983; Omura, 1985; Omura and Matsumoto 1982 "
‘Rathmann et al., 1978; Vomvoridis, 1978; Vomvoridis and De__navzt,.1980]. __ lee_.the "
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analytical theories, these simulations have not been able to adequately reproduce the

experimental results. -

All of the simulations of wave growth performed in an inhomogéneous ma.gﬁeti@_'
) field employed the long time scale (LTS) simulation model developed by Rathmann -
et dl. [1978]. The results from Rathmann et al. gave 56 dB of wave growth at
~ 3200 dB/s and —34 Hz offset for an applied wave of 0.05 pT. Wave damping at
" a rate of —1460 dB /s was obtained for an applied wave of 800 pT. These numbers -
were generated by denormalizing their results for typical Siple field line conditions.

These findings, while not in agreement with the experimental results, are consistent
with the growth rates and frequency shifts predicted by the dispersion relationship
"~ for their monoenergetic beam of electrons. Vomuvoridis’ [1978] work is essentially the
same as that of Rathmann et al. [1978]. Vomuvoridis and Denavit [1980] used the LTS
method and constant static magnetic field gradients in order to determine growth
rates from trapped and untrapped electrons. This work [Vomvoridis and Denavit,
1979, 1980] is in agreement with, and laid the ground work for, the more rigorous and
realistic treatment done by Vomwvoridis et al. [1982]. Omura and Matsumoto [1982]
and Omura [1985] also used the LTS method, with a slight modification to improve
stability, to investigate the roles of the trapped and the untrapped electrons. They

found that trapped or untrapped electrons grew or damped the wave, respectively,

on the downstream side of the equator a.nd vice versa on the upstream side of the |
equator The trapped electrons were created artificially by injecting them at their

resonance points instead of by lookmg at electrons which would be trapped naturally.

Other simulation efforts [Matthews et al., 1984, Matsumoto and Omura, 1983] have
described the evolution of the energetic electron distribution in the presence. of a

. :coherent wave but have not included wave growth.

14 Outline of this thesis

- The main goal of this thesis is to develop a Working model which can be used to
- simulate whistler-mode wave growth and thus lead to a better understanding of the
'wave growth process. The strategy focuses on calculating the currents and radiation
“from test particle trajectories. The models are similar to those used by Helliwell
" and Inan [1982] and Helliwell and Crystal [1973] except that the models used here
are more realistic and comprehensive. Besides considering the nonlinear currents
-in'an inhomogeneous geomagnetic field, a full range of energetic electron velomtles'_' |
are included. The results confirm that the problem is difficult and that much more -
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work 1s needed before a more robust model will be available. However, the results are
encouraging and, for the first time, a transient test particle simulation has reproduced
the three main experimental features listed in the last section. The outline of the

orga.ﬁiza.ti_on of this thesis follows.

* Chapter 2 describes the basic physics for cyclotrén resonant.wave—pa,rticlé in-
teractions. A model of the inner magnetosphere is developed and electron motion
and wave propagation using this model are established. Electron trajectories and the
nonlinear currents are examined for a range of electron velocities and wave intensities.
The methods for obtaining the resonant currents and the stimulated radiation from
the electron trajectories are given. Several useful tools and concepts are studied a,s'

well as some ‘general numerical methods

Chapter 3 examines the steady state response of the energetic electron distri-
bution to applied waves for cases of negligible and significant growth. A model for
finding self consistent steady state solutions is given. Wave growth and frequency
shifts are modeled using a two-port feedback model. Again a large distribution of

energetic electrons is considered as well as a range of applied wave intensities. -

Chapter 4 develops a transient model which can investigate the details of wave
growth as the leading edge of the wave propagate's through the re'gidn. A method is
developed for selecting the center parallel velocity of the electrons to be introduced
into the wave, which can maximize the average growth rate. Results are glven for a

varlety of wave 1ntens1t1es electron ﬂuxes and dlstnbutzon functions.

Chapter 5, the last chapter, includes a summary of the results as well as sug-

gestions for future work.

Appendix A derives the method used for mcludmg bandhrnlted Ga,ussmn noise

in the transient simulation program.

Appendix B derives an alternative form of the equatmns of motion Wthh does

not requlre the calcula,tlon of tngonometrlc functions. -

Appendlx C includ_es the do.cumenta,tlol_l and source code listing for the transient

simulation program.
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1.5. Contributioxfs of this work

1)

3)

Used steady state wave field concepts to examine phased bunched currents and
stimulated radiation versus vy and «. The results show that the inhomogeneity

“and the v™" falloff in the number density combine to make the ~ 45° pitch é,ngl'e,

near equatorially resonant electrons, the largest contributors to the stimulated
radiation. However, integrating over vy and a result in a large degree of can-
cellation. Uncancelled currents near the high vjedge of the integrated v Tange
contribute to large ‘edge effect’ currents. Control of these edge effects require a

weighting function in v.

Steady state concepts are also employed to develop models for determining self
consistent steady state fields with significant growth, and also a two-port model
for simulating temporal wave growth. Both of these models include integrations
over all velocity space dimensions. However, the inability of the two-port model
to describe certain transient phenomena and also the undesirable sensitivity of
the two-port model to the injected electron distribution, are evidence of the need

for a transient model.

Developed a transient model which can simulate the full space-time evolution of
a wave pulse, including frequency and wave number shifts, as the pulse crosses
the equatorial region. Application of the transient model has, for the first time,
reproduced the experimentally observed exponential wave growth, total growth,
linear frequency increase, and even the period of amplitude and frequency oscil-
lations. No other simulation or modeling efforts have simultaneously predicted
these experimentally observed features, particularly the linear frequency increase.
The electrons included in the transient simulations are governed by a selection

function. A maximum likelihood test estimates the parameters of this selection

function in such a way that the average growth rate is maximized. In doing so,

the test predicts, for the first time, that when an applied wave is present, the
measured wave frequency at the output of the interaction region should advance

with time. This test also identifies the important electrons and the important role

-of the geomagnetic inhomogeneity, both of which are consistent with Helliwell’s
[1967] theory. a
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Chapter 2. Physics of gyroresonant
wave-particle interactions

To study wave-particle interactions, complete mathematical descriptions of the
medium and particle motion are needed. In the following, a model of the inner mag-
netosphere is developed upon which group velocity, phase velocity, wave number,
gyrofrequency, plasma frequency, and other parameters are based. These parameters
are used to 1ntegrate the equations of motion, yielding electron trajectories, tra,ns~
verse currents, and stimulated whistler-mode radiation. The numerical techniques

employed are also discussed.

2.1. Model of the inner magnetospheré

Within the inner magnetosphere, the geomagnetic ficld c]osely resembles a dipole
field. The equation describing a dipole field line is

r = Reqcos?) _ (2.1)

where r is the distance of the field line from the earths’ center, Req is the value of 7 at
the geomagnetic equator, and A is the geomagnetic latitude measured north from the
geomagnetic equator. A convenient field line descriptor for the dipole approximation _
is the Mcllwain L shell parameter defined by

_ R

RD (2.2)

where Ry is the earths’ radius. The dipole field approximation holds for L < 6
and is employed here since this is the region of interest in this thesis. Figure 2. 1
~graphically defines the dipole relations and the dnectlon of wave propagation and

resonant particle motion.

The electron gyrofrequency fy and static magnetxc field strength By along a
dipole field line are given by ' '

eBy
—_ Y 3 5
(A) _1r | 8 7 6><10 L3 cosﬁ)\
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Figure 2.1.  Sketch of the wave and particle geometry along an I = 4 field

line. The relationships between the wave, resonant electrons, and the dipole field
depicted in this figure are the same as those assumed throughout this thesis. The
wave is propagating northward in the direction of the geomagnetic field and ad-

vancing geomagnetic latitude A. The counter streaming resonant electrons move

southward in the direction of advancing field line position z.

where e and m are the electron charge and mass respectlvely The field line position

z is related to geomagnetic latitude A by
- i;_‘;_ [ln(v 1+ 3sin?A + /3Sin-2——_)\ ) N \/(1 ; 3sin2./\) (3Sin2/\) _ (2.4)

where a circular approximation valid near the equator is

2 —111 L Ay '(km). @y

The minus sign in equa.tmns (2.4) and (2.5} comes from X and 2 belng measured in

oppos:te directions from the geomagnetlc equator For waves ongmatmg in the north =
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(Figure 2.1) A and z would be measured in the same direction, changing the sign of
equations (2.4) and (2.5). Small deviations from a dipole model can be .i'mpo_rta.nt
in terms of wave-particle interactions and should be'kept in mind. The earths’ ring
current distorts the magnetic field by a potentially significant amount [Gail, 1987]
but the details are beyond the scope of this thesis. |

The wave propagation relations depend on the cold plasma density. Within the
plasmapause, the cold plasma density is nearly in diffusive equilibrium. Outside the
plasmapause a collisionless model gives a better approximation (e.g. an R~* model).
In terms of wave-particle interactions, the spatial variation of the gyrofrequency is
much more significant than the spatial variation of the cold plasma density. For
this reason, the details of cold plasma models are not discussed here. The cold
plasma model used throughout is the diffusive equilibrium model DE-1 [Angem_mi
and Thomas, 1964; Park, 1972]. A very convenient way to represent the plasma_
density dependence in the propagation relations is through the plasma frequency

given by

1 [n(z)e?
T 2r\ me

fr(z) (26)

2.2. Whistler-mode wave propagation

Whistler-mode waves propagate throughout the magnetosphere in both ducted.
and nonducted modes. A qualitative discussion of whistler-mode wave propagation is
given in the introduction. The remainder of this thesis considers only ducted, longitu-

* dinal, whistler-mode, plane wave propagation. For these waves, the magnetospheric. -

" medium is believed to vary sufficiently slowly so that the WKB approximation [Bud-

den, 1961] can be used. The equations for wave propagation derived and used in
this thesjs assume the WKB approximation. Even in later sections, when the wave
frequency becomes a function of space and time, the wave is assumed to propagate

as a single frequency wave.

-Longitudina,l propagation is characterized by the wave number vector k being
parallel to the geomagnetic field By. For this case the whistler-mode refractive index
is given by ' '

N A7 C N 10
# \/1 NN \/ a5 0
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where z 1s the position along Bg"a,nd [ is the wave frequency. The approximation.is
well justified within the inner magnetosphere, and especially within the plasmasphere
where typlcally fp > fu. Using (2. 7) the following expressions for wave number,

phase velocity, and group velocity are derived:

p o 2rfe
. C 7
_ 2xfp f .
T e \fa-F" (_2'8)
2x f
Up = “k—
f(fe - f) o |
:CT , | (2.9.)
Vg -27;':{6
=2vup(1 ~ f/fu) . (2.10)

The (z) has been dropped for convenience in the above expressions and in many of

the following expressions.

Because the refractive index is a function of z, the wave field components are
also functions of z. However, the wave intensity also varies due to the guiding effects
of the geomagnetic field. Assume that the wave energy is confined to the duct and
is uniformly distributed across a cross-section of the duct. For a dipole field, the
cross-sectional area of a field aligned duct is inversely propbrtiona,l to the dipole field
intensity. Given this model, the wave intensity associated with a wave group, in-the
absence of wave growth or damping, is related to the.equatoria.l wave intensity of the

same group by [Inan et al., 1982]

/ ka. - |
By = Buyeqt | ™ = BuweqD {211
) q kequeq Weq _ ( 5 )

where the eq’ subscripts denote equatorial values. A plot of D = By Buyeq for typical |
parameters (see Table 2.1) is given in Figure 2.2. For other I values within the inner
magnetosphere and for frequencies within the range 0.2 < f/fgeq, < 0.5, plots of D

are similar and deviate by only 10% at high latitudes with respect to the curve in

| Fjgure 2.2. The effect of f}_#_u_pog: D is also neg_ligi_ble:since_the gradient of f p is much
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Figure 2.2, Plot of the ratio of the wave magnetic field strength to the equatorial
field strength for a constant applied field. This figure is based on the assumption
that the wave energy is uniformly spread over the duct flux tube so that, for the
power flow within the duct to remain constant, the field strength must vary with
position. The parameters used are the same as those in Table 2.1. '
less than the gradient of fy along the field line. F]gure 2.2 does show that near. the

equator, the wave 1nten51ty 1s not a significant functlon of p031t10n

- 2.3. Dynamics of trapped radiation belt particles

While the cold plasma determmes the wave refractive index, the hot plasma
characteristics control the energy exchange during wave-particle interactions. The
magnetically trapped particles which make up the hot plasma, gyrate about the ge-
omagnetic field while bouncing. between conjugate mirror points. " In addltlon the
curvature, radial gradient, and longitudinal gradient of the dipole field and the pres-
ence of static electric fields cause the electrons to drift. In other words, the center of
gyratlon does not lie on a single field line. Compared to the size of the wave- partlcle_
interaction region, these drifts are believed to be insignificant and are neglected Thus, -

the electron motion can be-described by snnple gyro motion centered on a smgle ﬁeld"'.-'

. _hne For more details of cha1ged partlcle mot:on see Hess [1966] Roedev er [1970] an_c_l
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Artsimovich and Lukyanov [1980].

A framework useful for describing electron motion i5 defined in Figure 2.3 in which
the electron velocity vector v is decomposed into a cylindrical coordinate system
having velocity components perpendicular, v, , and parallel, v, to the geomagnetic
field By, and a cyclotron phase angle 6. |

Figure 2.3. Sketch showing the relationship of the electrons’ velocity to the .
geomagnetic field. Defined are the electrons’ velocity », pitch angle a, parallel”
velocity vy, perpendicular velocity v,, and gyrophase 6.

The radius of circular gyration for an electron is

 2nfg

The total electron velocity remains constant since the static electric field is neglected

Ry (2.12)

and the magnetic field can not do work on the electron. The fact that the magnetic
field does no work on the electron means that the amount of flux linked by the orbit of

an electron must remain constant and the following relation emerges as an ‘adiabatic

invariant’, .

*sina
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Taking the derivatives with respect to time of velocity, equation (2.13), gyrophase,

and position yields the following set of differential equations of motion:

Z—: =0, = | (2.14a)
fz_? = -235;35(5, (2.148)
?: omfy, - (2.14¢)
% oy, o L (214d)

These equations, when integrated with respect to time, can be used to trace out the
trajectory of an adiabatic electron. In order to describe wave-particle interactions,
the Lorentz forces due to the wave fields must be added to these adiabatic equations -
of motion [Dysthe, 1971; Inan, 1977].

This thesis is concerned only with cyclotron resonant wave-particle interactions, a
restriction which is incorporated into the derived equations. The whistler-mode wave -
propagating in the same direction as the geomagnetic field is right-hand circularly
- polarized while counterstreaming electrons trace out left-handed helices. Cyclotron .
resonance occurs when the Doppler-shirfted wave frequency seen by an electron nearly
matches the electrons’ gyrofrequency. Thus the resonant eleciron sees a slowly varying
or stationary wave field. Assuming longitudinal propagation the cyclotron resonance:
condition is : . .
Y| > vR = ? (& - f) - (219)
where 7 is the relativistic constant and, as this equation implies, significant resonance
" occurs for vy’s close to the resonance velocity vp. For-the cases considered here,
¥ = 1 since the energies of resonant electrons are typically < 50 keV. To derive an
approx1mate expression for change in resonant frequency Afrin terms of a percentage

change in parallel velocity %Ay cons1de1

vp Of

Sfa+2f
f(fH f)'

: To a good approx1ma,t10n over the ra.nge fH /5 < f < f H /2 the resonant frequency:

%Avﬂzm{mfg(ia”ﬂ) o
- (2.16)
= 50Af L
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shift per percentage change in vy is

Al Ji

ey 100 ~ 37 (Hz/%) - (2.17)

which was derived by setting f = fy /2.

As long as the field seen by the electron is approximately constant, a significant
interaction can occur. The interaction model developed by Helliwell [1967] recognized
that the length of the Wa,ve-particle interaction region maximizes at the equator for
constant frequency signals. To visualize this, assume adiabatic electron motion and
let the cyclotron phase ¢ be the angle between the waves’ magnetic field and the elec-
trons’ perpendicular velocity. When d¢/dt = 0, the wave and the electron are in first
order resonance (2.15). The effective length of resonance (i.e. the length of the region
over which ¢ varies by = [Helliwell, 1970]) maximizes when d¢/dt? = 0, a condition
known as ‘second order resonance’. For a given electron, the point where d*¢/dt? =0
depends on the local change in wave frequency with time, df/8t. In other words,
second order resonance occurs if the variation of the electron parallel velocity vy along
the electron orbit-is matched by the variation of vg. For constant frequency signals,
second order resonance occurs with electrons resonant at the magneticrequa,to.r. Elec-
trons with v eq > UReq experience first order resonance on either side of the magnetic
~ equator while, for electrons with vy eq < UReqs (2.15) is not satisfied anywhere. A more
general description of second order resonance is given by Helliwell, [1970] or Carlson
et al., [1985]. The fact that coherent radiation does indeed maximize for electrons

resonant near the equator is demonstrated later.

Figure 2.4 defines the angular relationships, at any peint in space, to be used
throughout the text. All a.ngles are positive in the direction of wave rotation. B,.s
and E, s represent the field components of a reference wave structure governed only
by cold plasma propagation. Throughout this thesis B.. fis the same as the externally
applied field which has propagated into the interaction region. The total wave field,
By and E,,, makes an angle v with the reference field. The a,ﬁgle ¥ will vary with
position and time because of wave-particle interactions. Each electrons’ cyclotron
phase ¢ is measured from —B,. The net cyclotron phase of a group of electrons
Yv, and their associated current J and stimulated radiation B, are measured from

—By, By, and B,y respectlvely (these quantities are developed in section 2. 5) )

._The component of B, pa.ra,llel or antlpa,rallel to Bw will grow or da.mp the wave, v

respectlvely The component of Bs perpendlcula,r to Bw w1Il rota.te or. ‘tw15t’ wave_'-_'
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field making ¥ # 0. Of course, for the spatial phase structure of the total wave

field to.deviate or become ‘twisted’ relative to the applied single frequency wave, -
the observed frequency at a point of ‘twisting’ must deviate, at some time, from

the applied frequency. However, a steady state twisted field could exist where the

observed frequency everywhere is the same as the applied frequency. The resonance

condition (2.15) is only valid for a wave which has not been modified by wave-particle

interactions. The nonrelativistic cyclotron resonance condition including this spatial

twisting through the diy/dt term is

de a o o y
; .'g:k(vR..—.v“)—E{EO.. A -(2.13)

Q V) ,
® B, k )

Figure 2.4.  Sketch defining the angular relatmnsh]ps at any point in space,
between the wave, electrons, and currents. B,es and E,s represent a reference _
wave structure governed only by cold plasma propagation. B,, and E,, are the total
wave field vectors. Each electrons’ cyclotron phase ¢ is measured from —B,,. The
net cyclotron phase of a group of electrons Iv,, and their associated current J,
and stimulated radiation B, are measured from —B,,, B,, and B,ef respectwely

The twisting, growth, or da,mpmg of the wave field is a direct of Lorentz wave‘-'.:'

forces alterlng the pa,rtl(‘,le dlstnbutxon resultlng in'a net, pa.rtICIB current and hence -
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radiation. The Lorentz foree on an electron by a wave is given by -
Fo-eButvxB,].  (@19)

Breaking this down into forces parallel and perpendlcular to the geomagnetlc field

gives. -

. F;[ = '-"E[V__LXBw] 3 . o .' : (220&)
F, = —¢[Ey + v xBy] . (2.200)

These forces accelerate the electrons in the parallel and perpendicular directions and
also alter the electrons’ gyrofrequency. Transforming the velocity equation (2.14a) and
pitch angle equation (2.14b) into parallel and perpendicular velocity equations and
then adding the Lorentz acceleration terms, gives two of four equations of motion.
Since the magnitude of the Lorentz forces depend directly on the cyclotron phase
rather than the gyrophase, it is convenient to express the third equation of motion
as the rate of change of cyclotron phase instead of gyfophase. Thus, adding the
centripetal acceleration terms to equation' (2.18) gives the third equation of motion.
Taking advantage of the fact that for a plane wave |Ey] = vp|By|; the equatlons of

motion are

% - efzw”ﬁin?ﬁ - ;};-agf | ; (2.21a)
% - (vn + vp)smqb + 2}2’ ag f (2.219)

%? = k(vg - vy) - mw (v + vp)@ — % , (2.21¢) :
i 3_: ='."Uu - - o - (2.21d)

The sin ¢ term in (2.21b) and the centripetal acceleration term in (2.21c) arise from
F, not being parallel to v,. These equa.tlons are derived a,ssurmng a steady state
wave structure. . However, they are also valid for a tlme dependent wave structure
so long as the wave frequency a.nd wave number change slowly. In: such a case,
time and position dependent offsets Aw, Ak, and A_vp arise relative o the reference
or unperturbed quantities of w, k and vp." The unperturbed -resonance condition
including these oﬁsets is |

‘;‘f - wp —w— by —Aw— Ao
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But this is exactly equation (2.18) since

dip a¢ & dz 3 : -
dt + EZ—E = Aw Ak'U" . C (223) )

The phase velocity offset is neglected since it only appears as a small correctlon to

F, in equations (2.215) and (2.21c¢) or equivalently,

v+ vp + Avp = vy + vy o - (224)

The previous discussion neglects the effect of Awv, upon wave propagation since it
is assumed that all wave energy propagates at the reference phase and group Velocities;_ .
However, given two wave packets at slightly different frequencies, an observer moﬁing
at the phase velocity of one wave packet experiences a rotating wave field. To derive a
general expression for this phase rotation, start with the following WKB description
of the wave phase
i z
Ew,z,t) = fwdt — fkdz. ' (2.25)
0 0 .
Converting this into the frame of the phase velocity of 'a_reference wave gives

bresr2) = £y 1 1),

at =V ("“'ref +%)

2 | (2.26)

J(z-9)

0

Taking the derivative of eqﬁa.tion (2.26) with respect w gives the relative phase deldy.
which, when multiplied by the frequency separation, approximately gives the amount
of accumulated phase rotation of the second wave that the observer would record as

a function of position and frequency separation,
Af ‘fref = Af/ (— - —-) dz (cycles) B (2.27)

Figure 2.5 gives a plot of the relative phase delay d€res/dw, as a function of the

normalized frequency and’ parametric in Neq for waves which have propaga.ted across e
the interaction region (taken to be from' 250 to —250 km at L= 4)." The relatlve"

phase: delay 18 converted mto a phase shlft w1th unlts of degrees/Hertz‘:*m-order to
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Figure 2.5. The relative phase shift for two waves, 1 Hz apart, after propagating
from —250 to 250 km. This is the total shift in phase of the higher frequency wave,
relative to the lower frequency wave, as measured by an observer moving at the
phase velocity of the lower frequency wave. This phase shift is plotted versus
normalized wave frequency and parametric in equatorial electron density Neq.
make it easier to apply. For example, if f/fyeq = 0.375, Neg = 400 el/ cm®, and the
frequency separation is 10 Hz, the observed relative phase shift would be ~ 33°. Thus,
to minimize the error associated with propagating all energy at frequency independent
group and phase velocities, the applied frequency should be either near the equatorial
half gyrofrequency, where v, = vy, or the simulations should be limited to cases of
small frequency deviation. While the calculations in this chapter and in the first
section of the next chapter are carried out using f/fg.; = 0.375, in all subsequent
sections, where feedback and frequency shifts are considered, f/ SHeq = 0.5.

2.4. Energetic electron distribution function

The magnitude of currents and stimulated fields calculated from electron trajec-

tories depend upon the number of energetic electrons involved in the in_teracﬁon and

on the distribution of these electrons in velocity and 'conﬁg.ura,ti.or.l space.. Althbﬁg'h:' o

‘there are several- ways-to represent this information- [R_oede'ref,' 1970}; the velocity .
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space distribution function f(v, ) is well suited for wave-particle interaction studies.

The velocity space distribution function f(v, &) has dimensions of #/(ms -5 - ster)
so that the number density of electrons is determined by integrating over velocity
space. The velocity space volume element, given in terms of velocity, pitch angle, and
gyrophase, is vZsinadvdadd. Since the distribution function is assumed to be uniform

- in gyrophase, integration over ¢ ylelds 27. Thus, the number density of electrons at

any point in space is
N(z) = 291-//f(v,a)v2sina dvda (#/m3). : (2.28)
x v ) .

Choosing the limits of integration in (2.28) gives the number density within the

selected region of velocity space.

It is convenient to work only with the equatorial distribution function f(v, aeq)
rather than having to know f(v, ) at every point along the field line. An adiabatic

transformation of (2.28) only involves sin ader and gives

T iy v 5in(20req) - L - _
N f(v, aeq) dvdoeg. (2.29)
=) VT qu-ﬂ/ 5 e \/fﬂeq—fg sin? eq e _

The model for f(v,aeq) used in this thesis is [Inan, 1977] . -

f('”:aeq):A”_ng(aeq) o B _ . (230)

where A and n are constants and g(aeq) Tepr esents the pltch angle dependence When
g(aeq) = 1 the distribution function depends only upon velocity and is said to be
isotropic in pitch a,ngle Anisotropic and nearly 1sotrop1(: pitch angle dlstubutlons
have been observed in the magnetosphere [Lyons and Williams, 1975]. An example
of an anisotropic pitch angle distribution is given in Figure 2.6 which corresponds to

- meaSured by Anderson [1976] Figure 2.6 was generated usmg
g(ﬂf) :_'a sinx'a._l__(l _ a) sin? o . B - (231)

- with a = 0.2, z=02andy= 12 [Inan, 1977].

The lacL of electrons below 6° in Flgule 2.6 corr esponds to those eIectrons W_hOSl: e

mirror pomts are w1t111n the a,tmosphele and thus suﬁ'el coll:sxons Asa result -t
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Figure 2.6. Example of an eguatorial pitch angle dependence g(a), which
results in a highly anisotropic distribution function of the form f(v,a) = v™"g(a).
Except at low pitch angles, where the lack of electromns corresponds to the loss
cone, g(a) = 0.25in%% a + 0.8sin'? a.

electrons lose their energy to the atmosphere and do not mirror back into the mag-
netosphere. An altitude of 100 km is generally taken as the altitude above which
electrons mirror and below which electrons do not mirror. The equa,foria,l pitch an-
gie corresponding to a mirror point of 100 km altitude defines the equatorial ‘loss.
cone’ pitch angle .. The existence of a loss cone makes the distribution functmn :

anisotropic even if g(a) =1 everywhere above the loss cone.

Measurements show that the distribution tends to roll off with energy. OGO
3 satellite measurements of the differential energy spectrum (discussed below) at
L ~ 5.5 [Schield and Frank, 1970] fit a v=3%0% (E~1-%) power law for electrons with
energies thought to significantly contribute to cyclotron wave growth. This »~3%05.
differential energy spectrum converts to a v~5%%5 distribution function [e.g., Chang,
1983] or n 2~ 5. This value of n is consistent with a value of n produced by a model of

the lower cutoff of ground based magnetospheric whistler-mode signals [Carlson' et.

al., 1985}, The same lower cutoﬂ' model also produced at.a different. tlme no 12 P

' suggestlng tha,t n can have a w1de range of va,lues a,nd ca.n be tlme varymg
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Observed disiributions are conventionally described using the differential energy
spectrum which has units #/m? - s ster - keV. The constant A is related to the

differential energy spectrum @ g, of electrons at a given energy Eo (keV) and with

a = 90° by
PRI (L VA S PR (2.32)
T Bo\ met yZ—1/7"° ' R

where mc? is the rest energy of the electron and Yo = (1 —v?/ cg)_l/ ? is the relativistic
constant associated with Ey [Chang, 1983; Chang and Inan, 1983].

2.5. Test particle trajectories and phased bunched currents

In order to compute electron trajectories, the equations of motion must be inte-
. grated. The numerical methods and algorithms for integrating the equations of mo-
tion and determining currents and fields are developed in the next section. Following
are some examples of the calculation of electron trajectories for cyclotron resonant
electrons using the medium and wave parameters given in Table 2.1. This first exam-
ple includes 12 electrons, initially distributed unifdrmly in cyclotron phase, entering
the wave field 2000 km upstream of the equator, and with unperturbed equatorial
values for pitch angles and parallel velocities of 45° and vg respectively. The plots in
Figure 2.7 show the evolution of vy, vy, @, v, and ¢ for each electron in the presence
of a 1 pT monochromatic wave. In Figure 2.7, and in many of the figures to follow,
the velocities are converted to percentages of v Req- Each plot in Figure 2.7 includes
the adiabatic curves for the electron whose v, is antiparallel to B, at the equator.
The adiabatic trajectory is calculated using the same equations and algorithms, with
By, set equal to zero. Also included in Figure 2.7a is the plot of the resonance velocity
vr. These curves provide a simple way of seeing how the ‘electrons are affected by the

wave.

The plots in Figure 2.7 show that, for these electrons, the most significant inter-
actions occur in a region centered near the equator. The velocity plot (Figure 2.7d).
shows that, on the average, the electrons generally lost energy in the interaction.
Correspondingly, there are changes in pitch angle and gyrophase. During and after

the interaction, the gyrophase distribution (Figure 2. 7e) becomes nonuniform. This

- process has been called phase bunching and represents a transverse right-hand polar- o

ized current, [Helliwell and Crystal, 1973]. The changes in velocity, and hence energy,‘_f'.'

are. due excluswely to the wave electnc ﬁeld ~while the changes in a and e are d*
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Table 2.1. Parameters for the reference model

Inputs:

Outputs:

6371.2
7371.2
400
1012

1600
90, 8, 2
3/8

UReq
45

000102

10
12
800, 4

—2000

400

60, 57.5
6.7

488
13.7
180

01

292

- 2160
11000
.. 13800

18400
964

‘keV -

km

km
el/cm?®
#/m?s-ster-keV
keV

oK .

%

fu

pT

m/s
degrees
m/s
degrees
electrons
steps '
km

km

degrees

‘degrees’

nT

kHz ~
kHz
degrees
rad/km -

m

.km/s.

km/s'__ o
km/fs -
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\' (%VReq) _
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0

,f,,-m_\::irak
=

-90

~-1000  ~ -500 0. 500 1000

Figure 2.7. Plots showing the trajectories of twelve electrons using the param-
eters in Table 2.1. These plots (solid) show the evolution of v, v,, a, v, and $lor -
each equatorially resonant electron in the presence of a 1pT monochromatic wave”

at L = 4. Also shown are the adiabatic trajectories (dotted) and the. resonance

- velocity curve (dashed curve in vy plot). . .
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to both By and By [/nan, 1977). For this reason, B, and E,, work together to-
set up conditions for wave growth and damping. The vxB force tries to pull all of
the electrons into a position such that the v,’s are antiparallel to B,,. : Since B,,
~ can not do any work on the electrons, this is accomplished by exchanging parallel
and perpendicular electron kinetic energies. This amounts to translating the electron
helices in space with respect to their adiabatic helices so that their cyclotroh pheses
tend to become bunched rather than uniformly distributed. E,, can do work on the
electrons and, with the electrons nonuniformly distributed in cyclotron phase due to
B, the net exchange of energy between the wave and the electrons can be significant.
At lower pitch angles, the v, x B,, force is reduced. Thus, as is shown in the next
chapter, the bunching effect of B,, on small pitch angles becomes negligible and the

st1mu1ated currents, although small, are mainly due to E,, acceleration.

With the electron trajectories in mind, quantitative descriptions of phase bunched
currents and stimulated radiation can be developed. This is most easily done when
the system is in steady state. By steady state it is meant that an observer at any

point in space would see a constant wave amplitude and frequency for all time.

Any set of electrons that encounter the wave at the same time, will cross some
downstream point at different times. This means that electrons must be continuaﬂy
introduced into the wave to determine the electron distribution at some point in
space and time. However, for a steady state system, all electrons with identical initia}
conditions follow identical trajectorles In this case, the curves in Figure 2.7 are
equivalent to a snapshot of 12 continuous streams of electrons[Helliwell and Crystal,
1973; Helliwell and Inan, 1982]. Making a steady state a,pproximatio.n therefore
permits a rather simple and stralghtforward method of demvmg stlmulated current

and radiation directly from the curves in Figure 2.7.

For an unperturbed energetic electron distribution f (v a), the 12 test electrons
represent 27 f(v, a)v?sinadvdo electrons per unit volume. The current a_ssoc1a,ted.
with the phase bunched electrons can be represented by a sheet current calculated by
summing over all perpendicular velocities within a slab of thickness Az. The current

per unit slab thickness is thus given by [Helliwell and Inan, 1982] o
/]]VJ_ (v a)v smadvdadgt» (A/m?). | (2.33) .

Each current sheet launches a wave in both drrect:ons All such current sheets a,ct:

- like an end ﬁre antenna array in that there is only substantlal addltlon of coherent
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Figure 2.8. Magnitude (solid) and phase (dotted) of the current associated with
the electron trajectories in Figure 2.7.

radiation in the wave direction (opposite to v|) [Brice, 1963; Helliwell and Crystal,
1973}. At any point in space, the stimulated radiation associated with the current
sheet can be determined from Maxwell’s equations. The total radiation at a given
pomnt 1n space would be the sum of the applied wave, the stimulated radiation as-
sociated with the local current sheet, and the radiation that has propagated to this
point in space from other current sheets. The field radiated from a current sheet of

unit thickness is |
ABy(z) = £2[3()xn] o (238

where 1 is the unit vector in the k direction. When steady state is assumed, the stim-
ulated radiation from each current sheet remains constant so that the total radiation

at a point z is

B.w(z)=D(z){ / A]‘j’(z())d +Bmeq} (2.35)
+o0 ' S

where Bi, is a constant applied input field (eg a key-down .ground-_basedj-:VLF: ' i

_ . trapsmitter).
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ange of pitch angles. -

Figure 2.9. Plots showing the effects of phase mixing, The top panel shows thé
current from the same electrons in Figure 2.8. In the bottom panel Lowever, 17

ch angle,integration
m region.

sets of 12 electrons were injected into the wave covering the r
“{rom 6° to 70° in 4° steps. Because kv is different for each pit
over pitchi angle tends to cancel the current in the downstrea
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The calculated current corresponding to the electrons of Figure 2.7 is shown in
Figure 2.8 with the current magnitude and phase being given by the solid and dotted
lines respectively. The current magnitude at z = —1000 km is quite small even though
the electrons, injected into the wave at z = —2000 km, have been in the wave field for
1000 km. The current begins to grow rapidly at z o —400 km which, from Figure 2.7e,
corresponds to the unperturbed cyclotron phase curve coming within ~ 90° of exact
resonance. The magnitude of the current first peaks when the electrons have become
phased bunched about —B,, (see Figure 2.7). A second current peak occurs further
down the field line as a result of the electrons having different velocities and hence
different d¢/di’s after their interaction with the wave. This rebunching will continue
on down the field line for these electrons. The stimulated radiation components
associated with this rebunched current will not add coherently because the current
phase is rotating so rapidly. Furthermore, when integrating over more than just a
single pitch angle or parallel velocity, the downstream currents associated with each
component of the energetic electron distribution tend to cancel each other. This effect
is called phase mixing and is demonstrated in the lower panel of Figure 2.9 in which

" a 6° to 70° pitch angle range has been included.

Table 2.2. Cyclotron phase of maximum perturbed values.

Phase % %‘ll '%’? v vy J
180° vy < VR | Y > vR X
90° | x
0° X v”. >vR | vy <vRr | vy <R, asmall
—90° X

The current phase in Figure 2.8 has distinctly different behavior in the upstream,

equatorial, arid downstream regions. Upstream of the interaction region the current

phase is just below 180° or nearly a,ntlpara.llel to By, This is in the direction opposute-
to the current phase which results from phase. bunchmg of electrons about -—B

However these upstream oﬁ—resonant electrons are: only sllghtly perturbed} by- thei-'..:.'
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wave which causes the electrons to execute nearly sinusoidal oscillations about their
adiabatic trajectories. The phasing of these oscillations is easily revealed by inspection
of the equations of motion (2.21) and is illustrated in Table 2.2. Indicated in Table
- 2.2 are the cyclotron phase angles at which the various parameters are a maximum.
The minimum values are not indicated in Table 2.2 since they would occur 180° out of
phase with the maximum values. The phase angles of maximum dvy /dt and dv, /dt
follow directly- from the sin¢ and —sin¢ terms in _equations (2.21a) and (2.21b)
respectively. The cyclotron phase angle at which v) or vy maximizes, depends on
the sense of cyclotron phase rotation. If vy < vg then the cyclotron phase advances
with time and vice versa for vy > vgr. The dependence of maximum values upon
the relationship of vy ‘to wg is so indicated in Table 2.2. The maximum rate of
cyclotron phase rotation [d¢/dt| occurs at ¢ = 0° and is determined by (vr—vy) in
equation (2.21c). From this perturbation analysis, the electrons should be slightly
concentrated about the cyclotron phase corresponding to a minimum in |d¢/dt| which
is at ¢ = 180°. Thus, the current phase should be 180° from B, which is the
upstream current phase in Figure 2.8. This analysis is based on the assumption
that the perturbations in vy and hence |d¢/dt] are relatively more significant than
the perturbations in v,. However, at low pitch angles, the perturbations on v can
become small since v, is small. In this case, the cyclotron phase distribution remains
fairly uniform and the current phase corresponds to the cyclotron phase of maximum
vy. The cyclotron phase of maximum v, depends on the semse of cyclotron phase
rotation, resulting in an off-resonant current phase at 180° or 0° for vy > vp.or
vy < vg respectively. The static field inhomogeneity terms in equations (2.21a) and _
(2.21b) and the wave field term in equation (2.21c) are neglected in this analysis,

possibly accounting for the current phase angles not being exactly 0° or 180°.

In the equatorial region, the length of time that the wave forces act on the particles
per cyclotron period has increased enough to significantly deviate the electrons from
their adiabatic trajectories. These wave forces tend to bunch the electron cyclotron
phases about —B,,. Thus, the current phase shifts from ~ 180° toward (°. The
current phase actually goes below 0° because of electron momentum. The large,
nonresonant current in the downstream region is dominated by the inhomogeneity
causing the current phase to rotate at about the adiabatic cyclotron phase rota,tlon.

rate.

The trajectories plotted in Flgure 2.7 represent only a small class of cyclotron res- .

' onant electrons: Electron trajectorles currents, ‘and st1mulated ﬁelds depend upo‘




38

many parameters including v, By, L, Neq, and f. The following trajectory calcula-
tions demonstrate the role of electron velocity and applied field intensity. Trajectories
are calculated for two cases. In both cases, the pa.,rame_ters‘of Table 2.1 are used_ex-
cept that the electron parallel velocity is increased by 2%. In the second case the

applied wave intensity is increased by a factor of 10.

Figure 2.10 shows plots of vy, v, and ¢ versus position for the first case. The .
intersections of the adiabatic v curve and the vg curve imFigure 2.10a show that,
by increasing vy by 2%, there are now first order resonant interactions at —1000 km
and 1000 km. Figure 2.10b shows that there is significant energy exchange between
the wave and individual electrons within each interaction region. However, as op-
posed to the equatorial resonance case where the net energy exchange was mostly
from the electrons to the wave, the net energy exche,nge in Figure 2.10b appears to.
be only weakly from the wave to the electrons. Figure 2.10c shows the cyclotron
phase behavior in which the phase bunching following the first resonance is clearly
pronounced while there does not appear to be strong phase bunching following the
second resonance. This lack of phase_bunching is due to the electrons encountering
their second resonance at various points in space and with a nonuniform cyclotron
phase distribution, all a result of their earlier upstream resonance. This effect is also
evident in Figure 2.11 which shows an asymmetry in the current profiles associated
with each resonance. Including a full range of pitch angles and a range of pé,rallei :
velocities tends to improve the symmetry in the current peaks and can reduce the
current between resonances through phas'e- mixing. As.a result, the phase bunching
and current resulting from the second resonance behaves more like that of a uniform

“fresh’ distribution of electrons injected at the equator. -

Increasing the wave intensity causes some electrons to oscillate about the reso-
nance velocity curve as shown in Figure 2.12a. This is called phe;,se trapping and oc-
curs when the v, x B,, is so strong that the electrons oscillate about éBw, as shown
in Figure 2.12c. The manner in which energy is exchanged between the trapped elec-
trons and the ‘wave is, from Figure 2.12b, quite opposite to that of the untrapped
electrons. The trapped electrons, on the average, take enei‘gy from the wave along
the upstream side of the equator and give the energy back on the downstream side.
Untrapped electrons, on the other hand, give energy to the wave within their ﬁrst
resonance and, in general, take energy from the wave within their second resonance.
This effect was investigated in wave growth simulations [Omura and Matsumoto, 1982]

o where 1t was found that; trapped electrons da.mped the wave on the upstrea.m. side
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Figure 2.11. Magnitude (solid) and phase (dotted) of the current associated with
the electron trajectories in Figure 2.10.

and amplified the wave on the downstream side. The opposite was found to be true
for untrapped electrons. This effect is exa,mmed further'in the next ~chapter where
growth and dampmg 1s shown to depend upon various parameters lncludmg By,

and c.

The physu:s of trapping has been extenswely studied (see Matsumoto [1979] for a
review). Trapped electron behavior. can be rela,ted to a sunple pendulum by making
B, the analogue of gravity and the. electron, m the wave frame the analogue of
a pendulum Takmg the second derlva,tlve of. (2 21c¢) and neglectmg By, dependent

terms gl ves

d2¢ dUR dv" dk L e dz'@b..:: B .
— - - _ _ v . . ‘)
-which, when taking en ~ vp, reduces to - S .

e _-L( d " a Car e ‘2(7'--??)7”"

) Substltutmg in- (‘) 21a)' calculatmg dvR/dt for df/dt = 0 and ma,l\mg the .applo)n -
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mation that df P/ dt ylelds the pendulum equatlon _

k”l]afﬂ - d%y
2fgt Oz a dtz )

The right side of equa,t1on (2.38) is the forcmg function which depends upon both

dqu ' eB

7l -|- --—-ka_ sin qS [311”0" + (2.38).

‘the static field 1nhornogene1ty and wave field twisting. In this sense, spatial twisting
of the wave field is just an additional inhomogeneity and, in general, a first order
term. The second term on the left is the restoring force function which includes the

v, x B, force. The amplitude of the restoring force term is often written as

eBy, :

Wit = —Lku, | (2.39)
where w, is called the trapping frequency which, as is shown later, is closely related
to whether an electron is trapped or not and, for trapped electrons, determines the
frequency at which the trapped electron oscillates about —B,,. However, the gen-

eralized pendulum equation can have periodic, quasiperiodic, and chaotic solutions
[Jensen, 1987; Per Bak, 1986; Lichtenberg and Lieberman, 1983]. |

Electrons can become trapped if the trapping frequency is large enough to over-
come the inhomogeneity. Thus, a useful quantity for describing the wave-particle

interaction is the ratio of the inhomogeneity terms to the restoring force term

! le ofg _ d% '

where R is known as the -inhomogeneity .ra,tio [Nunn', 1971]. Since no trapping can

occur if |R| > 1, the spatial region where {R] < 1 is called the ‘trapping zone’. In the
case where there 1s no wave field twisting, 12 is negative on the upstream side, zero at
the equator, and positive on the downstream sid_e as governed:lihya fm/ot. Similarly,
|R| increases with increasing distance'from' the equator. Thus, in this symmetric case,
the trapping zone is la.rgest at the equator and vanishes at some latitude depending on
the wave mtenmty, wave number, and electron perpendicular veloc:]ty A sketch of the
trapping regions; in the vy-¢ plane, and the essomated partlcle trajectorles at various
points along a field llne are given in Figure 2.13. As demonstrated in Figure 2.13, a.
nonzero value of R causes the center cyclotron phase angle of the trapping zone to
become shlfted with the d1rect1on of shift being related to the sign of R

The. ex1stence of a trappmg zone does not. necessa.uly 1mply trapped electrons In SR

_ Flgure 2.12 only two electrons were trapped whlle more than two ad:abatic tra"ectones_
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o .

Figure 2.13.  Sketch of the trapping regions, in the vy-¢ phase space plane, .
and the associated particle trajectories at various points along a field line (from
Maisumoto, [1986]). Non-zero values of R cause the center cyclotron phase angle
of the trapping zone to become shifted with the direction of shift being related to
the sign of R. :

~passed through the trapping zone. What is happening, in this case, is that the
electron trajectories flow around the trapping zone and only those electrons whose
momentum carries them into the trapping zone, as the trapping region changes shape
with position, are actually trapped. If electrons encounter an abrupt wave front right
at their resonance point, then all of these electrons would be trapped. Thus, in order
for electrons to become trapped or detrapped, the trapping region has to change shape
relative to the electrons. Two sources of this change are the static field inhomogeneity
and variations in the applied wave intensity. Even if an electron becomes trapped, it
may become detrapped in a time less than a trapping period, giving it a trajectory
similar to that of an untrapped electron. ‘Thus, an increased wave intensity would .

.. Not necessarily trap more electrons.

When electron trapping is not significant, a measure of the interaction region is .. -

the adiabatic interaction length L, [Helliwell, 1970] Ly is'the maximum length over - o

which the unperturbed phase curve for an‘electron is within /2 of —B,. Thlsdeﬁnes
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a region which is approximately the same as the region within which the average
energy of the electron changes as a result of the wave-particle interaction {Inan et al,
1978]. Figur_e 2.14 is a plot of L, and resonance location versus vy eq- Ly approaches
0 at both the high and low v ends of Figure 2.14. For a parabolic approximation
to the earths ma.gnetié field, L, falls off as the square root of the resonance location
for the high vy end. The peak in L a,ctua,lly occurs for vy eq > UReq because the
conjugate interaction regions defined by Lp, overla,p for Veg __less than about 0.2% of
VReq- Ip discontinuously drops by a factor of two where the interaction regions no
longer overlap. How conjugate interaction regions actually interact is investigated -

further in the next chapter.
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Figure 2.14. Plot of L, (solid) and resonance location, or ‘center’, (dashed) versus
Ulleq: Lp is defined here as the maximum length over which the unperturbed phase
curve for an electron is within 7/2 of —B,,. L, corresponds to the region over
which significant energy exchange occurs between the wave and the electrons.

The chalactemstlc resonance time’ for an electron to trawerse the mtemctlo]r

region is, defined as:
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A convenient measure of the amount of phase bunching is the ratio of the resonance
time to the time required to bunch the electrons [Hellzwell and Inan 1982] The

bunching time 7} is defined as .

Ty = 5:{:7 » (2.42)
which is a quarter of the tra.pping period [Helliwell, 1967). In general, a subpopulation -
of electrons becomes maximally bunched within the interaction region if T < T;.
The usefulness of this bunching time to resonance time ratio is demonstrated in the

following analysis of equatorial versus offequatorial resonant currents.

Besides looking at the general aspects of equatorial and offequatorial resonant
trajectories and currents, it is also important to study the relative significance of the
two interaction regions. Comparison of the peak currents in F igure 2.8 and Figure 2.11
- show that the current peak following equatorial resonance in Figure 2.8 is about the
same as the peak current following the upstream resonance in Figure 2.11. However,
since the latter current peak occurs outside of its interaction region, phase mixing
makes it less significant as demonstrated in Figure 2.9. Thus, a proper comparison

of equatorial and offequatorial currents should include all of the electrons resonant.
" at these points. Figure 2.15 achieves this by looking at the current from all the .
electrons (4.e. a full range of pitch angles) which have resonant velocities of UReq
and 1.03vgeq. The currents associated with two wave intensities, 0.1 and 5.0 pT, are
shown in Figure 2.15. These currents have been normalized by the maximum possible
current that would result if all electrons were exactly in phase (see discussion in the
next chapter). In general, the normalized current from maximally phase bunched
electrons would be ~ 0.7 [Helliwell and Crystal, 1973]. However, since there are
two separate interaction regions in Figure 2.15, 0.35 would be the maximum possible
neglecting constructive addition from the two sets of electrons. The results shown
in Figure 2.15 can be explained in terms of phase mixing and T} 3/Tv. Ty/T, is a
minimum at the equator since, from Figure 2.14, the interaction length gets shorter
with distance from the equator. T/7; also gets smaller as the wave intensity increases.
In the 0.1 pT case, T} ~ T, for 45° pitch'. angle, equatorially resonant electrons but
Ty > T, for most of the oﬁequatoridlly resonant electrons. Consequently, there is
significant phase mixing associated with both interaction regions resulting in peaks
below 0.35. In the 5.0 pT case T < T, for most electrons and the equatorial current -

peak is approaching its maxunum of 0.35. Also the ratio of the offequatorlal current

~peak to the equatorial current. peak has mcreased from ~ 0.04 to ~ 0. 5 Increasing-_._" g

Bin further wﬂl eventua.lly result in both curlent peaks bemg ~ 0 35. 'So whlle the
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Figure 2,15. Comparison of equatorial and off-equatorial currents at two different
wave intensities, 0.1 and 5.0 pT. Included are all electrons resonant at the equator -
and ~ 1300 km off the equator where vg = 1.03vR.q. The shaded strips indicate. -
the interaction regions from Figure 2.14. Compared to simple theory, the ratio of- o
. the off-equatorial to equatorial resonant current peak in the 0.1 pT casé is smaller
- due to phase mn:mg and in the 5 0 pT case, larger due to rapxd bunchmg "
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inhomogeneity and phase mixing act to confine the phased bunched current to the
equatorial region, high wave fields act to spread the interaction out. This lengthening
could result in a loss of coherence, promote sideband activity, and possibly provi_dé a
saturation mechanism. In the weak wave limit, as T} > 75, the current within the
interaction region increases parabolically with position J(z) « 22 [Helliwell and Inan,

1982; Helliwell and Crystal, 1973], for electrons having the same unperturbed « and
v)- This might suggest 2 minimum of 0.1 in the ratio of the offequatorial to equatorial
current for the electron and medium parameters of Figure 2.15. However, the 0.1 pT
case exhibits a ratio of ~ 0.04. The reason for this difference is the increased efficiency

of phase mixing for the offequatorially resonant electrons due to 8fy /02 # 0.

There is evidence that electrons with vp > 1.03v Req do not significantly contribute
to the wave growth. Experiments have shown that wave particle interactions involving
two single frequency signals, tend to be independent of each other if their frequency
separation A f is greater than ~ 100 Hz [Helliwell, 1983; Helliwell et al., 19864,8].

2.6. Numerical methods and algorithms

In this section, the basic numerical approach to calculating electron trajectories
is examined. Other algorithms specific to the steady state or transient models are

described later.

As discussed earlier, there are three general components of the physical system.
being considered, the energetic electrons, the whistler-mode radiation, and the am-
bient medium. Necessary information regarding each of these constituents needs to
be tracked so that currents and fields can be calculated at any point in space and,
for transient cases, at any point in time. - The models“used throughout. are one-
dimensional since all quantities are assumed uniform in the infinite plane transverse
to the earths magnetic field. The discretization of the one spatial dimension , along a
field lme 1s demonstrated in Figure 2.16. A limited region is first selected by specify-
ing upstream and downstream limits, Zup and Zgown, respectively. The corresponding

latitudes are determined using equation (2.4) and a root finding technique [Dowell
and Jarratt, 1972). As shown in Figure 2.16, the limited region is then divided into
some number of steps Ny, with equal latitudinal spacing A); these are called macro

steps. At each macro step, all the medium and propagation parameters are calcula.ted' _

and stored in arrays using the equations and models. described at- the begmnmg of o

.thIS chapter For the purposes of mtegra,tzng the equatlons of motlon' _each- macr
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step is further divided into some i'ntoger number of micro steps N,. The medium and
propagation parameters at each micro step are interpolated from the stored values at
neighboring macro steps. Thus, the number of macro steps must be sufficient so that
the error associated with the interpolation of medium and propagation parameters
" is not significant. During a smgle execution of any of the computer programs used
in this thesis, the macro step size remains constant for each electron tra]ectory cal-
- culation. However; the number of micro steps per macro step depends on the initial
velocity and pitch angle of each electron and also on the maximum wave intensity.
Thus the number of micro steps Per macro step can change severa,l times during any

single computer code execution.

AA

Zdown  FH o Zy

- Figure 2.16. Demonstration of the spatial discretization scheme. A limited region
of a field line is divided into macro steps. The lower right schematic:shows the
subdividing of 2 macro step into micro steps, deﬁmng the spatial step size for the
mtegra,tlon of the equat:ons of motlon

The method used to integrate the equa;tioﬁS' of motion (2.21) is. 'a"foiirth—ordéf-“ i

predictor-corrector method developed by Ralston [1978]. Thxs method chosen by

Inan [19: :], was de31gned to ha,ve both reasonably small error a,nd numeucal stab;hty
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As a test of the accuracy of the predictor-corrector method, adiabatic trajectories are
calculated by integrating the equations of motion and also by direct calculation of
the adiabatic invariants. The difference between the two solutions. represents the
numerical error of the predictor-corrector algorithm. The resulting error in v, o, a,nd

@ are plotted in Figure 2.17 for the parameters of Table 2.1.

The numerical error in « and ¢ associated with the predictor-corrector method
is approximately proportional to the macro step size. The pitch angle error is not
significant. The accumulated cyclotron phase error within the interaction region
(£500 km) is ~ 4°, however, a simple integration of the dé/dt error was employed to -
generate the phase error curve so the actual cyclotron phase error is possibly less than
shown. In any case, steady state simulations of wave growth, conducted for various
micro and macro step sizes, indicated that even coarser step sizes could be used. The
error associated with the velocity is very small and remains approximately constant
al a value which was accumulated during the first few macro steps. The nature of
the velocity error is such that it it does not vary in a simple way wzth macro or micro

step size spacing.

Although the trajectory errors are small, the macro and micro step sizes must be
chosen with care. The macro step spacing is mostly determined by the desired out-
put information since program output is only stored at macro step points. Caution
must still be exercised since undersampling physically significant fluctuations in the
trajectories or currents can result in nonphysical currents or radiation, respectively.
‘In the previous trajectory calculations, the macro step spacing needed to be suffi- .
ciently small so that variations in v, v, and ¢ can be smoothly followed. For cases

“where currents and radiation-are the desired outputs, the macro step spacing can be
increased since integration over the electron distribution functlon tends to cancel out

fast variations in the individual electron trajectories.

- Another aspect of electron trajectory calculation is the injection of e_leet.rons into
the wave field. The problem arises because, in the steady state, electrons continuously
encounter the wave field and, in the transient case, electrons enter at the smoothly
varying wave front. However, when doing simulations, it is desirable to inject the
electrons as close as possible to the interaction region. in order to minimize CPU °
time consumption. When injecting electrons into the full output wave ﬁeld a step

response’ results whlch is not de51ra.ble

For the tra,Jectory or smmlat]on calcula,tlons the electrons a,re mtroduced in a'.-. '

two step fa,shlon For the ﬁrst four micro steps up to a.nd mcludmg the second 'macro
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step, the wave field is turned off and the electron trajectories are determined using the
adiabatic invariants. This gives the electron parameters at four points as are required
for the application of the predictor-correétor routine. The predictor-corrector routine -
is then used to integrate the equations of motion for the successive points with a
non-zero wave field. To minimize the step response (except at the leading edge in

some of the transient cases) the following function multiplies the wave field

sin’ (g(z_;;@) for  m<z<zm+zyp (2.43)
where 23 is the position at the second macro step. Thus, the front end is sinusoidally
tapered for a distance of z5, kin. Without this front end taper, the current plots shown
previously would look different. Most noticeable would be a substantial buildup in
the current magnitude prior to resonance, with a rotating rather than the constant
180° current phase. For wave growth simulations using a single initial v; and e,
zfe 2 100 km is necessary. Integration over the electron distribution function also
tends to eliminate the ‘noisy’ step response, in which case a shorter taper or even no
taper can be used. This step response is the same effect Winglee [1985] tagged as
a ‘new’ type of phase bunching: However, Winglee did not investigate the ‘smooth’

injection or the cancellation of this step response when integrating over vy and a.

The last major aspect of the simulations is the sampling of the energetic distri-
bution function. ‘The basic types of sampled distribution functions are demonstrated
in Figure 2.18 which shows the location of test particles in the v .-ty plane of velocity
space. Each dot in Figure 2.18 represents Ny test electrons uniformly distributed
in gyrophase. Each test electron is taken to represent all electrons within the Ay,
Aa, A¢ volume of velocity space surrounding the test particle. Typical values for

- the spacing of the t_est_ particles are given in Table 2.1. 'When incluczl_i'ngz_mo'_re'than
a single parallel velocity, the distribution function is often tapered at the v edges in
order to reduce ‘edge’ effects. This does not need to be done for the « edges since
the current magnitudes already go to zero at these edges. More is said on this in the

next chapter when simulations using the sampling schemes shown in Figure 2.18 are

performed.
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A _ .

vie o vy

Figure 2 18. Examples of four meshes used to sample the energetic electron
distribution function in the v, — plane. each dot represents Ny test electrons
uniformly distributed in cyclotron phase. Ea,ch test electron represents all electrons
.in 1ts va.czmty
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Chapter 3. Quasi-steady
state models and simulations

This chapter employs steady state concepts to investigate wave growth. In steady
state, a stationary receiver placed anywhere, would receive a constant amplitude, con-
stant frequency wave field for all time, a condition that is seldom observed. In the last
chapter the equations were developed which describe the electron current sheet and
steady state radiation. In the first part of this chapter; the energetic electron flux is -
assumed to be so small that the stimulated radiation does not significantly perturb the
applied signal. These cases study the total stimulated radiation and the stimulated
radiation versus vy and a. The calculations are performed for both homogeneous and

inhomogeneous magnetic fields with various applied wave intensities.

In the second part of this chapter, simulations with significant wave growth are
performed using quasi-steady state models. The first of these applies an iteration
technique for finding self consistent steady state fields. The second of these employs
a two-port feedback technique to simulate temporal wave growth. Beth of these
are labeled quasi-steady state models because the wave field is assumed to be in
steady state while electron trajectories, currents, and stimulated radiation are being
calculated. However, in both cases, the stimulated radiation updates the total wave
field, creating the ‘steady state’ field for the next set of trajectory calculations.

3.1. Steady state simulations with negligible feedback

The stimulated radiation resulting from wave-particle interactions contributes to
the total wave field, as is outlined in the last chapter. This section explores the charac- .
teristics of this radiation and its dependencies. In order to make this study tractable,
the feedback of the stimulated radiation upon subsequent electrons is taken to be
negligible. This is equivalent to assuming"a, very small energetic electron flux since
the stimulated radiation and associated sheet current magnitude are proportional to
this flux. Superposition can then be used since summing the stimulated radiation

from the individual velocity space cells gives the stimulated radiation from the entire

electron dlstrlbutlon However, superposition does not hold when. studymg tra.nment L '

- wave growth smce feedback makes a given electron trajectory dependent on all the

a), v),.a, and
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the interaction region inhomogeneity is the main resuIt of thi_s _section.

Plotting B, at the output, or upstream, end of the region versus ceq and Vlleq
useful since the dependence upon « and v are given directly and also because the
distribution function just becomes a weighting function for the magnitude surface. An
analytic description of this surface follows directly from the equations in the previous
chapter. Specifically, start with the discrete form of the current equation R

J(ateq; Vjeqr 2) =

Fr(2)3ov1i(deq; Vey, 2) NG

Tq 2 _: i ' 2
———f(v,0eq V" SIN(20teq ) Atteq AV (A/m*),
vV fHeq e ‘ ? * \/fHeq — fH(Z) Si]ll2 Cleq o

and then integrate to get the stimulated radiation

L, _
to [I(cteqs Vjeqr2) X1}
2 : D{z)

Zdown

By (aeq, Vo #) = Dz & (T), (32

where D(z) is the ducting factor derived in the last chapter. In practice, of course,
the integration over z is approximated by a discrete summation. The total current
or field at each point in space is then calculated by summing over all discrete values -

of o and vy as follows

J(z) = ZZJ(aeqi,.v"eqj,z), ' | 7 (3.3)..

Bs(z) = ZZBS(C‘EQ:‘? Vlleq; z), (34)

Bu(z) = By(2) + D(2)Bin. (3.5)

It is also in_strﬁctive to plot B_.,Om(ae'q)' VEISus V). _and Bout (vy eq) VErsus Oeq, given
by - _ _

7B80ut(7a‘3(1).=ZBS(aeq’v[qu;?z“P)a o e .. (3-.6)-_
i . : .

30ut(U"eq ZBS(aeqﬂ v“eq'ﬂ zllp) RN :: i (3.7) '
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an abscissa, the quantity plotted is the radiation at the output of the region By,

where z = zyp.

Feedback has been assumed to be negligible, equivalent to assuming a very small

- flux of energetic electrons. Since the absolute magnitude of the flux is not important as

long as the flux is small, all magnitude plots in this section are normalized. Magnitude
surface plots of B (aeq, v eq) are normalized so that the peak value is unity. Plots of

Bs(v),) and Bs(ceq) are normalized by B so that relative COIItI‘IbutIOIlS are easily
determined. J(z) plots are norma.hzed by

In(z) :MA%AD o

v Heq

o . Zvu(aeq,svueqj: z) (3.8)
ZZ]’ (vi s aeq!)v, i sm(2aeq’

(A/m®)
\/fHeq fH(Z) sin? Ofeq

which is essentially equations (3.1) and (3.3) except that a magnitude sum instead
of a vector sum over v, is performed. Thus, if at some point in space, all v, ’s were
aligned then the normalized current would be unity. With this normalization, the

current magnitude gives a measure of the completeness of phase bunching. B,(z) is

f 'dB (),

Zdown

normalized by

(3-9)

ma,kmg Bsoui also a measure of the coherence of the radlatlon over the considered

region.
Homogeneous region

For tutorial pufposes, lets first examine the stimulated radiation from wave-
particle interactions in a 2000 km long homogeneous region with an applied field
of 1.0 pT and an f(v,«) = 1 distribution. A plot of Bs(ceq,
ure 3.1. Each grid point represents the stimulated radiation propagating out of the

) eq) is shown in Fig-
region from 12 electrons uniformly distributed in gyrophase and injected into the re-
gion with the indicated vy and a. Besides a 400 km front end taper applied to B;,, a
250 km taper is applied to the downstream current before integrating whlch helps to
reduce the noise a,ssoma.ted with abruptly turmng off the current at the downstream"
boundary The magmtude surface in Flgure 3.1 shows that" B, is grea.test for h1gh

L« resonant electrons The pha,se surface in Figure 3 1 is cons:stent with resonant "
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homogeneous region with B;, = 1 pT, f(v,a) = 1. The magnitude surface shows’

. that the peak radiation comes from high pitch angle, resonant electrons. The phase
~ surface shows that the peak radiation is lagging the applied wave by 90°. .- .
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electrons having their a,vérage current aligned with the applied magnetic field. The
offresonant currents are antiparallel to the applied field except for low pitch angle
electrons with v’s below resonance, which have currents aligned with the wave field.
This offresonant current behavior is explained in the last chapter and summarized in
Table 2.2. The —90° ledge in the phase plot in Figure 3.1 shows that a signi.ﬁca,nt-

number of offresonant electrons are displaying resonant or trapped behavior.
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Figure 3.2. Magnitude surface of B,( Qeq, V), ) for the same conditions and 2000
km long homogeneous region as in Figure 3.1 except that f (v,a) = v~8 With the
addition of a falloff in number density with increasing energy, the peak radiation
is now coming from the ~ 45° o’. ' '

The B;(aveq, U)eq) Mmagnitude surface is 'tut_oria.l since a unity distribution-func_t_ioﬁ : _
is used. Figure 3.2 is the B (ceq, 1y eq)- Magnitude surface using a distribution function - -

of the form v, This figure shows that resonant electrons are t.h_e r:n'a,jor_:'c_o'ht'ijibﬁtdr's -
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- plots. To first order,

- these curves look like'simple cross-sections of the surfaces in ~~
. Figure 3.1 and Figure 3.2. T T e
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to Bs even with the pow-er law falloff in the distribution of electrons with electron
energy. However, the pitch angle at the peak in B, has now dropped to ~ 45° with

the range of significant o’s greatly increasing.

Figure 3.3 gives plots of Bs(ceq) and By eq) after integration over vy and a
respectively. The B;(aeq) plot in Figure 3.3 indicates that the maximum contribution
is coming from the 55° to 60° pitch angle electrons with a ~ —90° phase characteristic
of radjation from resonant or trapped electrons. The phase of the radiation from the
low pitch angle electrons is further retarded into the attenuating range of —90° to
~180° suggesting acceleration by E,. The reason the low pitch angle phase for
Bs(aeq) is not predicted by simple examination of Figure 3.2 is because of the_lerge
degree of cancellation which results from the integration over vy. In contrast, the —90°
radiation from the higher pitch angle electrons is easily predicted by the coincidence
of a Bs(aeq,'bn eq) magnitude peak and a —90° ‘ledge’ for nearly resonant v ’s. The
Bs(v),) plot in Figure 3.3 looks very much like a simple cross section of the surfaces
in Figure 3.2 and shows the connection between the sidelobe structure in BS('Ulleq)

and the transition from resonant to perturbed radiation. The B(vy_ ) curve also

Vlleq
reveals the nearly exponential falloff of B, away from resonance.

While the previous figures dealt with the stimulated radiation at the output,
Figure 3.4 plots the total stimulated radiation versus position. The magnitude of
B;(z) changes almost linearly with position and the phase is nearly constant at —90°
1nd1cat1ng that the magmtude and phase of the current versus p051t10n are nea.rly

constant.

- The region length (2000 km for these homogeneous results) is also the interaction
length when the region is homogeneous and does influence the characteristics of the
results. In general, increasing the length of the homogeneous region tends to narrow
the range of vy over which there is significant B;. Also, the —90° ‘ledge’ in the pha,se. '
surface around vg tends to become more flat and broad indieating that integrating
over a longer interaction region tends to reduce the 1ncoherent contrlbutlons relatlve :

to the coherent contributions.
Inhomogeneous region

The geomagnetic field inhomogeneity causes the resonance-velocity to be a func-

tion of position, with the minimum resonance velocity occurring at the geomagﬁetief B

equator. Consequently, an adiabatic electron satisfies the resonance condltlon never, a

once, or. twice depending on whether its v" eq 18 less tha,n, equal to or greater than'
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Figure 3.4. B,(z) for the same case as in Flgure 3 2. The magnitude (solid)
changes almost linearly with position and phase (dotted) is nearly constant about
—90° indicating that the magnitude and phase of the current versus posmon varies
about constant values.

VReq, Tespectively. It is a general result that for Vjeq s less than VReq» the radiation

characteristics are the same for both hornogeneous and mhomogeneous regions and
follow from a perturbation analysis. However, the mhomogenelty causes the radiation
characteristics to become more complicated for v, eq 3 greater tha,n VReq beca.use of

the conjugate interaction reglons for these electrons

For this steady state mhomogeneous ana1y51s the applied wave mtenmtles are set
to 10.0, 1.0, and 0.1 pT in order to compare results from weak, intermediate, and
strong wave fields. Comparison of the B s(Qeq, v, ) surfaces given in Figure 3.5 show.
several noteworthy differences. The symmetry about VReq, Present.in the homoge-:
neous case, is missing because of the conjugate interaction regions for the high Yy
electrons. The slow falloff of the magnitude with vy for the 0.1 pT case in F:gure 3.5 .
for the high v)’s results from strong conjugate coupling. For weak wave intensities _.

the first interaction initiates a slow phase: bunching p1ocess which leads to a Iarge%

pha.se bunched current upon entry into the second conjugate mteractlon reglon. The"";__' S

vy and a dependent qua,ntltles, like mteract]on length and con_]uga.te lnteractlon re~'
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gion separation, evidently tend to balance each other to give this slow falloff. Another
" Bis dependent feature worth noting is the significance of the low vy radiation relative
to the ra.dia;tion'from equatorially resonant elecf.rons in the 10.0 pT case when com- -
pared to the 1.0 and 0.1 pT cases. This results from mcreased phase bunching within
a cyclotron perlod for these nonresonant low ”ll electrons The pha.se surfaces for low
v)’s are similar to the homoge_n_eous case but_ are much_d_lﬂ‘erent for high v’s which -
also show a definite Bi, depeﬁdenee. The phase fluctuations are due to the distri-
bution of phases for the phased bunched currents pr.io'r.torentry into the conjugate
interaction region. The greet_er number of phase _cjreles is also due to conjugate inter-
action coupling. For electrons with v’s just above vge, the phase bunched currents
are given a small amount of phase retardation between the two interaction regions.
The further apart the interactions, the more the phase retardation. In pré,ctice, an .
algorithm is employed to try to make a continuous phase surface out of the phase
information between —180° a,nd' 180°. This algorithni breaks down however, when
either the distribution sampling becomes too sparse, a true discontinuity exists in
the phase surface at a pomt of zero radiation in the vj-a plane, or the ‘unrolling’ of
the phase is halted by an arbitrary lower limit set here at ~ —720°. This algorithm
break down is marked by the transition of a 'smo'oth phase surface to a fluctuating |
surface. The most obvious Bj, dependent feature in the phase surfaces is the tran-
sition from a retarding phase versus v to a constant phase versus v) as Bin or « is
increased. The source of the retarding phase versus v has just been discussed, but
the constant phase versus vy at high ¢’s in the 10.0 pT case results from complete
bunching within a time shorter than a resonance time (i.e. T3 < T7). In other words,
the phase bunching and debunchirig process can be repeated several times within the
interaction region and can even occur within a cyclotren period in a region outside an
interaction region. The current phase of these bunchmg peaks tends to be scattered
about 180°. Thus, pa,radoxzca.ﬂy, the ra.dla,tlon behaves hke the- perturbed radiation

from the low vy electrons.

Integration over a removes the pitch angle dimension of the surfaces in Figure 3.3
and gives the plots of By(y e'q) in Figure 3.6. Except for phase mixing, the magnitude
curves in Figure 3.6 look like cross sections of Figure 3.5 at intermediate pitch angles.
The effects of phase mixing are evident in the high vy portions of the 1.0 and 0.1
pT magnitude curves in Figure 3.6, showing a relative reduction when compared to-

a cross sections of the F1gure 3.5 magmtude surfa.ces Spec1ﬁcally, the slow rolloﬁ of

_ .Bs(aeq,vu e ) with hlgh ) for the 0. 1 pT ca.se in F1gure 3. 5c has been phase mlxed _'
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away in Figure 3.6. Bi, dependént effects visible in Figure 3.6 include a shift in y
of the B;(vy eq) magnitude peak and the change in the relative significance of low
v radiation compared to radiation from equatorially resonant electrons. The shift
of the By(vy, q) magnitude peak to lower v)’s with increasing applied wave intensity
is related to the decrease in Ty with increased By,. If a group of electrons become
maximally bunched coincident with a minimum in the rate of change of cyclotron
phase, then the current integration over z tends to be relatively large. This occurs
for low B;,’s within the downstream conjugate interaction region, and for moderate
Bj,’s within the equatorial interaction region. However, for large B;y’s, the cyclotron
phase within the interaction region, as defined by the adiabatic cyclotron phase, can
rotate through several cycles and the bunching and debunching process repeated more
than once. Thus, for large applied fields, there tends to be significant cancellation of
the currents when integrated over z. Consequently, increased radiation from nonreso-
nant electrons, combined with this ‘erosion’ of the radiation from resonant electrons,
results in a peak in the radiation from nonresonant electrons. A feature of the phase
curves which isn’t apparent in Figure 3.5 is the nearly 180° phase for the high v
radiation in Figure 3.6. Again this suggests E,, acceleration of the electrons. Closer
examination shows that most of the radiation from a single sheet of electrons cancels
upon integration over z, with the ‘residual’ being in the attenuation direction. This

is the case for both upstream and downstream interaction regions.

Bs(aeq) curves in Figure 3.7 also look, to first order, like simple cross sections
near vReq of the Bs(aeq, vy eé) surfaces in Figure 3.5, with the major contributions
coming from the 45° to 65° electrons. The amplitude fluctuations versus ceq for the
1.0 and 0.1 pT cases increased as a result of integration over vj. The phases for
the low -o’s are the same in these cases as 1t is for the homogeneous case shown in
Figure 3.3. The phase is poorly defined for intermediate and high o’s in the 0.1 pT"
case because of conjugate interaction region coupling, but is well defined in the 1.0 pT
case. While the phase of B(ceq) is consistent with the idea that electrons resonant
near the equator dominate in the integration over vy, ‘edge effects” associated with

* the high vy limit of the distribution play an 1mportant role

J(z) and B,(z) are shown in Fzgure 3.8 and Figure 3.9. It is interesting that
Figure 3.6 and Figure 3.7 indicate that the vy and o ranges were adequate and included

the sources of significant radiation. However, Figure 3.8 and Flgure 3.9 both indicate .

that the upper Vjleq limit of 2% is not. large enough ‘While an increase in the high vy - o

: hmlt may not Sngﬁca,ntly cha,nge B souty 1t mgmﬁcantly a,ffects the spa,tla,l'structure;,
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and confinement of the current and hence stimulated radiation sources. Tests indicate
that an increased vy range tends to decrease B,y magnitude and only slightly shift
its phase. One reason that the high v)’s are significant is that while the stimulated
radiation from these electrons is small, the geomagnetic field inhomogeneity makes
the interaction regions for a range of high v)’s closer together than for a similar range
of electrons resonant near the equator. The frustraiing aspect of this ‘edge effect’ is
that the currents from the high vy electrons tend to cancel, when integrated over y
and a, except at the resonance locations of the high v edge where there are no higher
vy electrons to cancel the currents from this edge. This effect can be seen as peaks in
current (Figure 3.8) and stimulated radiation growth (Figure 3.9) around 800 km
for the 1.0 pT and 0.1 pT cases. | |

The phase information in Figure 3.8 contains some very fundamental physics. In
the equatorial region of the 0.1 and 1.0 pT cases, the current phase is oscillating about

0° with the current magnitude peaking at 0° crossings of the phase, consistent with

resonant or trapped current in a homogeneous medium. This puts the stimulated

radiation associated with this current at —90°. Since this radiation is in quadrature

to Biys, it tends to retard the wave phase rather than grow the wave. However, the -

edge effect currents have phases in the growth quadrants, 0° to 180°. Thus the growth
is coming from the edges rather than the bulk of the distribution. This is consistent
with linear theory which predicts that an isotropic distribution is stable and cannot
grow the wave. Linear theory requires an anisotropic source of free energy such as
the loss cone, an anisotropic pitch angle distribution (dg(e)/da # 0), or some other
anisotropy like these v edges. The fact that the edges are growing the wave while
these same electrons damp the wave overall, as implied by the ~ 180° phase of the

high vy portion of Bs{vy), implies significant damping over the equatorial region by

these high vy electrons. The 10.0 pT case has a different behavior. In this case, the

current phase is such that the wave is being grown on the downstream side of the

equator and damped on the upstream side. This same behavior is noted in transient

simulations of untrapped electrons in a wave field of comparable strength [Omura and -

Matsumoto, 1982]. However, the asymmetry of this current phase around the equator

implies that there is neither growth nor damping and that the wave is advanced in

phase. Figure 3.9 is consistent with phase advance in the 10.0 'pT case and phase

‘retardation in the 1.0 and 0.1 pT cases. It i is possxble that if the edge effects were

absent, then the pha.se of Bgout Imght be exactly +90° or —90" for these ca.ses,"--. ERa s

o respectlvely
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The J(2) and B,(z) plots in Figure 3.10 have been specifically produced to better
demonstrate ‘edge’ effects and represent 2401 vy’s ranging from 2% below to 10%

above vpeq, spaced 0.005% apart with cq = 45°. By integrating over a higher range * |

of vy’s, the edge effect positions have been moved further away from the equator. The
magnitude of J(z) in the equatorial region is only 0.15% of the total current possible
from the 2401 injected electrons. This corresponds to the maximum current which
could have been generated by less than just 4 of the 2401 injected v)’s, demonstrating
the large degree of cancellation which results from-the integration over vj. The
increase in B, over the equatorial interaction region (—450 to 450 km) has increased
to 26% of the total output B, compared to 23% in Figure 3.9. In Figure 3.10 and in.
Figure 3.9, there is an inflection point in the smoothed B, near the equator. However,.
d3B,/dz3 at the equator 1s positive in Figure 3.10 and negative in Figure 3.9. In other
words, |dB;/dz| is a local maximum near the equator instead of a minimum as it is
in the smoothed Bs curves in Figure 3.9. This is significant since the equatorial
d® B, [dz® for the equatorial resonant electrons is also positive and, in this case, free
of edge effects. However, these results don’t give any indication that the total wave
growth is going to be completely confined to the equatorial region or if there would:
be any radiation at all if a full range of v)’s and a’s were included. Figure 3.11 give

plots of B,(vy) and By(v)), where By(vy) is a running integration over v given by

Yl

Bu(vp) = ) Boou(Mi) o (3.10)

v"ms‘n

and equals Bsoy; normalized by Bsgyy at vy = Figure 3.11 shows several

Ylmaz-
periodicities in the fine structure of B,(vy) which are resolved by the 0.005% v
spacing. There is evidence in the high vy portion of B,(v)) of undersampling )
however, By(vy) indicates that the sampling is sufficient, This undersampling could
be responsible for some of the oscillations in Figure 3.10 though. The contribution
of the high vj’s can be deduced from By(vy). Subtracting Bi(v) = 1.02vp,y) from
Bi(v) = 1.10vReq) gives 0.28Z — 172 which is a small contribution and consistent with

the ~ 180° degree phase of the high v’s discussed earlier..

This study of the stlmula.ted ra.dlatlon from the equatorlal region could be re-
peated for the upstream or downstream regions separately by starting the current _

integration at the equator or 1n_]ect1ng electrons at the equa.tor, respectlve]y How—_

ever, the radiation characteristics are, in general, the same for the upstream andf_

. downstream regions sepa,rately as they are for the reglon asa whole The only s1gn1ﬁ
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cant differences can be attributed to the lack of conjugate interaction region coupling, -
or to the injection at the equator of locally resonant or nearly resonant electrons. The
magnitude and phase surfaces of Bs(aeq, vy «q) tend to be smoother and better defined
and the magnitude at high v’s is greatly reduced relative to the peak radiation due

to the lack of conjugate region coupling.

Whlle this section dealt with the characteristics of radiation in the steady state, its’
purpose is tutorial since the feedback of the stimulated radiation upon other electrons
is excluded. Throughout the rest of this thesis the feedback process is included.
Accordingly, f = fh.q is used in all of the following results in order to satisfy the’
negligible phase delay assumption described in Chapter 2. The rest of this chapter
examines the applicability of the steady sta,te field equatmns (3 2 and 3. 4) to the'

study of wave growth

3.2. Self consistent steady state simulation

If the energetic electron flux is large enough, then the stimulated radiation sig-
nificantly alters the total wave field and feedback processes become impdrtant. The
last section assumed an energetic electron flux so small, that electrons injected into
the wave field with identical initial conditions but at different times, traced out iden-
tical trajectories. However, the only requirement for having an electron trajectory be
independent of the time of injection is for the wave field to be in steady state. The
goal of this section is to demonstrate how a signal with substantial wave growth can

be in steady state.

In reality, steady state saturated signals with substant:al wave growth (> 15 dB)
are rarely if ever seen. Examination of wave growth on Siple signals shows that a
signal which grows up to a saturated level generally triggers a rising emission or

generates sidebands assoaated w1th frequency and amplitude ﬂuctuat:ons _

To simulate a steady state saturated field requires self consistency between the
stimulated radiation and the wave field. The steady state radiation Bj(z), from a
given distribution of energetic electrons, when added to the input wave field B;,;, must
produce the same total wave field B, (z). This not only outlines a self consistency
check but also an iterative method for finding the steady state wave ﬁeld Starting -
with an 1n1t1al guess. for the st1mulated radla,tlon B so(2)y calcula.te an 1n1t1al total_

. _ﬁeld .

wn(z) Bsg(z) + D(z)Bm
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Inject a distribution of enérgetic electrons into this wave field and determine the actual
stimulated field Bso(2). Use this stimulated field and the estimated stimulated field
to calculate a new estimate for the stimulated field

B, (2) = 6Buol(z) + (1 — §)Bag =), (3.12)

" where § < 1 determines the rate of convergence and also the stability. Thus the

equation for the 7th iteration is

B Bwi(z) = ﬁsi(z) + D(2)Bia, : (3.13)

where

Bs;(z) = 6Ba;_1(2) + (1 - 8)Bs,_, (2). | (3.14)

One problem with equation (3.13) is that for a given energetic electron distribu-
tion, input wave field B;,, and initial guess f’»so(z), there is.no guarantee of conver-
gence. Also, It could be the case that equation (3.13) converges to some By(z) for
‘some set of ﬁsﬂ(z)’s, converges to a different B,,(z) for another set ﬁso (z)’s, and
~possibly does not converge at all for yet another set of Bs,(z)’s. In other words,
whether equation (3.13) converges at all, or which B, (z) it converges to, could de-
pend upon Bso(z) for a given B;, and energetic electron distribution. Given the fact
that steady state saturated signals with substantial wave growth are rarely if ever
seen, it is appropriate to consider the possibility of convergent solutions to equation
(3.13) which would be precluded by the realistic growth history of the wave. While
the theoretical aspects of uniqueness, convergence, and existence regarding self con-
- sistent steady state fields are of mathematical and physical s:gnlﬁcance their details
are beyond the scope of this thesis.

An example of self consistent steady state is given in Figure 3.12. The top panel in
Figure 3.12 shows By, .(2) while the bottom panel shows the next iteration B, i1 (2)-
As a full test of self consistency, the energetic electron distribution and B;, are held
" constant for the last iteration and ¢ is set to unity. Comparison of the top and bottom

: panels of Figure 3.12 show a slight increase in the magnitude and phase of the output

B, which probably results from having too few iterations and a é larger than it should-
be prior to this last iteration. The energetlc electron dlstrlbutlon used is shown in
Figure 3. 13 and mcludes a full ra,nge of pltch a;ugIes and a na,rrow ra.nge of pa.rallel_ =
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In obtaining this sohition, the procedure outlined above is not strictly followed.
An additional constraint is applied requiring that the total wave phase and the input
wave phase both be 0° at the output. - A second constraint requires a total growth
of 20 dB. In order to have a steady state solution with these coﬁstra.ints, the center
velocity of the energetic electron distribution and flux are allowed to change between
iterations pnor to.the last 1terat10n shown in Figure 3.12. These constraints are
a.rbltra.rlly selected and, in general, the output phase and magnitude of By, can be
anything. The constra.mt on the output phase required that the center velocity be
shifted to the low v) side of the equatorial resonant velocity. A more centered ve]oaty
dlstrlbutlon would presumably converge to a By, with an output phase lagging Bin

g X10 107
) _ F o = 45°
@ ' o 6
2 10°
g 4
w e
o 107
£
3 ' 10°L
&
fs] ] 1 103 ,
-0.5 -0.25 0 025 : O 90
AVieq (%VReq) (X {deg) ‘

Figure 3.13. Distribution function for Figure 3.12 given in terms of the differ-
ential energy spectrum. The center v is shifted with respect to UReq IN order to
satisfy the constraint that B; at the output should be in phase with B;,

One aspect of searching for steady state solutions is that the greater the saturation
level, the more unstable the iteration process tends to be, and the more difficult it
1s to find solutions. This is expected since as the stimulated 31gnal gets larger the

controlling mﬂuence of the input SJgnaI gets relatively smaller.:

3.3. The two port model

- A model also based on the steady state radiation equation (3.5), but capable of
SJmuIatlng the transient aspects of waveé growth was developed: by Helhwell and Inan"--' :

. [1982]. Their model, known as. the two-port feedback m_ode_l_,-;treat_s;the'mt_era,ctlon_.
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region like an unstable feedback ;mpliﬁer with a delay line. Helliwell and Inan [1982]
applied the two-port. feedback model using a single o and v energetic electron dis-
tribution. In this section, the two—port feedba,ck model is applied using a full ra.nge_.

ofasa,ndv”s

In a full transient simulation of the Wave growth process, eIectrons would con-
tinuonsly flow through the interaction reglon ‘while la,unchmg ra,dlatxon which would
contribute to the total wave field and feed back on later arriving electrons. This
approach is a continuous, d1str1buted and holistic processrrequlrmg the simultaneous
calculation of electron tra.;ectorles and stimulated radiation. In the two-port model,
the temporal evolution of the wave field is determined in a discrete updating of the
wave field. In the general two-port feedback model, the steady state radiation from
a distribution of energetic electrons is calculated in response to an applied steady
state wave field. This stimulated radiation is then added to the input field to gen-
erate a new steady state wave field. The transformation of the old wave field into
the new wave field is assumed to occur over a time interval T, based upon the total
time it takes for electrons to cross the interaction region and the radiation from these
electrons to propagate back. This process can therefore be repeated to give the time

evolution of the wave field. Thus, at the ith time interval, the total wave field is given
by ' .
| Bu(2,iT) = By(2,iT) + D()Bin (3.15)

where the stimulated radiation B;(z,7T) is found by solving equation (3.4) for the
energetic electrons interacting with Bw(z (¢ — 1)T). Hellivell and Inan [1982] made -
a further mmphﬁcatmn by making By, constant over the 1nteract10n reglon The total

wave field at every point in space then becomes
Bw(z, zTl) = _Bs(_zupsir) + Bin, R . oL (3-16)

Wh1ch is _]ust Bm added to the st1mula.ted rad1at10n at the output z = zup. |

Thls discrete feedback model is also described by the block diagram in F:gure 3.14

where

Bs S : T o
-5 Y

is the open loop gain, A represents the amplification or attenuation due to propa.ga-

tion effects, and T, and T, are the travel times across the interaction reglon of the;_- RN

L .:electrons and wave, respectlvely Smce A 1s.an unknown qua,ntlty, 1t 1s set to umty (.
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Te.

-Figure 3.14. Two-port feedback model based upon the open loop gain G, propa-
gation factor A, and electron and wave travel times 7, and Ty respectlvely (from.
Helliwell and Inan, [1982]). ' ‘

Since the bunching and radiation processes are distributed over the interaction region,
Te and T, are taken as the travel times over one-half the interaction reglon or Lp /2.

Thus
Lpf4

T. = / idz,- e - (3.18)
oy
- —Lp/4 : :

and
Ty = f —dz, | ' (3.19)
and the time interval betwaen discrete updates of B,, is

T=T.+T, G

The main advantage of 'hé,ving B, constant over z is that G becomes a sirﬁple '
function of By, allowing G to be generated first and the feedback model applied
second. After each iteration, the next value of G is just read off of a curve of G(Bw)

and the tzme evolutlon of Bw is ca.lcula,ted using the followmg iteration equation
Bw‘i:.Bs:'+Bi.m . ) | (321)
where

' Byi = G(Bui—1)Ai-1BuiLy ( cos(Awim1 T)% — sin(Awi1 T)§), . (3:
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where % and ¥ are the transverse orthogonal unit vectors in phase with By, and Eqj,
respectlvely, and Aw is the frequency offset of B from Bj,. This frequency offset is
given by
2(%1):' — ¢i——1).
T' .
where % is the phase of By, relative to Biy.

Aw; = —Awii (3.23)

Examples of G are given in Figure 3.15 for equatorially resonant electrons and for
pitch angles of 20°, 45°, and 70°. Each of these curves is normalized by the 45° pitch
angle ga.iﬁ magnitude at low applied fields. A v~® distribution is used, which explains
why the gain magnitude is greatest for the 45° case. All of the gain magnitude curves
are proportional to the energetic electron flux. The gaiﬁ_ curves can be broken into
5 distinct regions. The first region is the low B, linear region, where doubling B,,
simply doubles Bs, resulting in a constant G. The gain phase in this linear region is
~ 0° which is advanced ahead of the —90° phase, corresponding to the bunching of
v,’s about —B,,, by the inhomogeneity of the geomagnetic field. G begins to vary
with B, at the start of the nonlinear region which, within a 10 fold increase in By,
becomes a saturation region with 8G/8B,, =~ —1. The gain phase shifts negatively
in this transition region as T; approaches T,. The high B, region is the strongly
nonlinear region with a 90° gain phase and 0G/0B,, ~ —1, and is preceded by a
transition region distinguished by a dip in gain magnitude and a transitory swing in
gain phase. Saturation actually occurs when G ~ 1. A gain curve like one of these,
only for a = 30°, is the basis for the analysis done by Helliwell and Inan [1982].

The ultimate goal of any simulation is to reproduce the experimental results.
From the introduction, the three key features of single frequency wave growth are
exponential wave growth up to a saturated level coincident with a parabolic advance
in the wave phase. The only way to get exponentla.l growth out of the two-port model
is for GG to be constant ‘and greater than 1. G is constant over the low B, range of the
gain curves. However, to get a,dva,ncmg phase, the gam phase must be greater than O:
which is only the case for the strongly nonlinear, hlgh B, region of the gain curves
Since these regions of the gain curves don’t overlap, a two—port model based on the
gain curves of Figure 3.15 would a,pp_a,rently.be unable to reproduce the experimental
results. The gain curve used by Helliwell and Inan [1982] actually had a gain phase |

greater than 0°. This d1screpancy is possibly due to the dlﬁ'erent electron 1nject10n:

" schemes employed. As discussed in Chapter 2, this model 1njects electrons ha.vmg.

| :a.dlaba,tlc traJectorles mto a ta.pered wave. ﬁeld However, Helhwell and Inan bega,n-'r i
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with the electrons in the full stl:ength of the wave field which results in a noisy ‘step
response’.

Of course the plots of By(aeq; Vi) B;(eq), and By(v; eq) 10 the first section of
this chapter are also plots of G(aeq, V) eq), G(creq), and G(y), o)+ Therefore, the plots

of B, can be used to investigate the distribution requirements for obtaining a G with
flat magnitude and a phase greater than 0. These figures suggest that advancing
phase is associated with high B;,’s or low v)’s. Figure 3.8 and Figure 3.9 also show

that integration over full ranges of vy and a put B, in quadrature with B,
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Figure 3.16. The beam (right} which results from multiplying the distribution

function v~%, by the beamformer (left). This beam is the distribution used for the
two-port model applications. The offset in v gives the desired gain phase

In order to investigate G as a function of the energetic electron distribution, a
sampling function of the form o
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applied field which is tapered across the equatorial rave intensity fild foran an
-~ centered at Vpeq, advancing phase only occurs at high applied fields.” -
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MAGNITUDE

Figure 3.18. Gain. versus beaméenter and applied wave intensity for an equa,to-'_'l__. IR
rially tapered applied field and a 0.2% beamwidth. Advancing -phase is seen’for: =

low vy beamcenters. ... .
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is employed. This equation is essentially a beam former with a beam center at v C;
and a full width at half maximum beam width of Avj. An example is plotted in
Figure 3.16 versus v, and ceq for a 0.56% beam width centered 0.2% below VReq-
As Figure 3.16 implies, integration is performed over the full range of pitch angles.
Rather than holding B, constant over position as is done for Figure 3.15 and by
Helliwell and Inan [1982], a more realistic By, is used which is tapered over the

equatorial mteractlon region using

B, + B;, for 2 < —Lp/2;

Bw'.(z) = { By sin? (wf;) + Bin for —L,/2 <z< L2, (3.25)
' Bin for z ElL_,,/2.

As this equation implies, the wave phase is still constant and aligned with B;,. Fig-
ure 3.17 plots the gain versus B,, and Avy, with B,, ranging from 0.05 pT to 3.2 pT,
and v, = UReq- As expected, Figure 3.17 shows that an equatorially centered beam
does not produce the required phase advance. Figure 3.18 plots the gain versus B,
and v)_ for Avy = 0.2%. Aside from the noisy phase structure of the high vy’s, the
advancing phase region is restricted to the high B, portion of the gain surfaces or
to beams centered below VReq- HHowever, comparison of Figure 3.15 with Figure 3.17
or Figure 3.18 shows that by tapering B, over the equatorial interaction region, the
gain magnitude versus B, is no longer constant even for low B, Thus, a purely

exponential growth is not possible from these gain curves.

Beam parameters which come close to satisfying the criteria for reproductlon
of the experimental results are Av" = 0.56% and v, = —0.2%. These are the
same beamformer parameters used in Figure 3.16, and produce the G(By) given in
Flgure 3.19. The energetic electron flux is set so that the initial gain magnitude is
1.25 for Bip = 0.05 pT. F1gure 3.20 shows the wave growth properties for this case.
B, ma.gnltude Erows to a saturation level of ~ 13 dB at a rate of ~ 50 dB/sec. Even
though initially G > 1, this is a case of quasistable growth since the initial phase and.
frequency variations die down and a steady state is reached. For an initial G < 1,
stable amplification results [Helliwell and Inan, 1982]. Increasing the initial flux to
G = 2, results in the unstable growth shown in Figure 3.21. In this case B, grows
~ to a.saturated level of ~ 20 dB at an average growth rate of ~ 70 dB/sec. Also, in -

this unstable case, the wave phase a.dvances continuously resultmg in a near hnea,r-_ PR

- increase in the wave frequency with tune

Wh]le the. unstable wave growth generated by the two port feedback model crudel ,
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Figure 3.19. Gain magnitude (solid) and phase (dotted) curves for the beam-
former in Figure 3.16. This gain curve was used for the stable growth case in.
Figure 3.20. Increasing the energetic electron flux so that the initial gain magni-
tude is G = 2, gives the gain curve used for the unstable case in Figure 3.21.

reproduced the experimental observatlons these results are only possible using a
spec:ally selected ‘beam’ of energetic electrons. Results similar to those of Figure 3.21
could be obtained for a ‘step’ beam former Wh]Ch would mclude all electrons with
Ulleq <1 002vReq while excluding all electrons ‘above this Vlleq- Also the constant
spatlal pha.se appr0x1mat10n equivalent to setting dz,b/dt = 0 restricts the ability
of the geomagnetlc 1nhomogene1ty to estabhsh an adva,ncmg phase in the feedback :

pI‘OCBSS.

Repeating the two-port calculations with a highly anisotropic pitch angle distri-
bution g(a) = 0.2sin®% & + 0.8sin'? a, produced similar results. It could’ be that
~ growth resulting from pitch angle anisotropies, might be dwarfed by the growth from
the vy edges. In other words, a broader range of v)’s might have to 'be included in
order to achieve the degree of cancellation necessary for the pitch angle a,msotropaes':

to dominate.

i _In_'the _r'iext. _chap.ter'; a _trar_isier_it_"_mode_'l 1s developedand apphedtothewa,vegrowth
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Figure 3.20. Low gain application of the two-port model using the gain curve in
Figure 3.19. Output shows ~ 12 dB of growth, ~ 50 dB/s growth rate, a phase
offset, and damped frequency oscillations.
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Figure 3.21. High gain application of the:two-port mode] using the gain curve in
Figure 3.19 scaled to an initial gain magnitude of G = 2. Qutput shows ~ 20 dB
of growth, ~ 70 dB/s growth rate, continuously advancing phase, and a linearly e
increasing frequency. ' 1 U T




86

problem. It is shown that the tr;nsient aspects of the wave front propagating across
the equatorial interaction region establish a spatial wave structure which essentially
selects the advancing phase portion of the vy distribution. The original motivation for .

the transient model development was to try to answer some of the questions raised

by the apparent inadequacies of the.two-port model results.




Chapfer 4. Transient model
and simulations

In contrast to the steady state models developed in the last chapter, this chapter
deals with the development and application of a transient wave-particle interaction
model. In a transient model, the complete space-tithie evolution of the waves and
electrons are simulated with a temporal resolution much finer than the T¢ + T reso-
lution limit of the steady state models. The specific goal of this transient model is to
simulate the first half second or less of a single frequency whistler mode wave pulse as
it propagates across and out of the equatorial region. The model is able to reproduce

exponential wave growth, saturation, and linearly increasing frequency with time.

4.1. The transient model

In a transient model, an attempt is made to make the feedback process more
nearly a continuous process. Where the steady state model is described as a two-port
process, a transient model can be described as an n-port process with the output of
one amplifier connected to the input of the next. This idea of a continuous feedback
. process is demonstrated in Figure 4.1 which shows how the radiation from the currents
in each small slab of space adds to the local wave field and propagates into the previous

slab while the electrons move forward to the next slab. S o

The transient model developed here incorporates ideas from both steady state
and particle-in-cell models. The space-time relationships of the basic model are sum-
marized in Figure 4.2. Wave-particle interactions are conﬁned to a region in space
between the upstream and downstream boundaries zyp and Zdown, Tespectively. The
wave enters the region at the downstream boundary and exits at the upstream bound;.
ary. As the leading edge of the wave propagates across the region, electrons are in-
jected into the leading edge. However, after the leading edge crosses the upstream
boundary, electrons are injected at the upstream boundary. In order to avoid-‘step
responses’ caused by injecting electrons at the boundary, an upstream boundary taper

is applied to the wave field, essentially the same as the front end- taper used in the’

steady state cases. A smnlar spatlal taper is applied to the phase bunched currents L panrs

near the downstream boundary in order: to. reduce the phasé noise in the: stlmula,ted-'f:_

' _. radla,tlon ‘near: thls boundary Thls phase noise; WIthout the downstrea.m current t
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Figure 4.1. Sketch showing the wave growth model as a continuous feedback -
process (from Helliwell and Crystal, [1973]). The radiation from the currents in
each small slab of space adds to the local wave field and propagates into the
previous slab while the electrons move forward to the next slab.

per, can excite numerical 1nstab1ht1es Wh]Ch propa.ga.te through bhe reglon destroymg
the coherent wave gmwth These tapers are deplcted as welghtmg factors at the top
of Fi 1gure 4 2. |

Before explaining how the wave is updated, some general relations need to be
developed. First, this model assumes that the relative phase delay of stimulated
components is negligible d;.y/dw =2 0, and that all energy propagates at the group
velocity of the reference wave vy(w,z) =~ vy(wye f»%). With these approximations,
stimulated radiation ‘can simply be added to the apphed wave and then propaga,ted_'r :

without incurring a phase shift. For the 1dea.hzed wave pulse.in the absence of wave'-_’ e

o growth if a ﬁxed duratlon wave. pulse is transmltted then an observer' '
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Figure 4.2. Summary sketch of the space-time relationships of the transient
model. ' The wave enters at the downstream boundary zgown, and exits at the
upstream boundary z,,. Electrons are injected into the wave at the leading edge’ ©
and at the upstream boundary. An upstream boundary taper is applied to the .
wave field and a downstream taper is applied to the phase bunched currents as
indicated by the weighting factors (top). The current is calculated by summing
the v,’s at equally spaced 7’s even ‘though these electrons are at different ‘points::
in space and time. The radiation from these currents propagates forward and is -

seen by the next set of injected electrons. .
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along the field line would measure a pulse of the same duration. Thus wave energy
T-seconds into the pulse relative to the leading edge is always T-seconds into the pulse.
Similarly, radiation added to the wave T-seconds into the pulse remains at T-seconds
into the pulse as the wave propa.gdtes. Thus for electrons injected into the leading
edge of the wave at position zp, and presently at pos1t10n z; the instantaneous 7

measured from the leading edge is

T(Z)=](vi“+3—g) do. .. REENTR)

20
The time at which the leading edge of the wave is at 2 is

wiz)= [ Z | (12)

Zdown

Therefore, the time at which the electron is at position z is simply
#(z) = 7(2) + tie(2)- ) (4.3)

With these approximations, and certain simplifications regarding current and
feedback calculations, a first order transient model can be implemented. When dealing
with the feedback, it is assumed that all radiation from electrons injected into the
wave at earlier times feeds back on all subsequently injected electrons. Conversely,
electrons will not see any of the radiation from electrons injected at the same time or
at later times. This is not a trivial assumption since, for electrons with a wide range
of v’s and a’s, some trajectories will cross the trajectories of electrons injected at a
slightly different time. In other word's,- electrons injected at a point in space and time |
fan out in the space-time plane due to their initial spread in vy and a. Even electrons
injected with the same v; and « fan out due to the cyclotron phase dependent wave

forces.

Calcu_leiting the (‘:u'rrent' and. stimulated radiation requires the integration over v,
within each spatial cell at each instant.  However, in this transient model, as is the
case in the steady state calculations, elét_trdns are advanced in space rather than time.

Due to the fan out, électroné injected at the same point in space and time arrive at

some downstream point in space with a ra,nge of tlmes. One way to get the electron SUn

dlstrlbutxon at a pomt in space a,nd time is, to. Iook at the tra,Jectones of two set of -
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electrons with the same {mperturbed distributions, but with two different injection
- points, and interpolate. This technique was actually employed but only to verify
the accuracy of a simpler approach. This other simpler approach determines the
electron velocities at equeliy spa.ced 7’s, for all electrons injected a,t._the same point in
space and time, by interpolating a__long ea,ch_electi'ons" trajeetory. The current is then
calculated by summing the v, ’s at eachfi- _even fhough these electrons are at different
points in space and time. Electrons ehtering the wave at some injection point are '
taken to represent all of the electrons which would Have entered the wave since the
previous injection. Determining the stimulated radiation requires that the current
from electrons with identical vjeq’s and.aeq’s be scaled by the spatial separation from
its previously injected counterpart. Thus, the stimulated ra.dlatlon Versus 7 from the

electrons entering the wave at the ¢th injection point is

B, ()= %LE///[V“(T)xn]v||i(T)At;f(v,a)vzsinadvdadqﬁ (T) ‘ (44)
¢ o v

where vy;(7)At; and At; are the spatial and temporal separations, respectively, of an
injected electron from its previously injected counterpart. When the electrons are

injected into the leading edge I
| 1 1 |

At; = nlz; ( + ) 4.5
a) uE) 5)

where, at the ith injection point, 2; is the position, Az; is the distance per macro-step,

and n is the number of macro-steps per injection point. However, when the electrons
are injected at the upstream boundary
1
Al = 2nAz— (4.6)
Vg

since the lea,dmg edge is advanced twice as many macro-steps per 1n_]ect10n pomt in

order to keep the At about the same in both cases.

Rather tha,n'ca,lculating all of the trajectories at the same time, a single electron is
injected into the wave at the sth injection point. Once the trajectory is calculated over
the desired Tange (usually up to the trailing edge), the unmodified wave is ‘backed
up’ and thé"’nekt electron trajectory is calculated. Then, when all of the electron
trajectories are calculated, B;;(7) is computed a.nd added to the a,pphed wave, glvmg i )

the a.pphed wave to be used at (z + l)th m]ectlon pomt

: B¢;+1(.T)_ =Bui(r) + Bse(f)-
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The electron injection. a,nd wave ﬁeld calculation schemes are schematically mcluded

in F]gure 4.2.

A major detaal of the model which has not yet been dlscussed is the energetlc
electron dlstrlbutlon function. In the prev1ous chapter, the problems associated with -
the edges of the vj dlstrlbutlon were analyzed. Care must be taken to keep these edge
effects from adversely affecting the transient sunula,tions I there are mgmﬁca,nt wave-
partlele interactions occurring with these edge electror_ls,,_j'.hen the radiation from
these electrons will dominate the wave growth process. One option is to make the v
range so broad that the edge contributions become insignificant. To understand the |
implications of this option, consider the simulation of a 0.25 s wave pulse propag.a.ting
across a 3000 km region, using a full range of pitch angles and assuming that a 10%
range of v)’s to be adequate. Estimates predict that this simulation would consume
on the order of 100 days of VAX/780 CPU time. The same problem, vectorized,
would take on the order of 1 CRAY-1 CPU day. While more powerful compufers
exist than these, and less ambitious problems could be attacked, this approach is not
: recommended, especially during the trial and error phase of developing and exploring
this transient model. Using a single injection v and a full range of pitch angles with
a 0.5 s wave pulse propagating through a 3400 km region requires on the order of 10
VAX/780 CPU hours. This latter approach is taken for all but one of the cases in this

-chapter. In fact, an agreement between the experimental results and the simulation

results help justify the use of a relatively narrow v range.

" The generalized form of the distribution function used throughout this.cha,pter_ is

f(v,ceq) = Av~%§ (”Ileq - '”Ili) (4.8)

where vy; selects the parallel velocity depending on the pitch angle and the injection |
position and time, z; and ¢; respectively. With this selection function, the resonance
location relative to the wave front, can be controlled. An example of vy;, for a single
injected pltch angle, is given as the solid line in Figure 4.3. ThlS figure shows the
range of para,ﬂel velocities (shaded) resonant with the wave at ‘any given 1nsta,nt of
time. The mJect]on vy is selected, in this case, to be resonant with the wave after '
moving through the wave ﬁeld for some fixed distance as the leading edge propagates
toward the equator. After the leadlng edge crosses the pomt Zdrifts the electrons are :
]Il]eCtEd so as to supply a fixed interaction reglon within which the wave frequency is .-

o cha,ngmg at a constant rate. More spec1ﬁcally, the parallel veloc:ty at the zth mjectlon
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. INJECTION AND RESONANT VELOCITIES. .

TRAILING
EDGE

s INJECTION V,

LEADING
EDGE

TIME

Figure 4.3. Range of parallel velocities (shaded) resonant with the wave at any
give instant of time. The injection vy is selected, in this case, to be resonant with
the wave after moving through the wave field for some fixed d1sta.nce as the leading
edge propagates toward the equator. After the leading edge has crossed some
‘position, the injection V)., Shifts linearly with time in order to stay in resonance
with a fixed interaction reglon within which the wave frequency is changing at a

constant ra,te

point is-. - . : S .
v (Z + PRy ) .COS(Q(ZI)) . for > e .

oy, = VRl Z shift c05(0(21+23h1f1)) (o) 3 2 Ldrift
! cos{a(z _ i
(’UR Zdr:ft + Zsh:ft) (1 - Zdr:ft)A'Uu) Cos(a_(zdr,'fg-l-z,h;ﬂ)) fo_r zi .'_’\_'_zdr_:'fty

(4.9)
where zsh, ﬁ spemﬁes the resonance loca,tlon rela,twe to the injection point, the cosine
ratio adlabatlcally translates the resonant veloc1ty to the injection pa,rallel veloc1ty,

and Av" is the shlft in equa,torla.l o per 1n_1ect10n pomt a,pproxuna,ted by

_-1_..},1 P ¥
Av = nAze + ——-—-) == (1 EQ)
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Avy is the shift in parallel velecity required for the injected electrons to stay in
resonance with a wave whose frequency changes at the rate df /dt. Equation (4.10) is
calculated by setting v = vpeq, using equatorial values, and using the applied wave
ffequency and wave number. In an exact solution, Awy would be slowly changing. To
help assure a smooth v; curve, all of the following results determme Zgrift using the

following approximation S
1 d H . . _
(—) 4, ( Z/S).' 5 (4.11)
zarift + Zshift) At km : |

4.2. Transient simulations

The transient model is now tested using input parameters consistent with ex-
perimental observations. The energetic electron flux is set to give a total growth of
~ 38 dB and growth rate ~ 150 dB [sec. These values of growth and growth rate are
slightly Iarger than what is usually observed; however, since saturation occurs within
a shorter period of time, shorter wave pulses can be used resulting in reduced CPU
time. Also, the growth tends to be more exponential and the amplitude fluctuations
reduced, as the growth rate is increased. The actual input parameters used are given
in Table 4.1.

As a check, the model was tested by reproducing some of the results published
by Helliwell and Crystal [1973] for a homogeneous static magnetic field. However, all
of the results presented here include the inhomegeneity of the dipole ma,gn'eti'c'ﬁeld.
Also, it is interestiﬁg. to note that the results of Helliwell and Crystal were obtained
using a 16-port model. Their concept of a port, although not exactly equivalent,
is analogous to the number of macrosteps used in this model which, for most of the
results presented here, is 200-300 steps. This larger number of spatial steps is required
to faithfully reproduce the wave evolution when the inhomogeneity is included.

One graphical technique for presenting the results is to plot a qﬁa,ntity. as a surface
in space and time. An example is glven in Flgure 4.4 for the ma.gmtude and phase
of the wave pulse whose parameters are glven in Table 4.1 except for the absence
of energetlc electrons. The plot shows the leadmg and traﬂmg edges propa.gatmg _
- through space with increasing time. The leading edge is shghtly shaped in order to

.'a.pprox1ma,te an actual pulse and to reduce the step response of mjected eIectrons In o e

- contrast the tralhng edge is abrupt smce 1t represents the pomt at which electron '
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Table 4.1. Transient simulation parameters

f - - 1/2 fHeq' _

Bineq G 0.01 pT-
p S e by 8
p . 1350 km -
C Zdows 7 2150 km
SR ) ;1_70"'km
Zehipe - 200 km
Current taper ~ . = . 200 km
Field taper 300 km
Front end duration 50 msec
Pulse duration ' 500 msec
* Front end taper 50 msec

trajectory calculations are terminaied rather than the physical pulse trailing edge.
The phase surface in Figure 4. 4 is featureless since there is no shift of the total wave
phase from the apphed wave phase, an 0bv1ous result of turning off the energetlc

electron flux.

Using the pa.ra.meters given_" i_n. Table 4.1, transient simulations are performed.
The magnitude and phase surfaces of the total wave field, including wave growth, are
shown in Figure 4.5 and in the linear magnitude surface of Figure 4.6. The associated
magnitude and phase of the phase bunched current, are shown in Figure 4.7. These
surfaces show that the current, and hence stimulated radiation is generally confined
to the equatorial region, between —500 km and 500 km. Examination of B, (t) at
the upstream boundary shows that the output wave field grows exponentially up to
~ a saturated level while the phase advances at an ever increasing rate. Furthermore,
examination of the phase surface clearly shows-the upstream temporal phase advance
evolvmg from the downstream spatlal phase advance due to the geomagnetic inho-

mogeneity.. Thus, the rnodel not. only reproduces some of the general. features of the .

experlmental results but also glves mSIght mto the sources a.nd ca.uses of the observed e

i features
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is featureless since phase is measured with respect to the applied wave. ..

W AN
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Figure. 4.4. Space-time surfaces of the magnitude and phase of the applied wave - -

pulse whose parameters are given in Table 4.1.. The plot shows the leading and .
trailing edges propagating through space with increasing time. The leading edge -

is slightly shaped in order to approximate an actual pulse and to reduce the step .~

response of injected electrons.. The. trailing edge is abrupt since it represents the -
point at which electron trajectory calculations are terminated. The phase surface
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Figure 4.5. Magnitude and phase surfaces for the simulation of wave growth

using the parameters in Table 4.1. Exponential growth, saturation, and parabolic.

phase advance is seen at the upstream boundary while the applied wave is scon.at
the downstream boundary. The

! wave growth is confined to the equatorial Tegion.
- The output phase advance is seen to originate from the effect of the downstream
,_inh_omogenei_ty.;. Al e e e s e
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Figure 4.6. Linear magnitude surface for the same case shown in Figure 4.5.

The lack of wave growth in the downstream region results from the efficiency of
phase mixing in this inhomogeneous-regioh. This effect is demonstrated in Chapter 2
where equatorially and offequatorially resonant, stéady state currents are compared.
However, the steady state analysis indica.t_eé that the offequatorial currents become

relatively more significant as the applied wave intensity increases.

" The enhanced levels of downstream stimulated radiation at high 7’s, appears to
be associated with the currents near the downstréam'boﬁndary since these features
are not growing with decreasing position. The possibility that a buildup of noise in
the downstream region is related to some of the physical phenomena {e.g. saturation,

triggering, sidebands) needs to be kept in mind.

A ridge of wav_é éro'wth a.l_i_mg thé'lea.c_ling_' edge of thé wave shows théz_éﬂ‘qét_of':_ o

introducing the é_léctrbn's" _i_ntt:i:: the _Wave'.: This ridge grows by ~ 8 dB andlsdueto L

the fact that, as electrons é;re'_introduped into the wave, they’ _a_ll_.expér:i_cnbé'_t‘hﬁ"‘é'éme.; '
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for the wave growth.seen in Figure 4.5, The confinement of the current to.the
equatorial region is a result of phase mixing effects of the inhomogeneity. .
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‘kick’ regardless of the leading edge position. Hence, J starts out aligned with B,,
and then rotates, depending upon vy and the inhomogeneity.  Therefore, at small s
(i.e. before this ‘step response’ phase mixes away), this radiation grows coherently as
the wave propagates. Further dlscussmn regarding thls ‘step response is given later -
in association with the phase retardatlon of the wave ﬁeld near the leadmg edge.
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Figure 4.8. Output wave ma,gmtude (sohd) a,nd phase (dotted) versus time
corresponding to B,, at the upstream boundary of Figure 4.5. The magmtude
plot shows ~ 8 dB of spatial growth resulting from the ‘step response’ current,
followed by ~ 150 dB/s exponential growth up to a saturated level of ~ 38 db.
The phase is advancmg at a nea.rly pa.ra,bohc rate.

Comparison of the wave groﬁﬁh' predicted by this model with experimental obser-
vations can be made by lookmg at the ﬁeld at the upstream boundary B,,(z = Zup, t).
Figure 4.8 gives plots of the wave magmtude and phase versus time. The magmtude
plot clearly shows the ~ 8 dB of spatial growth resultmg from the ‘step response’
current, followed by ~ 150 dB/s exponential growth up to a saturated level of ~ 38
db. The exponential growth results from the self sustaining feedback process. The

saturation results from having both a fixed, narrow.v range. and from quy bunchmg- _

most. of the electrons. within the equatonal 1nteract10n reglon Whether or not_thls
is'not -

L saturatlon mecha,msrn is respon51b1e for the observed sa,turatlon phenomenon,
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clear. It might be supposed that as the wave intensity increases, more v’s would
be significantly perturbed, which would seemingly allow the wave to grow without
bound. However, if the range of significant vy’s increases at a slower rate than the
range of vy’s within which the stimulated radiation has sa.turated then this fully
bunched saturation mechanism could still hold. Or saturation could be tied to some

other phenomenon such as riser or SJdeband triggering, or even to the buildup of noise

as suggested above.

The wave phase in Figure 4.8 is oscillatory, but generally retarding prior to the
onset of parabolically advancing phase. This retarding phase results directly from the
step response current being initially aligned to B, generating a lagging B which
retards the wave phase and is reinforced by the feedback to subsequent electrohs.
However, in a more realistic simulation, a wider range of vy’s would be included. This
would promote the phase mixing of this step response current which is expected to
reduce the time over which the wave phase is retarding. In the limit as the vy range
is increased to a full distribution, the phase could start advancing instantaneously
from some new offset reference. In other words, the initial phase retardation could
actually be the hot plasma contribution to the refractive index. This would explain -
why phase retardation like that shown in Figure 4.8 is not commonly seen in the
actual measurements. Also, if an actual phase retardation existed over a time less
than that shown in Figure 4.8, then it would become difficult to detect usmg the

present methods (Ev Paschal, private communication).

Taking the derivative with respect to time of the wave magnitude and phase in
Figure 4.8 gives the instantaneous growth rate and frequency, shown in Figure 4.9.
These curves have been smoothed slightly by convolving with the 3 point sequence .
{0.25, 0. 5 0.25}. Examining the frequency versus tlme plot after the advancing

phase is estabhshed shows a nearly linear increase in frequency at ~ 30 Hz/s.

The 30 Hz/s frequency drift rate is chosen not only because it compares to mea-
sured drift rates, but also because a maximum likelihood test reveals that this is the
rate that the model should produce. ‘This maximum likelihood test is an answer to
the following question: At what frequency drift rate do the energetic electrons give
up their energy at a maximum rate? To answer this questlon simulations were per-
formed at several different df /dt’s and plotted supenmposed in Figure 4.10, Wh]Ch
clearly shows a df /dt dependent growth To better see whlch df /dt glves the fastest :
- growth amplitude versus df /dt, pa,ra,metrlc in T, lS plotted 111 F]gure 4 11 ThlS ﬁgure'ﬁ

. shows a well deﬁned pea.k in the a,mphtude versus df /dt ‘curves at a df /dt of
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-Figure 4.9, Instantaneous growth rate (top panel) and frequency (bottom panel) - - :
calculated by taking the derivative with respect to time of the wave magnitude and -
. phase in Figure 4.8. These curves have been smoothed slightly by convolving with EE R
~--the 3 point sequence {0 25, 0.5, 0.25}. The frequency Versus- t1me plot shows a
_nearly lmear increase m frequency at ~ 30 Hz/s - , '
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Figure 4.10. Output magnitude (solid) and phase (dotted) from several simula-
tions, each having a different injection vy selection function designed to support a
specific df /df. From these curves it is apparent that one selection function yields
a higher average growth rate than the others. This is the basis for a maximum .
likelihood test which suggests that the selection function resulting in the fastest
growth, represents the dominant mode of growth. The results are better displayed
in Figure 4.11 in which amphtude versus df /dt are plotted para,metrlc in time.

Hz/s. Thus, Figure 4.11 indicates that ~ 30 Hz/s is the maximum likelihood rate of
frequency increase and should be the dominant mode of growth. So not only does
this model reproduce the proper frequency advance but, when it does 1t maximizes

the rate at which energy is extracted from the energetic electrons.
Self excited emissions'_: "

This same maximum likelihood test can be applied to self excited emissions trig-
gered by short pulses. Termination of the applied signal can result in a triggered rising
or falling emission but most likely a faller especially if the pulse terminates before

saturation. ‘Rising emissions can also be triggered prior to termlnatxon but generally :

after saturation or coincident with the end of growth Observed fa}]mg emissions o

have been tnggered by the termination of monochrornatlc waves or by the bea,tlng.of:';f

' two- monochmmatlc waves a,t cIosely spa.ced frequen(:les [Hellzwell et al ; 1'98611
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Figure 4.11. The output amplitude of the simulations of Figure 4.10 are plotted
here versus df /dt and parametric in 7 (the time from the leading edge). df/dt is
the rate of frequency increase in the injection velocity selection function. The peak. .
in the curves at a df /dt of ~ 30 Hz/s indicates the fastest growing case and should”
therefore be the dominant mode of growth. This outlines the maximum hI\elrhood '
-test for determining the mJectmn vy selectron functron and the mode of growth.

Figure 4.13, an example of termination triggering shows that coincident with pulse

termination is a band limited impulse and a falling emission originating from the up- R S

per frequency portion of the impulse.  The fa,llmg emission, or ‘falier . 18 establlshedi o

after a raprd increase in frequency assocrated with a band Ilmrted 1rnpulse comcrdent_-_:':_ Bk

. ,wrth the pulse termma,tron. If thls rnodel predlcts these fa.lhng emrssron
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Figure 4.12. Application of the maximum likelihood test for self excited emis-
sions using sinusoidal, 100 msec pulses. However, there are no significant dif-
ferences in the amphtude versus time curves even though experiments commonly
show falling frequency, self excited emissions. This suggests that a broader range of
vy’s and a more general center velocity selection function are required to simulate
self excited emissions.

short applied wave pulses, the amplitude versus df /dt curves should peak at negative
df [dt’s. The pulse to be used in this test is a 100 msec pulse with a half amplitude
duration of 50 msec created using a sinusoidal shaping function. The amplifude and
‘phase versus time curves for drift rates of —30, 0, and 30 Hz/s, shown in Figure 4.12,
indicate no significant differences in the amplitude versus time curves, While this test
does not show any evidence that a falling self excited emission is the dominant mode,
it also shows no evidence for a rising frequency mode. This is actually a si'gniﬁcant
and encouraging result. What it suggests is that the frequency advance is a byproduct
of the presence of the applied signal. Also, the observed rapid phase swings associ-
ated with the pulse termination indicate that a single vy is inadequate for trying to |
simulate pulse termination effects, which are closely linked to the tnggermg of fallmg

emissions. Rap1d phase rotation. at pu]se termlnatlon seems to reqmre a la,rge degreef,

| of phase m1x1ng or cancellatlon among the. phase bunched currents (Hellzwell pr1vate3
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Roberval 5/31/75 . 14:19 UT

Frequency (kHz)

Phase (cycles)

Tlme (sec)

- Flgure 4.13. Fallers tnggered by the termination of 0.5 second pulse The termi-. ... ...
" nation causes a band limited 1mpulse {BLI) extending ~ 150 Hz above and below . "~
. the apphed frquency The faﬂler seems to ongmate from the upper frequency por-
L ._,_\t:on of the BLI ' S T :
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range of v)’s i1s employed.

Besides a broader range of vy’s, & mmore generaiized center vélocity selection func-
tion is required to simulate a self excited falling emission. By second order resonance
theory, a falling emission is generated by an interaction region that drifts upstream of
the equator. The possibility of this drift is not included in the center velocity selection.
function as given in equation (4.9). If the interaction region is drifting at a nearly
constant rate, then the wave frequency should be changing at nearly a pafa.bolic rate,
from second order resonance theory. Thus, the pa.ra,llel veloaty shlft ‘term in (4. 9)

should rewritten
('UR(Zdr:'ft + Zepift) — (2 — iarife) Aoy + (1 — iarigs) szu)' - (412)

where a nonzero sz“ -should drive an interaction region drift. - This self excited
interaction region drift is not simulated here but is left as a suggestion for future

work.

With the model established and justified, the dependence of wave growth upon
other parameters can now be investigated. While the assumed df /dt should be based
upon the maximum likelihood test outlined above, for all of the following simulations
a 30 Hz/s df /dt is assumed. The parameters which are going to be varied include the
applied wave intensity, energetic electron flux, pitch angle distribution, and parallel
velocity range. Amplitude and phase versus time are plotted parametric in the varied
parameter. All of these plots include the 30 Hz/s case shown in Figure 4.10 so that
differences can be quantitatively compared. A summary of the dependence of grthh
rate and saturation level upon the varied parameter is given in Table 4.2. This table
also includes the results from Figure 4.12 (100 msec pulse) and the 30 Hz/ s case in

Figure 4.10 (Reference) for comparison.
Parametric in applied wave intensity

Amplitude and phase versus time, parametric in applied wave intensity By, are
_ given in Figure 4.14. Again, these represent the wave magnetic field at the output, or
upstream side of the interaction region. Besides the reference case with a Bi, of 0;01
pT, applied wave intensities of 0.001 and 0.1 pT are included in Figure 4.14. Similar
to the results of Helliwell and Crystal [1973] for a homogeneous medium, Figure 4. 14

indicates that growth rate a,nd sa,tura.tlon level are not significantly dependent upon” - -

‘applied wave intensity. Whlle Table 4.2 does indicate a variation in growth rate wzth'.'

o a,pphed_ wa.ve_lptensxty,‘_th;s'_t‘r_gend_q‘s related to the growth curves not being exactly
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Table 4.2. Growth rate and saturation levels.

Case Growth Rate (dB / s) | Saturation Level (dB)
Reference | 16 | 38
100 msec pulse . _ 143 o 38
Bin = 0.001 pT 151 38
Bin = 0.1 pT - 163 38
Flux Doubled 268 | 43
Flux Halved o8 24
gla,a=0.2,z = 0.2,y = 12) 186 39
g(s5,y=2) ' o - 214 40
h(v)) 79 e 36
R(o)g(,,y=2) o8 | 47

exponential due to a,n'average decrease in growth rate with increasing 7. Thus, since
the higher applied wave intensity saturates sooner, it also has a higher overall average
growth rate. This nonexponential behavior is due to the presence of the e,pplied wave
in the downstream region. When self excited wave growth is stimulated by a short
pulse, as is the case in Figure 4.12 and also in Helliwell and Crystal [1973], the wave
growth tends to be more exponential. The phase curves in Figure 4.14 show that the
phase tends to advance more slowly for higher B;,’s.: This same trend is associated

with increasing growth rate in the ﬁgllires to follow.
Parametric in energetic electron flux .-

‘Figure 4.15 shows the results of varying thé energetic electron flux. In addition
to the reference case, two other cases are-éhown' having half and twice the energetic

electron flux as the reference case. In the self excited, homogeneous case (Hellzwell _

.and Crystal, 1973) the rate of i increase in the saturatlon level with respect to ﬂux is . ¥

positive but decreasmg w1th mcreasmg flux while the growth rate mcrea.sed hnearly- '

" with i mcreasmg ﬂux From Ta.ble 4. 2 the saturatlon Ievel shows the same'decre' sing
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Figure 4.14. Output amplitude (solid) and phase (dotted) versus time, para-
metric in applied wave intensity. The applied wave intensities of 0. 001, 0.01 (Ref-
erence), and 0.1 pT are included and labeled 1, 2, and 3 respectively, These curves
indicate that growth rate and saturation level are not significantly dependent upon
applied wave intensity. The phase curves show that the phase tends to advance
more slowly for higher B;,’s. This same trend will be associated with i increasing
growth rate in the figures to follow.

rate of increase with respect to increasing flux; however, the rate of increase in the

growth rate with respect to flux is also found to be decreasing with i increasing flux.
Th]S difference could be due to either the presence of the applied wave or to the
' lnhomogeneity Also, as mentmned before, the: phase tends to advance more slowly

“with i increasing growth rate.

Parametric in g(«)

~ In all of the simulations or results shown so far, a unity pitch angle distribution
has been used. Figure 4.16 compares this unity pitch angle distribution w1th two_
‘ “anisotropic g(a)’s of the form

g(q) ='asinz_la+(l.—_a)sinya. ‘- S (4 13):':"

Both have a=z=02 but y is 2 in one case and 12 in the other._ The eﬁ'ect‘of these'-
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Figure 4.15. Output magnitude (solid) and phase (dotted) parametric in ener-
getic electron flux. In addition to the reference case (2), two other cases are shown
having half (1) and twice (3) the energetic electron flux as the reference case. The
growth rate and saturation level both increase with increasing flux while the phase
tends to advance more slowly with increasing growth rate.

functions is to concentrate more of the electrons at higher ;ﬁitch angles. Because
changing g(«a) alters the number density, the distribution function must be rescaled
for each g(a) so that the number densities are the same. The number density is given
by |

EN

N(z) = QW'f/'f(v,.a)vzsina dvda (#/rn3) (414)

Since the form of the distribution function used is separable
flo,0) = Av™"g(@), — (415)

the number density equation can be rewritten
" N(z)= 27r/g.(d).c.os"__3 @ sin ada]h(.vl.l')_v"—“"l'zdvﬂ
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Figure 4.16. Qutput magnitude (solid) and phase (dotted) parametric in pitch -
angle anisotropy g(a) The g(a)’s are 1 (Reference), 0.25in%2 o + 0.8sin'? @, and
0.2sin%? & + 0.85in% @ and are labeled 1, 2, and 3 respectively. The dlstnbutzon'
function has been rescaled for each g(a) so that the number densities are the same,
resulting in nearly equal saturation levels. g{a)} = 0.25in% o + 0.8sin? o resulted
in the largest growth rate presumably due to a maximum in dg(c)/da occuring at
« =~ 45°, the pitch angle of maximum radiation.

where h(v)) is the v; sampling function. A general expression for g( ) which can be

integrated in .the above equation is.
g(e) = Z (aisin®™ a+bicos¥ia) - . - (4.17)
i

perforrﬁing the pitch angle integratibn

o o
_ / - g(a)cos™ P asinada ~ -
o ’ .

le

5 (o [Pz RGE ) H,-{ 2 _] --
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the following conditions must also hold:
n> 2, m,‘>—2 y,->2—n- ' (419)

Thus, the distribution function must be scaled by factors of 2.7 and 5.6 for g(a)’s

of 0.2sin%% a + 0.8sin? @ and 0.2sin%? & + 0.8 sin!? o, respectively. Examination of
Figure 4.16 shows that this rescaling results in approximately the same saturation
levels. The most interesting new feature is the fact that 0.2sin%? a+0.8 sin® & resulted
in the largest growth rate. This can be explained in terms of the anisotropy factor
dg(a)/dc and the falloff of the number of electrons with increasing energy through
the v™® term. Large values of dg(a)/da are known, by Hnear theories, to drive the
whistler-mode instability. But, in the last chapter it is shown that ~ 45° pitch
angle electrons are the largest contributors to the steady state radiation through
the balancing of the v x B forces with the v~ falloff in the electron distribution.
Therefore, since d(0.25in%? & + 0.8sin? @)/da has a maximum at ~ 45°, it is not
surprising that this g(e) results in the largest growth rate. The other g(c) actually
has a larger maximum slope, but. it occurs at higher o’s where the contribution
to growth is less significant. Again, the phase tends to advance more slowly with

increasing growth rate. - .-~
Parametric in h(v))g{a)

The next factor to be investigated is the role of the vy integration. In F igure.4.17,
triangular distributions in vy are compared to the reference case. In the reference
case, a single v is considered which drifts in accordance with the drift equation-
| given earlier. The triangular sampling function h(v)), is centered at the same Y|
as the reference case and falls off linearly to zero at v)’s 0.5% above and below the
center velocity. One of the triangular h(vy) cases has a g{a) = 1 while the other
has a g(a) = 0.2sin%% @ + 0.8sin? @. The reason for choosing a triangular shape is
that |dh(vy)/dvy| is constant over the range of the function. Thus, in terms of the
magnitude of this anisotropy factor, there are no edges. If h(v)) were a rectdngular' _
function, then extreme edge effects would be expected as were demonstrated in the last
chapter. In fact, examining the edge effects associated with a rectangular, sinusoidal

‘bell’, and triangular shaping function revealed that the triangular function resulted

in a stimulated current most confined to the equatoma.l region. Even though the =

- sinusoidal bell function smoothly goes to' zero at the h1gh and low v" edges it has
“peaksin the magmtude of the derlvatlve with respect to vy nndway between the center'

_a.nd edges To empha,sme the effect of cancellatlon assocmted with the int gr tion
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Flgure 4.17. Output magnitude (solid) and phase (dotted) parametric in h{vy). .
Compared are the single v reference case (1) as well as triangular sampling func-

tions h(vy) which fall off linearly to zero at vy’s 0.5% above and below the center

velocity. One of the triangular h(’uu) cases has a g(a) = 1 (2) while the other

has a g(a) = 0.2sin%? & + 0.8sin? @ (3). Even though the number densities are

several times greater in the triangular cases compared to the reference case, the

saturation levels are comparable, a result of the cancellation associated with the
integration over vy. These curves show that the vy integration reduces the growth

rate by nearly a factor of 2. Of particular interest is the onset of a stable phase

advance at an earlier time in the g{¢) = 1 case.

-y, the distribution function is not rescaled to coinpensate,;_ for the increase in number
“~density. Even though the number density is about 9 times greater in the triangular
cases compared to the reference case, the saturation levels are comparable. This is a
direct result of the cancellation associated with the 1ntegrat10n over vy. Figure 4.17
"falso shows that the v integration reduces the growth rate by nearly a factor of 2. The
‘phase curves indicate one possible difference resulting from the o 1ntegra.t10n which
-¢ould improve the fit of the simulation output with the expemmental measurements

This difference is the onset of a stable pha.se advance at an earher time i in the gla)=1

triangular case compared to the reference case. Winle the hnear phase adva,nce and '

' 'abrupt changes in the rate of phase a,dvance v131ble in F1gure 4. 1? a.re 'not the ne

parabohc pha.se advances seen in rnany of the experlmental records _rm_l_ar”phas,e
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behavior is seen in the experimental data.

4.3. Comparison with experiment

To compare the simulations with actual data, a pulse received at Roberval, Que-
bec, on March 16, 1977 at 14:26:0_0 UT is selected. This pulse has a higher than
average growth rate of ~ 82 dB/s and is a fairly typical ‘clean’ pulse with smooth
amplitude and phase curves. The input parameters for the simulation differ from the
parameters used in the previous reference case as follows: Bj, = 0.025 pT, the flux is
reduced by a factor of 0.7, and a 50 Hz/s frequency drift rate is selected. These were
the only parameters which needed to be adjusted in order fo fit the total growth,
growth rate, and the frequency drift rate. The comparison is made in Figure 4.18.
The top panel in Figure 4.18 shows the simulated amplitude and phase along with
the experimental amplitude versus time (opén circles). The bottom panel shows the
comparison of the simulated and measured frequency versus time. Because the ex-
perimental frequency points are computed by taking the derivative of the measured
phase, the plotted frequency is convolved by the smoothing sequence {0.25, 0.5, 0.25}
in order to counter the ‘error amplifying’ effects of the derivative operation. To first
order, the fits are quite good. Even some of the second order features like oscillation
periods compare. These oscillations have a pefiod near the characteristic feedback

loop delay time for the 45° pitch angle electrons.

The features in Figure 4.18 which don’t compare include the growth of the mea-
sured frequency oscillations, the details within the first 100 msec, and a general offset
in the frequency at any point in time. The sources of these discrepancies p.oséibly lie
in the narrowness of the v range, as discussed. before. The frequency oscillations in
the simulations are held in check by the narrow v width and the fixed drift rate of
the center velocity. In other Words the wave is not allowed to select the electrons S0
the osc1lla.tlons are not allowed to develop freely. The simulations already performed
suggest that an increased vy range could reduce the duration of the leading edge tran-
sient phase. To minimize the effects of the ‘step’ response, a 50 msec leading edge
taper is used on the wave ﬁeld much longer than natural taper duratzon which re-
sults from d1sperszon and transm]ttmg system bandwidth. However a previous study
showed that these effects (growing and rotating currents) phase mix away rapidly if |

a broad enough v range is included, even if the leadmg edge is a perfect step Also, _-

' .the present form of the expenmenta.l data make it difﬁcult to measure the pha.se and s e

amphtude fea.tures to the resolutlon requlred to properly compa,re the first. tens O
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Figure 4.18. Comparison of simulations with a pulse received at Roberval, Que-

bec, on March 16, 1977 at 14:26:00 UT. The input parameters for the simula-
tion differ from the parameters used jn the previous reference case as follows:

Bin = 0.025 pT, the flux was reduced by a factor of 0.7, and a 50 Hz/s frequency
drift rate was selected. The top panel shows the simulated amplitude {solid)
and phase (dotted) along with the experimental amplitude versus time (open cir-’
cles). The bottom panel shows the comparison of the simulated and measured B
frequency versus time. The experimental frequency points have been smoothed by "
the sequence {0.25, 0.5, 0.25}. Growth rate, saturation level, and even oscillation
periods are comparable. : N T
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milliseconds. Proposed directions for future work aim at improving the

the comparisons with data and are outlined in the next chapter.

model and




Chapter 5. Summary and
recommendatlons a

This chapter presents a summary of the previous chapters as well as a list of
recommendations for future work. The areas within which future efforts are suggested
include data analysis, improved models of the medium, reduction of free parameters,

simulations, and optimization of the computer code.-

5.1. Summary

Models are developed, ba.sed.upon test particle trajectory calculations, to simnulate
and understand the whistler-mode wave growth process. The simulations reproduce,
for the first time, exponential wave growth and saturation coincident with a linearly
increasing frequency versus time. No other simulation or modeling efforts have simul-
ta.neoﬁsly predicted these featureé, particularly the linear frequency increase. This
breakthrough is made possible by the development of a new transient model for per-
forming wave growth simulations. Besides including the geomagnetic inhomogeneity
and electrons ranging in all three dimensions of velocity space, the transient model

. includes unique methods for calculating the phased bunched currents, stimulated ra-
diation, and the propagation of the radiated fields. '

With the transient model, the space-time evolution of a wave pulse can be simu-
lated, with high spatial and temporal resolution, as the pulse propagates across the
inhomogeneous equatorial region. Generalized equations of motion are developed so
that the frequency and wave number can evolve in space and time. Since only a
narrow range of parallel velocities can be included, a scheme is developed to make
the center vy be a function of the time and location at which the electrons are intro-
duced into the wave. This relationship is called the selection function. A maximum
likelihood test is developed which, for some class of selection functions, determines
~ the selection function that maximizes the average growth rate. This test shows for
the first time that, when an applied signal is present, the total wave phase at the
output of the interaction region advances with time. Thus, the transient model not

only predictes exponentlal wave growth up to a saturated level, but also predlctes the - _.

generally observed lmea;rly mcrea.smg frequency thh tlme The frequency'mcrease'
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which are rotated by the geomagnetic inhomogeneity. The relationship between the
selection function and the rate of frequency increase is consistent with second-order
resonance theory [Helliwell, 1967, 1970; Carison et al., 1985]. In other words, the -
maximum-likelihood selection function suggests that the most significant electrons
are those which satisfy the second-order resonance condition for the observed fre-
quency increase. The transient simulations also show that features like growth rate
and total growth are simply related to the various parameters like applied wave in-

tensity, energetic electron flux, pitch angle anisotropy, and the width of the v, range.

While self excited emissions generated at the termination of pulses are generally
falling in frequency with time, the transient model and the implemented class of selec-
tion functions, did not predict this. However, in the self excited case, it is suggested
that the selection function may need to include a term which varies parabolically with -
time in addition to just a linear term. In other words, it may be that the interaction
region needs to be allowed to drift in space with time. Similiarly, the triggering of
rapidly rising emissions is also not predicted by the transient simulations. However,
the inclusion of a broader ra,ﬁge of parallel velocities seems necessary before riser

triggering can emerge from the simulations.

The comparison of the transient simulations with actual experimental measure-
ments show good agreement in growth rates, total growth, the rate of frequency in-
crease, and even the period of amplitude and frequency oscillations. However, phase
oscillations near the leading edge in the simulations, pulse termination triggered tran-
sients seen in the experiments, and the triggering of rising or falling emissions all

suggest that future simulations should concentrate on increasing the range of vy’s.

Steady state wave field concepts are also used to study the currents and stimulated -
radiation from the energetic electrons. One aspect of this study is the systematic
analysis of the phased bunched currents and total radiation versus electron pitch angle
and. parallel velocity, and the collective response of the energetic electrons revealed
by integrating over velocity space. Single sheet current versus position, obtained by
integrating over electron gyrophase, reveal the most basic aspects of resonance and
phase bunching: The cancellation of the currents, or ‘phase mixing’, which results
from the integration over pitch angle and. parallel velocity, as well as ‘edge effects’

associated with the finite vy integration limits are investigated. Integration over pitch

angle mgmﬁcantly reduces the magmtude of offequatorlal currents because of . the:

phase mixing action of the mhomogenelty ‘The result is that the total phased bunched S

: 'current tends to be conﬁned to the equa,tona,l reglon Integration.over vy added' wo'
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~more significant aspects, extensive cancellation and edge effects. The peak current

tends to increase when integrating over a small range of v’s but then decreases as
the v range continues to broaden. Edge effects are associated with this cancellation
process in that current peaks, resulting from the offequatorial resonance of the high
vy edge do not cancel because higher v) electrons are not included. Consequently,
there are large current peaks located at the offequatorial resonance locations of the
h1gh vy edge of the vy range. Edge effects can be reduced by using a v weighting
function which smoothly goes to zero at the v edges (e.g. a tnangle or sinusoidal
bell), ehrmnatmg the current.from these edges.

 Steady state stimulated radiation is calculated by simply integrating the phase
bunched current over position. A model for calculating self consistent steady state -
fields with significant wave growth is given and tested. Temporal wave growth, in-
cluding the advance in wave phase with time, is simulated using a two-port feedback
model. However, it is difficult to gain insight into the transient aspects of the wave
growth process with this model. Also, the experimental data show many features
which can not be simulated using a steady state model including, growth and fre-
quency shifts within the first 50 msec, and also rapid frequency shifts associated
with pulse termination. Also, it is not possible to physically justify the sensitivity of
the steady state wave growth models to the distribution sampling function. These

deficiencies motivated the development of the transient model.

52 __Re_commendatio_ns '_for_: future work |

Data anaIySJS

Wlth the development of the transient model comes the ability to simulate the
.continuous. evolution of the wave amplitude and phase. However, it is presently
difficult to compare some of the simulated amplitude and phase features with ex-
perimental results because existing data analyses have generally focused on grosser
leatures. For example, the simulation outputs are plotted on scales of approximately
10 dB/inch, 90° /inch, and 50 msec/inch. A typical analysis, on the other hand, mlght.
be plotted on scales of approximately 20 dB/inch, 900° /inch, and 500 msec/inch. A

particular example of fundamental importance is the evolution' of the wave amplitude

and phase within the first 100 msec. A proper anaIysm should glve the a,mphtude'- = ERNE

and phase of a pulse to better than 1 dB and'5°, respect:vely, at 5 msec. mcrement .

ThlS a.nalyms would show how the: electron dlstrlbutlon as'a whol "responds t 'the
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leading edge of the wave as compared to the expected response from some subset of
the electron distribution. In other words, it needs to be determined how much phase
mixing and cancellation there is in the phase bunched currents and how broad the v '

and « ranges must be in the model to properly simulate the first 100 msec.-

Besides the need for higher resolution analyses of the amplitude and phase, overall
statistics and correlations are needed which can characterize wave growth. Huiidreds
of experimental pulses could be measured to develop a data base which could become
a standard reference. Measurements to be made should mclude growth rate, total
growth, rate of frequency increase before triggering, initial frequency offset of growth, :
df /dt of the triggered emissions, rate and magnitude of the phase swing associated
with the applied pulse termination, the positive frequency offset of any termination
triggered emmisions, and the period and growth of frequency and amplitude oscil-
lations. These measurements and their statistics would then be the specifications
for any model and simulation of wave growth. Once these measurements are made,
correlations can be established such as between growth rate and the rate of frequency
advance as mentioned in the Introduction. For any correlation, the parameters within

the model that could account for the effect can be isolated. -
Improve the medium model

A more complete model of the medmm could be incorporated. Smce the in-
teraction length is so sensitive to dwy/dz, deviations from a dipole model can be
significant. The transient code as given in Appendlx C includes the option to mput
a non-dipole geomagnetic field although, in its present form, a dipole field diffusive
equilibrium model would be superimposed. Parameters which could be 1ncorporated
include ring current solar wind pressure, umversa.l tlme and dynamic eﬁ"ects [Gail.

1987].:
Reduce free parameters

One problem with simulating actual pulses is that there are too. many free pa-
rameters to really be able to use the simulations as a diagnostic tool. :Ideally, for a
diagnostic, there should be only as many unknown parameters as there are features
to be fitted. Presently, the free parameters include applied wave intensity, energetic
electron flux, center velocity drift rate, pitch-angle anisotropy, parallel velocity range,

equa,torla,l electron density, L-shell, and the geomagnetic field structure (i.e. pertur-:

LT 'ba.tlons due to ring current, and solar wind. pressure) A dlspersmn a.na.lys:s _can glve::"'f: ; o




: "Slmula.tlons usmg a smgle Yy ra,re able to ﬁt some of the rna.m features of the data
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by the.frequency increa.se rate. Of course, it is: desirea,bie to have as wide a v range
as can be included, given the CPU time limitations. This leaves 4 free parameters to
fit the measured growth rate, total growth and also the mammum likelihood test for
the center velocity dr1ft ra.te R '

Wa.ys to reduce the number of free parameters include satellite measurements,
3-dimensional raytracing, and ground based experiments. With the aid of satellite
' measurements, ring current and solar wind pressure can be deduced. However, direct
measurement of the geomagnetic field utilizing ﬁeld d]igned orbits would be the most
desireable. High resolution satellite measurements of the energetic electron distribu-
tion in the 1 to 10 keV range are essential. While the pitch angle anisotropy is listed
as a single free parameter, a crude representation for g(a) reqmres at least 2 variables

in the form

g.(a) =a+ (1 —a)sin® a. (5.1)

Oune of the most elusive parameters to measure has been the ducted wave inten-
sity. The most ideal situation would be to have a satellite in a field aligned orbit,
continuously measuring the wave intensity as the satellite traverses the interaction
region within a duct. However, attempts to make this measurement have become
analogous to ‘looking for a needle in a haystack.” While attempts to make this mea-
surement should be continued, other methods could be used to try do deduce its
value. Nonducted satellite measurements, in conjunction with 3-dimensional ray-
tracing, could be used to model the ducted wave intensity. Another approach could
come from the analysis of data itself. There is a substantial agreement between data
and theory suggesting that sideband triggering in two-wave ekperiments’ [Helliwell et
al., 1986) is related to the relationships amongst the trapping regions in phase space
[Luis Sa, personal communication]. The vy widths of these regions are proportional
to the square root of the wave intensity. An experiment from Siple Station during
the 1986-87 season {acronymed CBEX) is specifically intended to help determine the
applied wave intensity. This experiment varied the frequeﬁcy'spa.cing' and intensity of
two constant frequency signals. If the trapping region relationships govern sideband _
triggering, then the square root of the threshold power for sideband trlggermg could'

be proportlonal to the frequency separatmn
Smm]at!ons - o

The miain empha31s for future s1mulatlons should be to mcrease th _‘_';v"'"'r'fﬁge'
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- Figure 5.1. A 0.5 second pulse with sideband activity visible in-the spectrogram -

(top panel). The amplitude profile made with a 160 Hz filter bandwidth (upper__,-___
middle} shows exponential growth up to saturated level. However, a 20 Hz filter . = L
bandwidth (lower middle) reveals that energy is. sloslung to, from; and between;;_"' PR
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like growth fate, total growth, and rate of frequency increase. However, to simu-
late many features it is expected that a broad range of vy’s will be required. These
features include band limited impulses [Helliwell, 1979], positive frequency offsets at
pulse termination [Stiles, 1974], enhanced frequency and amplitude oscillations or
sidebands, entrainment of free running emissions by other signals [Helliwell and Kai-
sufrakis, 1978]", and emission triggering. An example of a pulse with intricate spectral
detail is shown in Figure 5.1. Two amplitude versus time profiles are shown in Fig-
ure 5.1 for two different filter bandwidths. The top amplitude versus time panel was
made using a 160 Hz wide filter and shows well defined amplitude modulation of the
saturated signal with the peak saturated level remaining nearly constant with time.
However, the'narrower band filter used in the bottom amplitude versus time proﬁle
shows a very deep and slow oscillation in the saturated level at the center frequency.
This comparison suggests that while the peak saturated level remains constant in the
broadband sense, wave energy is ‘sloshing’ to, from, and between the sidebands. The
phase advance in Figure 5.1 is nearly linear. A survey indicates that this linear phase
advance rate tends to be common at times when there is strong sideband excitation.
Simulations capable of reproducing the features seen in Figure 5.1 ar¢ likely to require

a broad range of v’s.

Many simulation output parameters, including growth rate and total growth, are
shown to be dependent upon the v range. Immediate benefits resulting from an
increased vy range include a more rapid convergence of the leading edge phase and
amplitude oscillations, and a reduced growth rate which can be offset by increases in
the flux. An increased flux will increase both the growth rate and the total growth.
The total growth can be reduced to the desired number of dB’s by increasing the ap-
plied wave intensity. This is desireable because some satellite measurements indicate
that at times, the a,pplied wave intensity could be an ordet of magnitude higher than
what is used in the last chapter. However, as mentioned before, it is not known how
these measurements relate to ducted wave intensities. An increased vy width will aiso
allow the leadmg edge taper to be reduced. A 50 msec taper is used in all of the
simulations. in the last chapter in order to reduce the osc111atory growth of rotating
currents caused by the electrons bemg introduced into the wave. However, a prev1ous
study indicates that the same reductlon can be ach1eved by mtegra.tmg over o and |
vy, thus allowing the 1ead1ng edge taper duratlon to be reduced to a more rea,hstlc o

vaIue

It is also not clear w:het_'.her_‘the saturation mechanism in' the sin
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same as the actual saturation mechanism. For a narrow vy range, the field will
saturate when T3/T; < 1 for all but the small pitch angles. However, even at large.
pitch angles, there will always be vy’s for which this condition is not met. The_se
other vy’s are.either nonresonant or are resonant off the equator. Therefore it is
possible that the inhomogeneity reduces the ability of these offequatorially resonant
electron to contribute significantly to the growth. It could also be that emission
triggering or. a loss of coherence, like a buildup of sideband energy, causes saturation.
Plotting the saturation level versus energetic electron flux and the width of the Y-
range would provide a means for investigating the causes of saturation. Also, the
steady state, small flux calculations, show that once Ty/T: < 1 is reached for the
equatorially resonant, middle pitch angle electrons, then the relative contributions
from the offequatorial electrons becomes greater. This could lead to a loss of coherence
if the interaction region gets sufficiently elongated so that feedback processes on one

side of the equator begin to show independence from the other side.

The expected df /dt versus the other parameters needs to be explored. In the last
chapter, the maximum likelthood df /dt is determined for only one set of parameters in-
the driven (30 Hz/s) and self excited (none) cases. However, the maximum likelihood
df /dt should be calculated versus the other parameters as are the growth rate and
total growth. Of special interest is the self excited case which, for the case in the pre-
vious chapter, shows no expected df /dt when applying the maximum-likelihood test.
Experimentally, the termination of a pulsé can trigger self excited falling emissions
that are preceded by a positive frequency offset. It is expected that a range of v;’s
would be required to simulate the positive frequency offset. The falling emission itself
is thought to imply a drifting of the interaction region upstream across the equator.
If this is the case, then, as is outlined in the last chapter, higher order terms should

be added to the injection vy selection function.

Simulations including noise and multiple waves should be performed. The ca-
pability for adding noise is already included in the transient model but has not yet
been explor'ed. The noise model is given in Appendix A. These capabilities will allow
phenomena like supression and the power threshold for growfh to be simulated. Also,
the importance of coherence can be studied. One theory for the power threshold is
simply related to the SIgnal to noise ratio within the interaction region. Prehmmary

transient simulations suggest tha.t in order to make the phase advance coincide with

" the onset of exponential growth in the threshold experiments, _the threshold must'-‘;".‘ L

- first be exceeded in the downstream reglon Thus, the growth m the threshold “case




125

evolves very much like the growth in the standard transient cases. The effect of weak
noise or power line harmonic radiation should also be studied. Weak line radiation
could have a significant effect on sideband growth and structure (Luis Sa, personal
communications) and both line radiation and noise could partially control the wave

phase or establish the frequency offset near the leading edge.

Other parameters remain to be explored and should be varied in future simula-
tions. Theése include the equatorial electron density, non-dipole field geometries, and

interaction regions at other L-shells both within and outside the plasmapause.
Optimize computer code

As computer speed and memory size continue to increase, as new computer archi-
tectures emerge including parallel processors, and as the price of powerful computer
systems continues to drop, the way in which simulations should be carried out will
continue to change. To increase the vy width will require more computing power lo-
cally (more power than a VAX/780) and access to supercomputers. Unmodified, the
transient code runs 40 times faster on a CRAY-1 than on a VAX/780 and vectoriza-
tion gave another factor of 2 speedup, and neither of these systems is presently state
of the art. Besides porting the code to more powerful computer systems, there are
other steps which can be taken to optimize the execution of the computer code. After
vectorization, tests show that on a CRAY—I, 50% of the execution time is spent calcu-
lating sines and cosines, particularly the trigonometric functions within the equations
of motion. A possible improvement could be to use a different coordinate system
in which trigonometric functions are not required within the equations of motion.
An example of such a systemn and set of equations is given in Appendix B. Another
obvious method for speedup would be the coding of the electron trajectory solver. in '

assembly 1é,ngua,ge.

The sampling schemes used in the present code are also not optimal. These
schemes create a uniform velocity space mesh in pitch angle and parallel velocity and
a constant spatial step size. The required velocity space sample spacing and spatial
step size, all depend upon the parallel velocity and pitch angle. Thus the worst
case determines the maximum step sizes. A possible improvement would be to have

nonuniform meshes or even adaptively determine the mesh spacing as the calculations

. proceed.
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Appendix A. Noise generation’

This appendix outlines the procedure for generating the whistler-mode ‘noise

which is included in the transient program ZT.FOR listed in Appendix C. Gaus-
sian noise of unity variance can be generated using a random number generator and

the following procedure R

. 12 o '
VN Z_}E -3 e

where z; is a random number unifornﬂy distributed between 0 and 1. Apprbxima.ting
Gaussian noise by taking N = 4 gives

. 3 4 -
e =1/5 Em; -2], (A.2)

where a factor of 1/+/2 has been included so that the variance of the total noise
n = ngX + ny¥, (A.3)

“will have unity variance with n; and n, bemg the magnitude of the noise in phase

and in quadrature with the reference wave field.

To include this noise in the transient model requ:res the noise to be in the form

of 2-dimentional arrays over position and time

nx(z',j),-a.ndny(z',j), 4y

where i and j are the array mdlces for z and 7 respectively. However, the noise

should be bandlimited in order to assure numerlcal stability. Since X and ¥ are with

respect to the reference wave, ba,ndlumtlng the noise is equivalent to lowpass filtering '

these components. The lowpass filter scheme shown here will limit the highest noise

frequency to be one-quarter cycle per increment in both z and 7. In this way, no
matter what the electron trajectory is, the noise will be smoothly varying. . The

correspondmg 1- dlmensmna.l 1mpulse response is

o 12y forz-*O
h(i} =

sin(iw/ 2) / z-_'ir,__' _._othe_'rw:se‘__.’ 2
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‘which is equivalent to the following sequence:

1 1 1 11 1 1 1 1

0 — 0, ———. 0, —, = D0, —— B
Y 0’ 77{" O} 57:_7 ] 37[" ? ﬂ_‘} 25 'ﬂ', O'J 3?1_7 0’ 5773 07 77r

, 0, ---

The 2-dimensional impulse response, by which the noise arrays should be convolved,
is simply | '

h(i,7) = h(i)h(j). | o (A6)
However, it is not practical to convolve with an infinite sequence, so the impulse
response must be limited. Simply truncating the sequence results in significant side-
lobes above the cutoff frequency. Therefore, the impulse response should be limited

by a weighting function which smoothly goes to zero. An excellent weighting functaon

for this purpose is the binomial distribution

ny 1 . _
w(i) = w(k —n/2) = (k) ge for bl <n/z | (A7)

{, otherwise

where n must be even. The weighted, 2-dimensional impulse response becomes

3(5,) = Anw(i, j)A(E,5) = Anw(2)h()w(7)R(j), (A.8)

In order to maintain unity variance after convolving the unity variance noise by this

finite impulse response filter, equation (A.8) must be normalized by

n/2 -1

tn= 3 (i) ; (a9

i=—n/2

In the transient simulation code, n = 12 which eliminates all terms beyond and
including —1/(77) in A(:) and results in the following sequence for w(z)h(:):
B .55 9 /% . 5 3

5120%° 7’ 3072x’ 5127’ 2048 5121r ’ 307211' ’ 51207

The correspondmg normalizing constant. for equation (A. 8) is
) Anzmgz;g.- R (A.10)

When convolving, additional randonﬁ numbers afe éuppiied when'.é(i, J ) everhang's

an edge of the noise array. This turned out to be eaSJer than 1mplement1ng a2 e




Appendihx B. Equations of motion

The equations of motion given in Chapter 2 were derived using v, v, and ¢
as the velocity space basis. One drawback associated with using these equations
is the required calculation of sines and cosines of ¢, which can be CPU intensive.
The purpose of this appendix is to derive a new set of equations of motion which
will not require the computation of trigonometric functions. A rectangular velocity
space coordinate system vz, vy, and vy will be used, where v; and v, are the velocity
components in the X and ¥ directions. A sketch of this coordinate system is given
‘in Figure 2.3 except here, % remains aligned with the reference wave magnetic field.
To account for the rotation of an electron with respect to this coordinate system, an

equivalent magnetic field is created

m -~
. BR = ——;k(’UR — 'U”)Z. (Bl)
The Lorentz force equation
F = —e[Ey +vxBy)| . _ (B.2)
can be expanded to
X ¥ 2
F=—c[E; X+ EF]—elvs vy vy |- (B.3)
B, B, Bp

Taking advantage of the plane wave relationships,

and including the inhb_mogeneity through the adiabatic equations of motion gives

dv e vy O :
=By w)By) + P (B.50)
dv, 0

-% = —%((Up + 'U“)Bg; — 'UI;BR) + %—g 3 (B5b)
dv"___ i _. Ug_}'v:af}!

@~ Tm BT -5, (B5)
dz S

=
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‘Appendix C. .Prog_ra_m Documentationf.---

This appendix contains the documentation and listing for the VAX/780 version
of the transient program ZT.FOR. Although several other programs were written and

used in the course of this research, they will not be documented here except for the

following partial listing:

ZT.FOR - * ‘Transient simulation program which outputs wave intensity versus posmon
and time.

ZTPLOT.FOR Plotting program for ZT.FOR.

SIMU.FOR Steady state simulation program which outputs current versus v, ¢, and
N . .
SIMP.FOR Integrates the currents from SIMU.FOR to give steady state current and

radiation versus various parameters.

ETRA.FOR * Calculates and plots many aspects of the trajectories of a group of electrons
versus z. Also calculates and plots interaction length information.

-All parameters, variables, and arrays in ZT.FOR, associated include files and
subroutines obey the following rules for precision in this VAX version of the transient

simulation program.

1. Names beginning with a-h or o-z are double precision real numbers (real*8)
except arrays with names beginning with the letter s, which are single precision

~ (real#4), and the character string filen (character*13).
2. Names beginning with i-n are single precision integers (int*4).

All input variables are indicated by Input as the first word in their descriptions.

Parameters

The followmg isa list of all parameter names (alwa.ys wrltten w1th ca,pltal letters '

in the program), values and definitions.

- ACCUB.ACY; 1 ' D :_. Itera.tlon error for the root ﬁnder algonthm in subroutme lat
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ADJ =

(9]
n

CC =

c2M -

]

CF

BISC

EOM

Hi

il

H2

H3

“n

IPTS

JTCPT

MITR

|

0024

0aT

P1

P2

_ PEIEO =

1.e-15

2.997925e8

CxC

511.0041176" -

3.077827553e-3

Uo02+QPOA*0.5

1.7588028el11
00T/70.93906493
DOT/1126.582431

00T/283.5903962

301

= UCD2*1.el2

1./24.
-1./1.6e3
4./3.
112./121.

1.6261264e-17

| = 3.141502663586793238

trum and reference energy were t.a.ken to be 1012 a.nd 1 keV
"‘__respectn'ely _' ey - : TR

1'“.ﬂ a5

Adjustmen_t factor used for keeping the stimulated radiation
calculation from underflowing,.

Speed of light (m/s).

* Speed of light squared.:

Electron rest mass energy '(keV).

«—Lfgiﬁz A coefficient in the geopotential height term of the

diffusive equilibrium equation. =
The product of all constants required to convert v, to B;.

Electron charge to mass ratio e/m. Used to scale the wave

magnetic field in the equations of motion.

The reciprocal of the O+ scale height at 1000 km altitude. H; =
AL (B %, Hi, H2, H3, S1, S2, and S3 are terms in a DE-1
dlﬁ'uswe equilibrium model.

The reciprocal of the H+ scale height at 1000 km altitude.
The reciprocal of the He+ scale height at 1000 km altitude.

Dimensioning parameter for all spatial and wave field arrays.
Establishes the maximum allowable number of spatial steps be-
tween upstream and downstream boundaries. Also the maxi-
mum number of  steps between the leadmg and trailing edges
of the wave field.

Coeflicient for converting a current sheet into magnetic field

. radiation.

The maximum number of iterations that will be performed by
the Predlctor—Corrector algonthm before declarmg no conver-

gence’.
Not used in the present version.-
-1/T where T is the electron temperature at 1000 km altitude.

A parameter used in the Predictor.

A parameter used in the Predictor.

The multiplying constant A in the distribution function of the
form f(E, ) = Ag(aeg)E““/ 2. The differential energy spec-




PIZ =

CPID2 =

PSIO

GE =
P =
QrPoA =
RO =
Ri =
RIP =
51 =
52 =
S3 =
sp2 =
SQR3 =
uon2 =
WHO =

YMSF =

PI*2.
PI*.5
PI2

56.41460098

1.6021917e-19
c/qQ b
PI2*{QE/ADJI)*PHIEO
6.3712e6 |
RO+1.e8

PI1/180:

0.9

0.08

0.02

7./3.
1.732050807568877
PI2*1.e-7
PI2%8.736eb

236374.

Real variables

bin

bmax-

bw, bwp
bw0, bwpl

cl-¢7 '
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27
7r]2
Phase offset added to initial electron gyrophases.

2 : -
W 7=~ Part of the plasma frequency term in the wave number
calculation.

Electron charge (C).

‘Not used in this version. ™~

Product of coﬁstéhts used to calculate the distribution functioﬂ.
Earth radii (m). |

Radii at 1000 km altitude (m).

Degree to radian conversion factor.

Fractibna.l abundance of O+ at 1000 km altitude.
Fractional abundance of H+ at 1000 km altitude.
Fractional abundance of Het+ at 1000 km altitude.
Not used in this version.

V3

#o/2

Coeflicient for the dipole model of the gyrofrequency.

A scaling factor used to determine if the spatial step size needs
to be reduced in order for the Predictor-Corrector algorithm to

perform properly.

Input. Peak applied wave magnetic field (pT).

Maximum value of B(7). Cdntinuously output to aid monitoring programs progress.

Also used to determine the spatial step size for the Predictor-Corrector algorithm.:

Instantaneous magnitude and phase of the wave magnetic field. Phase is with

respect to a plane wave at the applied wave frequency W.

~Magnitude and phase of the wave magnetic field at the injection point of the electron

into the wave. Phase is with respect to a pla,ne wave at the apphed wave frequency.

Temporary va.rlables .

_ Cha_mge in wave phase per microstep. .~ .. . '
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cdwhdz
cdz
cwave
cwhz
cykz
dd
ddbph
dfds
dpa

dpha0

dphi

dpsi
dpsij

dt
dtao
dtle2.
dtrtn
dvol
dvpar
dwdz
dwho -
dwhd=0
ayb
dyk0
d=0

- f1, £2, £3

. Pegasus root ﬁndmg techmque in the subroutme 1at1tude

Change in dwy /dz per microstep.

Change in 2 per microstep.

Change of the wave rﬁagnetié field magnitﬁde per microstep.
Change in wy :p.er microstep.

Change in —& per microstep.

Predictor-Corrector estimate of the next change in velocity.
Change in wave phase per macrostep..

Input. df /df of the applied wave.

Input. Change in pitch angle between test electrons.

Change in cyclotr'on phase per microstep prior to injection and calculated adiabat-
ically. ' '

Change in latitude per macrostep. '

Gyrophase separation between electrons with equal initial pitch angles and veloci-

ties.

Gyrophase offset added to reference initial cyclotron phase to get actual initial

cyclotron phase for each electron,

‘Time required for an e]ectron to travel to the next microstep.
Time increment A7 with which the wave field is divided.
Time step per injection at upstream boundry.

Allowable relative difference in cyclotron phase between Corrector iterations.
Velocity space volume element and other terms

Input. Change in v; between test electrons.

dwy [dz.

Change in wy per microstep at injection. .

Change in dwpy /dz per-microstep at injection..

Part of the cyclotron phase differential equation.

Change of —k per micresﬁep at ir.ljzeetieri.

Cha.nge of z per mlcrostep at 1n3ectlon

Dlstance from desired posmon along field hne Used in the 1mplementatlon of the

- Number of macr_o steps per m_]ect_mn p-c’.m_t-- PR



ftao -
fval
goféa'
gofam
gofan
By

pa
pamax
pamin
patop
phi

phits

phzrd
phzrbd
req
reqscl
rmstep
ror
scale
shell
spaeqg
spamin

sIrms

tiend

tstart, tend

: t.apered to Zero.
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Floating point value of ntao.

Proportsonal to the distribution function. Converts Tv . to stimulated radiation.
Input The varla.ble a in the pitch angle a.msotropy formula asm +(1 - a)sin™
Input. The va.n_a,ble m in the pitch ::_mgle anisotropy formula. See gofaa.
Input. The variable n in the pitch_ angle anisotropy .f_ormu]a. See gofaa.
Cyclotron phase. - . |

Initial pitch angle c.

Input. Maximum pitch angle to be injected.

Input. Minimum pitch angle to be injected.

Input. Maximum injection pitch angle an elecfron can have.

Geomagnetic latitude.

Geomagnetic latitude of the field line at 1000 km altitude. Used in the z_to_phi
and latitude subroutines. : :

Predictor va.rié,ble regarding cyclotron phase.
Predictor variable regarding initial c¢yclotron phase.
Equatorial radii.

Reg/2V3

Reciprocal of the number of microstejns per macrostep.
Ri/req

Input. Distribution function scaling factor.

Inpus. Reg/Ro; The L shell of the dipole field line.
sin(aeq)/wh, -

spaeq corresponding to péﬁin.

Input. RMS noise intensity in pT.

" A working variable related to 7.

_ Imputs. Wave pulse shaping parameter for the initial applied wave. Indicates the

7 at which the leading edge of the wave field is brought up to full.

Inputs Wave puise shaping parameters for the initial applied wave. tstart and
tend are the startmg and endmg 'rs over whlch the wave ﬁeld tra.llmg edge is .

' __Real Flme_. S
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timeout

tout

tp

trtn
tsum

v
vi

v2
vazrb
vazrb0
vdfdt
vel2
vezrb
vezrb0
vpal
vpanin
vparmax
vparmin
vpeO
vpow

vv

vz

_vheq '_'

. whnw

' Equatorial g_yrof_requency.l'_ .

A f,erm uééd'in calculating dwy /dz

7 at the injection point. Only nonzero after the leading edge has propagated past

the upstrea.m boundary

Input. The amount of tlme for Whlch the wave leadmg edge is allowed to propagate
past the upstream boundary.

The pulse duration and the total T over which stlmulated radiation is calcu]ated

‘Input. Total sum of relative iteration errors allowed for an electron moving from

the upstream boundary to the downstream boundary. -

Variable used to determine if an electron is resonant with the trailing edge of the

wave.
Total electron velocity (m/s).

Predicﬁor—Corrector Y.

Predictor-Corrector v, .

Predictor variable regarding v,.

Predictor variable regarding initial v.

Input. Resonance frequency. drift rate at the point vz.

Initial v2 at injection.

Predictor variable regarding v, . |

Predictor variable regarding initial », .

Initial v, at injection. |

Minimum vy, (m/s).

Input. Maximum v eq expressed as a percentage offset from vg,_.
Input. Minimum v eq expressed as a percentage offset from vg, |
Initial v, at injection. . '
Input. » in the distribution function v (o).

Velocity squared. |

Input. The point z, at which the center vy of the distribution function begins to -
drift in accordance ‘with a frequency drlft rate spec1ﬁed by vdfdt whlch is given in

(Hz/s).

The reference wave frequency.

Wy — w.




whowheq
whz

wowheq

xi, x2, x3_ .

ykc
ykz
yms
ynel
yheq
yns

z

zh
zled
zZn

zpinch

zshift

Ztap

zts

Zwdown

Zwup
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wy /wh, -
wy at each microstep.

Input. Frequency divided by the equatorial gyrofrequency.

Latitudes corresponding to £1, £2, and 3. Used in the implementation of the
Pegasus root finding technique in the subroutine latitude.

Scaling factor for calculating the wave number. -

—k at each microstep.

Parameter used to calculate the numbér of microsteps per macro step.
Intermediate term used for scaling in tht_a Diﬁ'usiv._é equilibrium model.
Input. Eduatorial cold plasma density (el/ c1ﬁ3). |

Reciprocal of the number of electrons in the gyropha.se direction.

Position at which the corresponding latitude is desu-ed Used in the subroutine
latitude.

Geopotential height.
Input. Initial position of the wave leading edge (km).
Magnitude of z in the subroutine latitude.

Input. The wave is tapered from the upstream boundary to this position to mini-
mize the effect of particle injection.

Input. The distance an electron will travel before satisfying the resonance condi-

tion.

The length of the region upstream of the downsireamn boundary over which B, is

‘tapered from full strength to zero. This is done to minimize the noise which results

from the current discontinuity at the downstream boundary

Field line length from the equator to 1600 km glt_itude.' Used in z_to_phi and

latitude subroutines..

Downstream boundary (km).

. Upstream boundary (km).

Character VariabIes

_':Eext

tiien

are wntten Thls mformatlon 1s then read and transformed into’ B versus z and ¢

Input Filename for the ' ASCII file which contams the gyrofrequency versus pos:tlon :
for a nondlpole ﬁeld model See iext. L

Input F1Iename for the bmary output ﬁle to w]uch the B z and i versus T arra.ysf '
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information by the program ZTPLOT.FOR which then plots this information on
\fe.rious devices. '

Integer variables

i,j,k,1,m

idist

iext
ipa

iprop

ivp
jprop

jpropi
le

1le0

leq

1fe
Imax .. .

.l_min

:- ;u_-:functmn is resonant w1th the tralhng edge of the wave pulse.' -

Loop counters, array indices, and temporary variables. :

Input. Specifies the relationship between the wave and the distribution function.
idist = 0; the center velocity of the distribution remains fixed with respect vg,,.
jdist = 1; vparmin and vparmax are with respect fo the minimum and maxi-
mum resonant velocity of any electrons injected into the wave at each pitch angle.

- idist = 2; converts the model to a homogeneous magnetic field and keeps the
distribution fixed. idist = 3; the center velocity of the distribution remains fixed

with respect to the leading edge resonant velocity. If idist is negative then the dis-
tribution center velocity will drift at a constant rate in accordance with a specified
frequency drift rate vdfdt, once the leading edge has crossed the point vz.

Input. If not set to zero, then the gyrofrequency versus position is read from a file
rather than from the dipole model. '

Counter for looping over pitch angle.

Pointer to the position of the leading edge of the wave. Equa] to jprop untll

leading crosses the upstream boundary at which point 1prop goes negative and
jprop remains fixed at 1. -

Counter for looping over parallel velocity.
See jpropl and iprop.

jprop+l. This is the array index pointing to the injection point of the electrons

into the wave.

The total number of times that the wave is advanced a macrostep and electrons are

" injected into the wave.

Initially used to pomt to the starting spatml gnd point for the wave. Then used
as the counter for the number of times the propagation loop, or ‘outer most loop’,
is executed. The plotting program ztplot.for, uses this number to determine how

many arrays were written into filen..
Array index pointing to the geomagnetic equator.

Number of macrosteps that the electron has advanced into the wave equal to 1 at

injection. Index for the arrays storing the time and electron v, at each macrostep.

Array index pointing to the. position. where the high v, edge of the dlst.rrbutlon
function is resona.nt with the traﬂmg edge of the wave pulse _

_ Array mdex pomtmg to the posat:on where the low v,, edge of the dlstrlbutlon . L




ipnch -

1shift
lvz
mstep

mz

nfend

ni
npa
npah
nstep
ntao

ntend

ntstart

nvp
. nvph

nvtap

Arrays

__the high and low vy edges.
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Array index corresponding to the downstream edge of the wave field taper whlch
smoothly brings the wave intensity to zero at the upstream boundary.

Number of macro steps corresponding to zshift.

- Array index pointing to the position corresponding to vz.
" The number of microsteps per macrostep.

~ Input. Number of pomts from the upstream to the downstream boundary, inclu-
r"swely B '

Input. Number of electrons per gyrophase.

_Array index pointing to the T at which the leading edge apphed wave mtens1ty lias
~ become full strength. Corresponds to tfend.

* Imput. Number of macro steps per injection point.

Number of different pitch angles to be injected into the wave.

Median pitch angle. The ipa index at which time and position will be determined.
Input. Minimum number of microsteps per macresteps.:

Number of 7 steps from the leading edge to the trailing edge of the pulse., inclusive,

Array index pointing to the 7 at which the trailing edge applied wave intensity has

become tapered to zero (see tend, tstars.

Array index pointing to the 7 at which the trailing edge applied wave intensity
begins to taper toward zero (see tend, tstart.

Number of different v,’s to be injected into the wave.
Median v. The ivp index at which time and positioﬁ will be determined.

Input. The number of ivp’s over which the v distribution is to be tapered on both

i

There are basically three different eategories of arrays. One group of arrays, those

with dimension (4), all store velocity vector information at an electrons four previous..

microstep positions. This information is utilized by the Predictor-Corrector routine.

The arrays bwi, bwg, dbi, dbq, sbi, sbq, sbt, sbz, xcr, and yer are all arrays over .

T. All other arrays are spatial arrays extendmg from the upstrea.m to downstrearn

boundaries When dlﬁ'erence is speaﬁed in the followmg descnptmn it 1mphes that ‘
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the array is ciea.ted by taking the difference of .,e.a_ddja.cenf a.rfé,y elements in the spéciﬁed

array.

bwi
bug
cpa
dbi
dbg
dQthz
dnoi
dnog
dph
dph0
dtle
dva
dva0
dve
dvel
dwh
dwhdz
dyk
dz-
ph
pho

pnch

sbi
sbq
sbt

sbz

(IPTS)

(IPTS)

(IPTS)

tIPfs)

(iPTS)

(IPTS),

(IPTS,
(1PTS,
(4)
(4)

(IPTS)

Y
(4)
(4)
(4)
(IPTS)
(IPTS)
(1IPTS)
(IPTS)
(2)
(4

{IPTS)

IPTS)

IPTS)

: (IPTsj_”'

(IPTS)_--'.

(IPTS)

| ""_'(Ip'ré) s

; __ (IPTS IPTS) Inphase nmse component versus z and 'r

Cyclotron phase.

o Posmon versus . Smg]e preclsxon. B

Inphase wave intensity vefsué 'r.' '

Quadrature wave mtenmty versus 7.

Cosme of the local adlaba.tlc pltch a.ngle
Difference of bwi. ' I

Difference of bwqg.

Diflerence Qf dwhdz.

Difference in 7 of snoi.

Difference in 7 of sneq.

- Cyclotron phase difference between microsteps.

Initial adiabatic cyclotron phase difference between microsteps.
Difference of t1e.

v, difference between microsteps.

Initial adiabatic v, difference between microsteps.

v, difference between microsteps;.

Initial adiabatic v,. difference between microsteps.

Difference of wh.

dwpr
dz -

Difference of yk.

Difference of z.

Initial adiabatic cyclotron phase.

Spatial wave field intensity shaping factor. ThlS term 1ncIudes the upstream

- taper and the field line convergence factor.

Inphase wave intensity versus 7. Single precisiori.

Inphase wave 1nten51ty versus 7. Smgle prec1smn

Time versus T, Smg]e prec151on




snoq
tle

tz

va
val
ve
vel
_vres
vX
vy
wh

xcr

yecr

yk

ztt

(IPTS, IPTS)
(IPTS)

(IPTS)

(4)

()

(4)

(4). .
(IPTS)
(IPTS)
(IPTS)
(1PTS)

(IETS)

(IPTS)

tIPTs)

(IPTS)

(IPTS)
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Quadrature noise component versus z and 7.
Time at which the wave pulse front will be at each point in space.

Spatial array of = for an electron whose first element corresponds to the

injection 7.

o |

Initial adiabatic v.

vy

I_nitia_,l'adiabatic v,.

Local resonant velocity.

v, in the direction of the negative reference wave ﬁ_eld-.

vy iﬁ quadrature to the direction of the negatijfe reference wave field.
Gyrofrequency wg.

Proportional to the perpendicular current component in phase with the
reference wave field versus 7. ' ' B

Proportional to the perpendicular current component in quadrature with

the reference wave field versus 7.

~ Negative wave number —£.

Position measured from the geomagnetic equator and is positive in the
direction of electron ;. Increasing z is decreasing latitude sincg_'e]ectrons

go from north to south in this model.

An electrons’ real time. First element corresponds to the time of injection.
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ZT.FOR listing

Transient simulation of whistlexr-mode wave growth

o 00 Q06060

nonon

-

program Trapsient
impiicit real+*sd (a-h, o-1x)
parameter ( IPTS = 301 )

dimension

+

+ vai4) : TE(4) I ghtii .
+ dva(4) ¢ dve(4d) ’ phi4) '
+ vao(4} » vel{4) " ho{4) ’
+ dvaQi4) r dvedi{d) ' pho(4) ]
+  bwi(IPTs) ; bwq{IPTS) : tle(IPTS) N
+ wh{IPTS) s dwhadz(IPTS} r  YE{IPTS) .
+ Awh{IPTS}) , ddwhdz{IPTS) ¢ d¥X(IPTS) e
+ dz{IPTS} s XeX(IPTS) + YCr{IPTS} :
+ YIes(IPTS) s TER{IPTS) s LZ{IPTS) A
+ X{IPTS) ¢+ VYY{IPTS) r - Z{XIPTS) '
+ PoOCch{IPTS) » cCpa({IPTh) . dtle{IPTS} ,
+  dbi(1PTS) , 4Qbgq(IPTS) .

+ snol{IPT5+10, IPTS+10} , sooq{IPTS+10, IPTS+10),
+  dnoi(IPTS+10, IPTS+10) , dnoq{IPTS+10, IPTS+10)

real*4 sbi({IPTS), sbyq(lPTS), sbt{IPTS), sbz{IPTS}
character+1l3 filen
include *userd:[curt.dir.library)simula {parameter)/list'

open (unit = 15, file = ‘zt.dat!, status = ‘old'}
read {15, *) vparmin, vparmax, dvpar, hvtap, idist

xead {15, *) pamip , pamax , patop, dpa
read (15, *) wowbeq , bin + fras , dfdt
read (15, *)} zled ¢ tp ; tout
read (15, *} zwup + zwdown , ztap
read (15, *) tfeod , tstart , tend , zginch
read (15, v} ybeg s shell , wz P 1
read {15, =) tn ; bstep ., n
read (15, *) scale  , vpow ;v , wvafdt, zshift
Tead (15, *) gofaa , gofan , gofam
read (15, 1) filen
read (15, *} iext
read (15, 1) fext

close (unit = 15)

format (a)

if (zled .gt. 2zwdown) zlel0 =~ zZwdown

zginch = zwup+zpinch :

ztap = zwdown-ztap

zle = zle®d *=1000.

ZVQap = zZwup *1000.

Zwdown = 2wdowntloQo.

zpinch = zpinchrl000.

ztap = ztap +1000.

vr =- vz *1000,

zshift = z2shift+1000.

tout = min{tout, tp)

yos = YMSF/shell

ns = 1./float(m)
psi = Pl2+yons

trin = tritn*.0l/float{mz)

vparmin = 1.+.01*vparmin

vparmax = l.+.0l*vparmax

if (lext .me. 0} then
open (gnit =115, file = 'fext.dat’, status = ‘ola")

do i= 1,mz
read {15, *) 2(i), wh(i}
if (z2(i) .le, 0.) leq =

i
if {1 .gt. 1) awbdz{i-1} = (Wh{L1)-wh(i-1]}/(z(i)-2({1-1))

coptinue
close {uslt = 15)
if {(zwup .ne. 2(l)) .or. (zwdowp .ne. Z{mz)}) then
write (6, *) z(l), z(mz)
stop
end 1f
dwhdz{mz} = 2.*dwhdz{mz~1}-dwhdz(mz-2}
wheq = whileq)
end if

if (lext .eq. 01 wheq = WHO/(shell*+3)
req 1
reqscl

RO*she,

-reg+*0,5/80R2

Rl/re

R1*CF/shell

=al/ror+*=3

Rl+cl

—1.5/(SQR3*req)
wowheqe*wheg -
cé—Rl*xror+c7 .

—Q'sart(vtyneq'l.eS/ynel)/c
. Blrdvpar*(w-wheq)* sqrt{{wheq-w)/ynel}/yke

dpa*RIP

~Vpow*.5 . Lo
scale-DIsc-dpanvpur'yns
pamin*RIP .

pPamax*RIP Vo
PAtopiRIP

RN NAN N R R NN

ARAARARARNARAAAN A A A AANAAAAAAAAAAA

sqtt(slﬂexp(zh'ﬂl)+52'eip(zb132)+53-exp(zh*33))

~

A A

AAn

ARARAAAA AN

Convert pitch angle tezms to radiaps

Dimension-for spatial ard tau arrays

Velocity vector history for predictor corrector {P-C)
Velocity vector difference h{sto:y for P-C

Initial” adiabatic velocity vector history for p-¢

Initial adiabatic velocity differemce history for P-C
Wave components and.leading edge time versus z-
Gyrogrequency, its spatial derivative, and -k versus z
Differences of above versus z

Spatial difference versus z and J cocmponents versus tau
Resonant velocity, time, and tau versus z

Pe:gendiculax velocity compopents and z versus z

Spatial wave window, adiapatic term, and tle differences.
Wave differences versus tau

Noise versus poaittion and tau

bifference ¢f noize versus position and taw

Wave compoments, time, and z oukput arrays versus tau

" Binary cutput file name

Parameter statements

Ascii input file for job parameters

Parallel velocity ramge and position

Pitch angle range and clipping

rrequencI, vave apd polse amplitude, and dAf/dt

Initial leading edge position, pulse length, and time out
Boundry positions and downstreanm boundry J taper width
Wave pulse windowing parameters .

Equator el den, L-shell, ¢ of macro steps, steps per 1njec
Iteration error, # of micro/macro steps, and # of e's/gyre
Distribution scale, exponent, 4drift 2 and rate, shift

G of alpha parameters a, o, &

output file name

Flag for inputing a nondipole field

Filename containing the nondipole field model

Limit imitial leading edge position to downstream boundry
Change zpinch range to zpinch boundry gosition

Change ztap range to ztap boundry position

Convert all kilometers to meters

Avaid propagating entire pulse past upstream boundry
Micro step size ¢alculation paArameter

Reciprocal of ¢ of electrons Eer gyrophase

Radians per electronm in gyrophase

Convert total percent error to errxor per macro step
Converted to parallel divided by resonant velocity

Calculate medium parameters using dipole and de models
Ascii file for field model

Read position and gyr;}:equency
Find equatorial index
Derivative of gyrofrequency wrt position

Do model epdpoints match input values
If not, S5TOP

Approximate last dwhdz value
Equatorial gyrofrequency

Equatorial gyrofrequency rad/sec
Equatorial radius .
Various parameters used in DE and Dipole calculations

Frequency rad/sec

Geopotential height .

Proportional to equatorial electron density
Part of -the terms necessary to g0 from ynel -to -k E :
Convert delta parallel velocity from percent to m/s .. .
Convert delta pitch angle from degrees to- radians -
Change from v (-v{ov) to emergy (vpow} . :
Include distribution”and voluma element terms.




pamin = max{pamin,
+

spamin = sin({pamin}/sqrt{wheq
call z_to_phi{zwup, zwdown, req, mz, phi, dphi}
1

leqg -
lpoch = 1
do 10 i ~ 1 ,m2
el = cos{phi)w=2
ot = gl*clecl
zh = cB-Rl*ror/el+cTrcd
on

if {iext .eq. 0). th
ca - SORJ'sig(phi)

el = 1.+c2*c

[ = sqri{ecd)

(i) = reqscl*{log{c2+cS)+circsy
whiiy = wheqre5/c4

dwhdz (i} =

whoreg*c2» (cl/e3+2.)/{c5*¢l)
if ¢zfi) .le. 0.} legq = 1
end if

YR(i) - ykc-sqrt[sq:t(Sltexg(zh'El)+sz'exp(=h'nzj+
+ S3texp(zh*B3))/{whil]}-w})}
vresf{i) = (u—vh(i{)/yk(i)
hi = phi+dph
if (z(i) .le. zlev } led
if {z{i) -le. zpinch ) Llpnch
1If {(z(i) .le. vz ©) 1wz
if (z(1} .le. zshift ) lshft
10 contihuve - .

lshft = lshit-leq ’
if (abs(idist) .ég. 2) then
do 9 i = 1i.m :

Fhh e

z
whii} = wh{leq)
dwhdz (i) = 0.
ykiiy, = yk{leq)
vres{i) = vres(leq)
g continue
epd it

tle(mz) = 2.1 nel
el = 1L./(7k( Jrwh(leg)}
do 15 i _Ynz'§Q_1

r
dz{i) = z{i)-z{i-1)
tle(i~-13 = tle(iy+dz (i) whii)/(2.*wrvres{i})
dtle(i) = tle{i-l}-tle{i)
ddwhdz{i) = dwhdz{i)-dwhdz(i-1)
dwh{i) = wh{i)-wh{i-1}
rih RS )
nc = sqr 1}*w]
gf (i i 1 lggchjr

+

15 continue . .

win(IPTS-1,int{tp/tle(mz-2})}
)

ntao -
ftao = float{ntac

.dtao = tp/itac

afdt = PIedfdt

nfend = int({tfend /dtao}+i
ntstart = int({tstart/dtaci+l
ntend = int(tend /sdtao)+l
ntao = ntao+]

bin = binvl.e-13

sIms = sTmsrl.e-12

c2 = PIO2/float{ntstart-ntend+1)

if (nfend .ne. 1) o3 = PXG2/float{nfend-1}
do 40 £ = 1,ntao
bwg{i} = 0.
if (i .gt. ntend} then
). = 0. i

S5
bwi(i) = bin

if {1 .1t. pfend) bwi{i) = bin*sin(e3+float(i-1))ve2

if ((i .gt. ntstart} _and. (1 .le. ntend))
+ bwi{i} = bin'{ain(cz*tloat(i—ntend+1))'!2)
end if .
if (Afdt .pe. 0.) then
el .. = Gfdt*{ficat(i~-1)*dtag)r+3
bwg(i) = bwi(i)*sin(cl} -
R .bwi;i),--bwitijﬁcos(ch
end if } PRI

40 continue AR

if (srms .ne. 0.) then.
k = §5531
cl = sras*sqrt(l,5) -
do 41 1 = 1, mz+10
do 42 = 1, ntao+lo
spoi{l,j} = cl*(ran(k)+xnn(k)+ran(k[+ran(k;—z.
. snogi{i,j} = cl-(run(k)+ran(k]+zan(k)+xan(k)—2.
42 continue S ’
41 continue :
c4 = 7 _/1024.
cl = c4*}. /(5. %P1}
€2 = —C4+55./{3,+PI)
€3 = ¢c4v1%8 . /PIL
cd = 0.5042231.
do 43 1 =1, m2
do 44 ] =1, ntao
snoi{i,}) = - S :
snof(i +3¥10)

nol{i+8

lsin(sqrt((:or"S)/sqrt(l.+3.'ain(acos(sq:t(ror)])"2]))]
)

poch{i) = pnch(li'singplozrtloat(i—z)/float(lpnch—2))'*2

!
}

+ cl*icl*(snoi(i 31+ +
+ snoi{i+ld, ] } * snoi(i+10,3+10)) +
+ cir(snoi(i +J+2 } + snoi{i42 ,3 +
+ spol(i+B ] ) + shoi{d+10,3+2 +
+ snoi(l 238 ) 4+ snoi{i+2 ,j+10 +
+ snoi(i+B ,J+10) + Spoifi+l0, 348 )) +
+ Ccis{spoi(i v+ ) + snoi{i+4 +
+ SDOL{146 ] }ohosned (410,344, 1 -4+
+ - snoi{l J348 ) 4 snod(i+d 5 +
+ . snoi(i+6 ,3+20) + Enoi(i+1io;] +
+ caf*{snoi(i . - ,3+5 ) + snoi{i+lo, *
+ o spoi{i+3 ,} .} + spoi{i+5-, +
+ c29{crtspoi{d+2 ,] }o+ snoifd+2 '

Lt . Spol(i+d. ,}+1 )-+ spnoli{i+g-, +
+ clv(spoi{i+2 ,] ) + snol{i+4 +
*. - . spoi{l+s ., ] }. + spnoigi+p +
+ snod(l+d iJ+6 § + snoifi+e +

¥ 7 spolfi+6 348 )+ snol{i+s .
+ cd*(snoi{i+d .} 3+
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Return upstream latitude pbi, and delta latitude dphi

Initialize equatorial and zpinch pointers

Calculate pointers, and medium and wave parameter arrays

Geopotential height
If dipole model

Dipole positiob relative to equator 1n electron direction
Gyrofre uenc¥ . ;
Derivative of gyrafrequency with respect to z

Equatorial pointer -

-k

Resonance velocity

Geomagnetlc latitude. dphi will be negative

Inttial leading edge pointer

Edge of front end boundry taper pointer

Pointer for imitiating central velocity drift
Pointer for shifting the injection resonant velocity

Resonant velacity array offset
Check if medium is to be homogeneous
Convert arrays to their equatorial values

Create difference arrays for various axrrays
Start time when leading edge is at downstream boundry

Delta z per macro step ip the electron frame

Time at which the leading edge will be at z

Delta tle per macro step in the wave frame

Delta dwhdz per macro step in the electron frame

Delta gyrofreéquency per macro step in the electrob frame
Delta -k per macro step in the electron frame -

Dipole field convergence correction to the wave Intensity
Include upstream boundry electron injection taper

Calculate initial B-field envelope :
# of points {<IPTS) from leading to trailing edge in taw

Delta tau -
Convert dfdt of applied wave to radians/a"2
Index at the end of the front end taper

Index at the begiooning of the trailing end taper
Index at the ebd of the trailling end taper
Include leading edge point

Coovert applied field to Tesla

Conrert applied noise field to Tesla

2ero quadrature component
Zero inphase component after trailing edge
Inphase component equal to applied intensity

Apply leading edge taper
Apply trailing edge taper

Add phase if dfdt is not zero

s
Seed for random number getnerator

Scaling factor fox the noise

Loop over position amd tau and ¢reate nojse arrays

Inpphase gaussian noise
Quadrature gaussian noise

sinx/x times binomial weighting fubnction

Two dimensional convolution to bandlimit the. noijse
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T+ snol(i+5 ,j+2 + gooi(i+S ,3+§ })1)+
+ ci¥(cav¢snoi(i+d ,}+4 + spoi(i+4",3+6 +
+ spoi{i+s ,J+4 + sooi{i+6 ,J46 }) +
+ cd*{snoi(i+4 ,J+5 + snoli{i+6 ,§+5 +
+ s i+45 ,3+4 ) + spoi{i+5 ,J+6 }y)+
+ c4t({cLr{snoi(i+5 ,3+5 ) ¥}

. spog{i,})y = . .
+ cg-(clr(snoq(i . + soeq{i 310 +
+ snoqg{i+10, + spoq{i+l0,j§+10}) +
+ . e2x{spog{i P d ] + snog(i+2 , +
+ . snog{i+8 , + snog{i+l0,}+2 +
+ ) sno( i ,3+8 § + spoq{i+2 ,3+le +
+ snog(i+8 ,J+10} + snoq{i+lQ,J+8 )} +
+ e3x{spoqi{i LJ+4 ) + spogi+4 +
+ snoq{it6 ; + snog{i+l0,3+4 +
+ snogii ,Jt6. ) + snog{i+d4 ,}+10 +
+ snog{i+é ,J+10) + spog(i+l0,J+6 )) +
+ cér¢snogl{i 135 4+ snog{i+10,3+5 +
+ spogq{i+s + snog{i45 ,J+10)) )+
+ ce2n(e2={snoq{i+d ,3+2 + snog{i+2 ,J+8 § +
+ snogq{i+8 ,J+2 } + spoq{i+8 ,J+3 })} +
+ ed*(snog{i+2 ,j+4 + snog{i+d ,3+2 +
+ snog{i+é ,J+2 + snog{i+8§ ,j+4 +
+ snog(i+2 ,j+6 + spog{i+4 ,}+8 +
+ snog{i+6 ,3+8 + spog(i+8 ,3+6 j) +
+ cd*(spnog{i+2 ,J+5 } + snog(i+8 ,3+5 +
-+ snog(i+s ,]+2 + soog{i+S5 ,}+6 )j)+
+ civ(ci*({spog(i+d ,j+4 + spogi{i+4 ,3+6 +
+ spog{it6 ,3+4 +. sp0g(i+6 ,3+6 )) +
+ cé*(snog(i+d ,j+5 + spoq({i+6 ,}+5 ) +
+ snog(1+5 ,3%4 + snog{i+5 ,]+6 )))}+
+ . cé*(cd*{spnog(i+5 ,]+5 1}
44 contioue ’
43 continue
dao 45 1 = 1, mz
do 46 ] = 2 .ntao .
dno;fi,g) = snoifi,j)-snol(i,§-1}-
dnog{i,}) = smoq{i,j)-snoq(i,j~1)
46 continue
45 continue
end if
le = int({{let—-2)/nt)
led = pni*]le+ )
fnl = float(ni)
dtlez = 2.«fni+dtle(2}
le = letint{tout/dtie2) -
open {
+
+ unit =- 13 ‘
+ status = ‘pew’ '
+ file = filen .
+ defaultfile = *star$drbl:[scratch.curt].out*}

60

write {13, *} ntao, le, bin
close {unit = 13} .

i = l1+{ntaorle)/32
Xk = lé*ntao

open {
*

+ upit = 12 s

+ status = ‘pew’ '

+ recl = ntao '

+ recordtype = !'fixed' v

+ form = ‘unformatted’ ,

+ - initjalsize = i T

+ blocksize = k ’

+ buffercount = 2 ¥

+ file = filen '

+ defaultfile = 'star$drbl:[scratch.curt}.dat')

vafdt = VaIdt*PI2+*fnis{dtle(leq)+dz(leq}/vres{leg)}*
+ (1.+.5/wowneq)/(yk(leg)*vres(leqg}}

lminp = leg

lmax = leq

timeout = 0.

iprop = led=1

do 49 leO = 1,1le
iprop = iprop-ni
jprop = max{iprop, 1}
Jpropl = jprop+l

if (iprop .lt. 1) then
tiweout = tigeout+dtle2
iprop = iprop-ni

epd if

write (6, } 1pzop,'sqrt(bmn;), mstep

do 60 i = 2,ntso
dbi(i) = bwifi)}~bwi{i-1)

dbg(i) = bwg{i)-bwg{i-1)
Rer(i) = o.
yer(i) = 0. ’
sbtrl) = 0.
sbz{i) = 0.
continue
sbt{l} = 0.
sbz(l) = 0.
whamw = wh(jprop)-w
whowheq = wh{jprop}/wheq
tz(l) = timeout
ztt{l} = timeout+tle(jpropl})
= int(timeout/dtao)+1
sbifi} = bwi(i)
sbq(i) = bug{i)
sbz{i) = z{jprepl}
sbt{i) = zti(l)

it éf?“‘in'sqrt("h(jprop}) -le. sin{patop)) then

bin¢sin(pamax)*sqre(wh{iprop)/wheq}, sin{patop}}

cl = asinjcl*sqrt{wheq,/wh ) :
npa - = max{int{{cl-pa)/dpajy+l,
- " [ 44 B )/dpa) })
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Map maximum pitih angle back to the equatozr .
In t

;The ipa ipdex. when tim

Noise differences in tau

Adjust le0 so iprop=1 will be an injection point
Number of macro steps per injectian

Time step for advancipng the wave past upstream boundry
Total bpumber of times leading edge will be  advanced
Open file for filen.out B

Write statistics necessary to read filen.dat

Allccation for output file
Blocksize

Opern unformatted output file filen.dat, on scratch disk

Convert Af/dt to d{parallel velocity)/dt
Injitialize resonance condition reference points

Time elapsed since leadlng edge passed upstréas boundry
Initialize pulse front index :

Loop over advancement of wave for electrom injection
Update pulse front index

Limit actual pulse front to not be past upstream boundry
Injection point index. Adiabatic motion prior to jpropl.
Is leading edge past upstream boubndry :

Time past since pulse front has crossed upstream boundry
Leading edge advanced twice once past bountry-

Write to standard output for monitoring progress

Initialize tau arrays’

‘Inphase wave differences

Quadrature wave differences
Inphase current
Quadrature current

Time
Position

Clear first tiwe element

Clear first position elemernt '
Gyrofrequency - reference frequency at pulse front
Normalized pulse front gyrofrequeucy

Injection tau - .

Injection time )

Injection tau index ’

Set output elements sibce J is zero at ilnjection point

Loops uver‘plxullel velocity and piteh angle
If &ny pitch angles are helow clipping pitchk ang
Clip maximum injection piteh angle RS

le

tialize pitch angle to minimum pitch. sngle .
Betermine. pumber of pitch angle steps ...

*ha position will be determined




55
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52

53

+

++

it ((abs{idist) .eqg. 3} .and.
et

dist .pe. =-3) .or. (iprop .gt. lvz))) then
imin = gpropl
lmax = jpropl
end if

if {({iprop .le. 1lwvz) .and.
vparmax = vparmax+vdfdt
vparmin = vparmin+vdfdt

end if : o

(idist .1t. 0)) then

do 50 ipa'= 1, opa
cl = sin({pa)
spaeq = cl/sqrt(wheq) .
do 551 = 1,4z )
cga(i) = 1l./sgqrt{l.—spaegsspaeq*wh{i)}
continue
dvol - = scale*{gofaarcl**gofab+(l.-gofaz)*cle+tgofem)+
sin{patpa)*ocpa({jprop)/wheq
{{abs(iaist) .eq. 1}.and. i
({idist .me. -1}.or.{iprop .gt. 1lvz}}} then
tsum = 0. oL : ;
1 = jpropl
1 = 141
- tsum = tsum+dz(l)rcpa(l)
. el = tsun/(vres(l)*cga(l))—tle(1)+ztt(1)
. if {{eXl .kt. tp).and,.{l .1lt. mz)) go to 54
ir i;res(jpropl) .gt. vres{l}). then .
in = 1 .

- if

lpax = Jpropl’

else
imin = jpropi
lmax = 1 .
end if X .
if {(1 .gt. leq)..and. (jpropl .1t. leq)} 1lmin = leg
end if i

i = max(lmin+lshft, 1)

1 = min{i, mz}

1 = max{lmax+lshft, 1}

1 = min{l, mz)

vpamin = vparminsvres({i)

vpao = vpamin*cpa(i)/cpa{iprop)

nvp = max{int{({vparmax+*vres(l)}*cpa{l)/cpa(jprop)-
vpad}/dvpar}i+l, 1}

avph = l+nvp/1

do 51 ivp = 1, nvp
v = ypal*cpaljprop)
had = vy
mstep = nstep* (l.+yms*sqrt( (wh{lmin)-w)*sqrt({bmax+
(¥v/{vpamin*vpamin)-1.})}/vpamin}

Imstep = 1./float(mstep) N
awho = rostep*dwh{jpropl}
dwhdz0 = rmsteprddwhdz(ipropl} '
dyk0 = romstep*dyk jpxofl)
dzo = rosteprdz(Jpropl}
dtrtn = rmstep*trtn
dphal = (wvhuw/vpal+yk(jprop))+*dzo

kz = yk(}propl)

w2 —‘gwhagqjgxopl)
whz = wh{jpropl)
[33 = yrspa

el = cl*sqre{wh{jprop})
if {iprop .eg. jprop) then
€2 = fpl*{dtle{jpropl)+dz{jpropl}/vpao)
else .
c2 = dtle2

end if
fval

= Avol*vwy( (C2M/sqrt{l.~vv/CC)-C2M} **vpow)*c2

if (ovtap .lt. O} then
if (2+ivp .1lt. nvp+l) then
ival = fval+float(2+ivp)/float({nvp+l)
else
fval = fval*2.*(1.-float(ivp)/float(nvp+l}}
end if . .
else i s X :
if (ivp .le. nvtap)
fyval = £vql'sin(PIO2*flont(ivp)/flont(nvtap+1))t'z
if (ivp. .gt. ovp-nvtap) .
. fval = tva;tsin(P!ozntloat(nvg—ivp+1)/
o Tt Eloat(pvtap+l))ewl
end if . E . :

do 52 j = 4,1,-1 .
ved{j) = cl*sqrt(whz)
vel = vel{j)rvel(3)
vad(]) = sqrtivv-vel)
dt = dzo/vald(j}
dvau(%) = -velidudz*dt
dveg(j] = vzotj)tdwdz'dzﬂ
dphl{j} = {(whz-wiykzesvap Aady
K2z = ykz-dykg i
dwdz = dwdz—dwhdz0
whz = whz-dwho

continue T

pho(1l} = (Apha0+dphO(l)}+.5+PSTQ
do 53 4 = 2,4 s
pRO{1) = (dph0{j-1)+dpho(j})*.5+pho(j-1}

. ¢ontinue .
vazrbd = vpuO+plﬁ(2.'tdvaO(l]+dva0(J]J—dvuOtZ)J
vum0=wwwvmﬂmanMankmwu“
ghzigo = gs!u+pl*(2.'(dph0(1)+dph0(J))-dphO(Z))
pS = . P .
if (timeout .eq. 0.) then
cl = bwifl)+snoi{ipropl,L)
c2 = bwg{l)+snoq(ipropi,1) -~ -
else - - - S e
t = . tz{l)/dtao X
i = iptiey+l o - Tt R
t = t-float(i} - )
¢l = (dbi{i+l}+dnoi(jpropl, i+1))t+
2 © bwi{i+l)+snoi(jpropli,i+l}
62 =

.(dbq(i*l)+dnoq{§prop1.i+l]l‘
o bwg{itl)+enogq{jpropl,i+l}
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Interpolated qusdrature.injection wav
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1s distribution velocity center relative t t
but ot Arifting yet ¥  te pulse from
Pulse front ipdex to minimum and maximum resopant velocity

Is distribution velocity center drifting
Appropriately Arift velocity limits

Loop over pitch angle

Term for adiabatic mapping to and from the equator

Volume element and related terms within current integral
Check if distribution center velocity is relative to wave
but -n et drifting

Initialize integrand for tau of locally resonant electron
Pulse front index

Advance position index

Ibcrease tsum by amount related to tau

Tau for locally resonant electron

Continue until resonant electron is at pulse end
Is pulse end 2 minimum resonant point

index to' minimum resonant velocity

Index to maximum resonant velocity

Pulse end & maximum resopant velocity

Index to minimum resonant velocity

Index to maximum resonant velocity

Is equatorial resopant velocity the mipimum

Shifted minimum resonance valncits index

Keep minimum resonant velocity index within array range’
$hifted maximum resopance velocity lndex

Keep maximum resopant veloclty index within array range
Actuzl mipimum parallel velocity at resonance (m/s)
Minimum parallel velocity at injection

# of paraliel velocity steps not to be less thanp 1

The ivp index when time and positiop will be determined

Loop over parallel velocity
Injection or adiabatic velocity

{1 of micro per macro step based upnﬁ the inhomogeneity

Initial gyrofrequency difference per micro step

Initial g{rofrequency gradient difference per micro step
Initial -k différence per micro step

Initial spatial difference per micro step

Iteration error difference pex micro step

Initial cyclotron phase difference per micro step

-k at injection
Gyrofrequency gradient at injection
Gyrofrequency at injection

Perpepdicular veloclty at injection

Has the leading edge hot trossed the upstream boundry yet
Time between injections measured at downstresm positiom
Leading edge has propagated past upstream boundry

Time between injections measured at upstream boundry

Include energy and *injection separutiun' to distribution
Triapgular windowing function
Linear weight on the low v parallel side

Linear welght oh the high v parallel side

Smoothly taper low velocity edge of distribution

Smoothly taper high velocity edge of distribution

Loop from injectiﬁn backward for adiabatic history
Adisbatic perpendicular velocity

Adlabatic parallel velocity .

Time difference between micro steps

Parallel velocity difference between micro steps
Perpendicular velocity difference hetween micro steps -
C{clnt:on phase difference between micro steps

Gyrofrequency gradient
Gyrofrequency .

Cyeclotren phase
Loop to calculate cyclotron phase
Integrate cyolotron phase difference

Initial parallel veloclty related term used by predictor
Initial perp' veleccity related term used by predictor
Ipnitial cyclotron phase related term used by predictor:.
Initialize cyclotron phase offset AR : T
Get injection wave intensity at pulse front

Inphase injection wave intensity .~ -
Quadrature injection phase intensity’
Get injection wave intehsity at upstre

Tau index e R
Interpolation from indexed tau to actuasl ¢
lnterpolated inphase 1nqut1on waAYe 1qtgas
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end if

it
al

do

91

100

110

.11]
81

90 co
vpa
vpaj

conki

pa = p
continue
enpd if

bmax = 0.

do 48 i =

ifr (sb
P -) §

yex

xor

end i

S5t
5o

bwi(i)

{el .e
bwpo _q
bwg =
if (ec2
se 0
bwplt =
if (el
bwd =
a if

850 j =1
time
bw
bwp
Aadbph
whz
t 34
wdz
vazrh
vezrh
phzrb

do 51t

. 0.} then

sign{PIO2, c2)
abs({¢2)*ECM*pnch{ipropl})
.egq. 0.} bhwpo = 0.

atan{c2/cl}
lt. 0.} bwp0 = bwpl-sign(PI, bwpl]}
abg{el/cos{bwpl) j=EOM*pach{ jpropl)

X 1

ztk

buot !

bwp0

0.
whi{jpropl}-w -
yk{jpropl)
awhdz{jpropl})
vazrbo .

vezrbd
phzrbi+dpsij

dpho(k)

(1} = cle*sin{ph(4)}
:3(1) = cltecos{ph{4}}

1lfe = 1 1
1 = T O

2 Jeren

1lfe 1fe+l
{tz(lfe-1)+dtle(l)+dz{1)/vai4})/dtao
int{t})+1 :
t=~float(i}
(Abi(i+1l)+dnoiil,i+1))*t+bwl(i+1l)+snoi(l,i+1}
(dbg(i+1)+dpog{l,i+1))*t+buq{i+l])+snog(l,i+1}
.eq. 0.) then
rmstep* (EOM*abs{c2}+pnch{l)-bw)
.ne, 0.) ddbph = sign(PIO2, ci)-bwp

= ve{4)*va(4)*wh{jpropl)*cpa{jpropl

atan{ec2/cl)

1€, 0.) €2 c2-sign{PI, €2}

rmstept (EOM*abs{cl/cos(c2)}*pach{l)-bw)
c2-bwp

(ddbph) .gt. PI} 4dbph = ddbph-sigo(PIl, adbph)
« xmstep*ddbph
rasteprdz{]l}
rstepeddwhdz(l
rnstepr*dwh(l)
rastep*dyk(l}

end if
1f {abs
cdbph
cdz -
cdwhdz =
owhz -
eyky

do 110 m = 1,mstep :
include ‘userl:[ecurt.dir.library]sinula
b(pre_ggr:)/list'; .
bwp = +cl
time = t:£e+dt F
continue. -

if (abs{bwp} .
Sign{PI2*r

t. PI) bwp = bup- .
gont((intrgbs(b:§/PI)|+1)/2), bwp)
ti(lfe)
<

= time—tle(l})
= ve(dj*va(4)*whi{l)*cpa(l}
¥y{lfe) = cl*sin{ph{4)+bwp)
vx({lfe} = clrtces{ph{4)+bwp)
if ((ip2 .eq. opah).and.(ivp .eq. nvph))
ztt{lfe) = time '
if {(tz(lfe) .Xt. tp).amd.(1 .1lt. mz)) go to 100

ipt{tz{l)/dtasc}+2
iloat(i—l)*dtao

1+1

1l .1le.

£ (tz(l1}
t

il

P b et f

lfe) then
-1t. t) go to 80
= (t-tz{l-1}}/{tz(1)~tz(1-1})
yoer{l} = yor(ij+{vy(l-1)+({vyili-vy(l-1)}*t)*fval
xer({i) = Xer(i}+{vx{l-L)+(vx({1)=vx{I~1)}*t)efval
if {(ipa .eq. npah).abd.(ivp .eq. nvphj} then
m = jprop+l
sht{l)= Shi{ijy+(ztt(l-1)+{ztt(l)-zte(1-1})"t}*yns
sgz %)- shz{i}+{z(m-1)+dz{m}*t)*yns
en . - B

= float{i)*datao
1+l

i =
if (1 .le. ntao} go to 81
end if - .0 ST
dpsij = dpsij+dpsi'
ntinue

[1] = gpal+dvpar

wmin = vpaD*cpa{jprop}/cpa{lmin}
nue

at+dpa

2,ntao

Z{1l) .gt. ztap) then
= sin{PIQ2+*{zwdown~
i) = yer(ijrel §
%1) = xcr(i)=cl -

sbz{i})/({zwdown=2tap))*+2

bwi(i}+yer(i)*aADT - . A
buwq{i}-xer(i}+ap3 S RS
max{bmax, bwi(iy*but(ly+bwgii)vbwgdi)) - .
bwi{i) .- R BRI
bug(i}

Annn
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.Put. quadrature component ilnto sing

Determine injection wave magnitude and phase
Plus or mionus pif2 since purely quadrature

Scale magnitude by o/m and spatial shaping wibndow
Zero phase if magnitude is zerxo

Put phase in correct guadrant
Scsle magnitude by e/m and spatial shaping window

Loop over initlal cyclotron phase

Initialize injection time

Initialize injection wave magunitude

initialize injection wave phase

Initialize injection wave phase difference per macro step
Initialize injection gyrofrequency - frequency
Initialize injectiom -k

Ipnitialize injection gyrofr ency adient

Initialize predictor paral)el velocity related term
Ipitialize predictor perpendicular ve{ocity relzted term
Initialize predictor cyclotron phase related term

ial adiabatic histories for ipitializatien
ection parallel velocity history

ection perpendicular velocity history
ection ¢yclotron phase history

ection parallel velogcity differesce history
ectien perp' velocity difference history
ecticn cyclotron phase difference history

Loop over in
Initialize
Initialize
Initialize
Initialize
Initialize
Initialize

it
n

Scale injection perp' wvel' by Adistribution related terms
Quadrature perpendicular veloclty from -B

Inphase perpendicular velocity to ~B-

Send eac egectron thxough.

Index relative to injection point
Initislize position index

Advance position index to future macro step

Advapce relative index to future value’

# of tau steps into wave predicted at next wacro step
Predicted future tau index

Predicted fractional tau.

Predicted interpolated jinphase wave intensity
Predicted interpolated quadrature wave intepsity

If ne gredicted inphase wiave component

Predicted change in wave magnitude

Predicted change in wave phase

For predicted iophase wave component

Put gredicted phbase in correct quadrant
Predicted change inp wave magoitude
Predicted change in wave phase

Coxrect for phase discontinuity at pi

Nave Ehnse chapge per micro step

Position change per micro step

Change in gyrofrequency gradieot per micro step
Change in gyrofrequency per micro step

Change in -k per micro step - -

Loop over micro steps to advance one macro step
Include Predictor-Corrector routines .

Advance wave phase
Advance time

Summing x,¥ velocities for each particle at each point.
Keep wave phasa withio +~ pi bounds

Tau at mew pnsitiou

Scale perpendicular velocit{ by distribution related terms
Quadrature perpendicular velocity component relative to -B
Inphase perpendicular velocity component relative to

-B
If medien particles record time

Continue if not past pulse end or downstream boundry

Injection tau index
Tau at indexed value .
Ipitialize relative macro step index

Increment relative macro step index

Don't go furthur than was actually performed
Incremént until actual tan is >= 1ngexed tau
Interpolation value .

Sum quadrature veloclties along constant tau values
Sum nghasa velocities along. constant tau walues
Check for median electron for time and space calculation

Compute absolute spatial index
Average time over gyrophase
Average position over gyrophase

Next indexed tau value
Update tau index
Continue if oot past last tau index

Increment initlal cyclotron phase
Cobtinue looping over gyrophase

Increment initial parallel velocclty
Corresponding equatorital parallel velocity
Continue looping over parallel velooity
Ipcrement initial pitch. angle

Continue looping over pitch angle

Reset the square of the maximum field intensit
Loop over tau indicies to calculate new wave F
Does current need to
Taper paraweter .
TAper guadrature component
Taper lophase component

Update inphase wave field- Vo

Update guadrature wave fleld: . - -
Get maximum wave intensity sguared
Put ipphase component into singie

Xelds
be tapered pear duwnstzeap boundry

gr;etsion'!oz output
e precision for output
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write (123} (sbi
write (12) (sbg
write {12) (=bt
write (12) (sbz
continue
-elose{unit=13)
sto

endp

i=1,ntao}
i=1,ntag}
i=1,ntaq)
1=1,ntao)

147

< outfut wave intepaity varsus poszition apa Eino

£ Contipue looping over initial wave pesition

"< Good luckt I hope it was a good Tun.
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Parameter include file listing

C
e
- C Parameters to be included in all simulatich programs
< e
C
[+
parameter {
+ .
+ PI = 3.141592653589793238 , < Pi
+ P12 = PI*a. . < 2spi
4+ RIP = PI/180, N < Degree to radian comversion factor
4+ PID2 = PI*.5 . < Pi/2
+ SQR3 = 1.732050807568877 ’ < Square root of 3
+ YMSE = 236374. . < Scaling fagtor used to determine the spatial step size
+ MITR = & N < Maximum number of iterstions performed by P-C algorithm
+ PS10 = P12 . ¢ Phase offset added to initial electron gyrophases
+ WHO = PI2r§.736e5 B { Coefficient for the dipole model of the gyrofrequency
+ RO = 6.3712e6 . < Earth radii (m)
-+ Rl = RO+1.eb N < Radii at 1000 km altitude (ni
+ Pl = 4./1, . < A parameter used in the Predictor
+ P2 = 112./121. . < A parameter used in the Predictor
+ 51 = 0.9 . . £ Fractional abundance of O+ at 1000 km altitude
+ 52 = 0.08 i < Fractional abundance of B+ at 1000 kr altitude
+ 53 = 0.02 N { Fractiopal abundance of He+ at 1000 km altitude
+ ooT = -1./1.6e3 - ¢ -1/(electron temperature at 1000 km altitude)
+ Bl = O0T/70.%1%06493 B < Reciprocal of the O+ scale height at 1000 km altitude
+ H2 = 0COT/1126,562431 N < Reciprocal of the H+ scale height at 1000 km altitude
+ H3 = OO0OT/283.5903962 ' < Reciprocal of the He+ scale hegght at 1000 km altitude
+ C = 2.997925e8 . ¢ Speed of light (m/s)
+ (x> = C=C r ¢ Speed of 1ight squared
+ CF = 3.077827551e-1 N ¢ Geopotential height term coefficient of the DE equation
+ Q = 56.41460098 ’ < Part of the plasma frequency eguation
+ [+ - C/Q . { ¥ot used in this version
+ o024 = 1724, . < Not used in the present version
+ 503 = 7./3, ' < Mot used in this version
+ EOM = 1.7588028ell ' < Electroen charge to mass ratio
+ U0G2 = PpI2+1.e-7 . < Ope half the free space permeabjility
+ JTOPT = UQD2*1l.el2 . < Converts a current sheet into magnetic field radiation
+ C2M = 511.0041178 ' { Electron rest mass energy (kev)
* QE . = 1.6031917e~19% . < Electron charge {C)
+ PHEIEQ = 1.626126de-17 , { Multiplying constant in the distribution function
+ ADJ = l.e- N < Adjustment keeps radiatiopn calculaticon from upderflowing
+ QPOA = PI2*({QE/ADJI}*PHIED r < Product of constants to calculate distribution function
+ DISC = UOO2+QPOA*0D.5 } < Product of constants to convert.v_perp to B_s
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C
C
[+4
[+ Predictor-torrector integration of the egquations of motion.
c :
[« For a description of the method used see *h first course in pumerical analysis*, second edition
g by Anthony Ralston and Philip Rabinowitz, copyright 1978, pages 19%1-195,
C.
<
c . < Parallel velocity calculations
c4 = dva(4)+dvaid}-dva({i} < .
el = va(d)+({va(4)-va(2))+3.2c4)*0.125 { Part of the Corrector
¥l . = P2a(va(4}-vazrb < .
vazrb = wa(l)+Pl*(dva(2)}+dva(2)+c4) < Milne Predictor
L = ¥it+vazrb < Modifier
c < Perpendicular velocity calculations
cd = dve(4)+dve(d)~dve(3) <
¢2 = ve{d)t{{ve(4)-ve(2})+3.%cq4)*0.125 < Part of the corrector
v2 = p2*{ve(d4}-vezrrb) <
verrb = ve(l}+Pl*(dve(2)+dve(2)+cd) ¢ Milne Predictor
v2 = y2itvezrb { Modifier
c { Cyclotron phase calculations
c4 = dph{4)+dph{4)~dph{3) <
. c3 = ph(d)+((pb(4)-ph(2))+3.+c4)*0.125 < Part of the Corrector
gy = P2*(ph{4}-phzrh} 9
phzrbh = ph{l)+Pl*(dph{2}+dph{2)+cd} < Milpne Predictor
gy -& gy+phzrb : HMedifier
c .
Qo 120 1 = 1,3 { Loop to shift previocus values
vati}y = wva(i+l) <
va{i) = ve(i+l}) <
phii) = phri+l} <
dva(i) = dva{i+l) <
dve(i) = dve(i+l)} <
dph(i) = dph(itl} <
120 continue <
[+4 <
o = W/ykz < Phase velocity
=1 < Initialize iteration counter
dyb = cdzrykz—cdbph ¢ Cyciotron pbase terms, don't change each iteration
[ < Beginning of iteration seguence
115 dt = cdz/vi € Electxon travel time per microstep
e5 = {c4-vl)*dt <
13 = v2*dwdz <
c? = bwrsin{gy [4
ava(4) = (c?-cE)*v2rdt < Parallel velocity Qifference
dve(d) = ¢S5veT+cbrcdz < Perpendicular velocity difference
dph(4} = whz*dt+dybt+bw*cos(gy)e5/v2 < Cyclotron phase difference
va{d4) = cl+0,375%dvat4a) < Parallel vélocity Corrector
ve(4) = ©2+0.3757dveld) < Perpendicular velocity Corrector
ph(4) = c3+0.375+*dph{4} 4 Cyclotron phase Corrector
c <
if (abs(ph{4)/9y-1.) .ge. dtrtn) then < Check for convergence
if (i .ne. MITR} theéen < Check if jteration limit exceeded
1 = i1 < ipcrement iteration
vl = va{4) < Update working variabies
v2 = ve(4) <
gy = phi4) <
go to 119 { Iterate
end if <
write (6,118) 4, m, §, ivp, ipa ¢ Write out all loop counters when convergence failed
118 -Tormat (' no convergence’,5({14,2x),/} < .
end if ¢ Integration complete for present microstep
c < Update quantities for the next microstep
bw = bw +owave < Update wave field magnitude
whz = whz +owhz < Update gyrofregquency
ykz = Kkz +oykz { Update -k
dudz = dwdz+cdwhdz L4

Update gyrofrequency gradient
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z-to-phi subroutine listing

Calculates upstrean boundry lztitude phi, and delta latitude dphi, for a dipole model

Given: Zwup and zwdown =
req — Equatorial radii.
nz -

Returned: s 3 ~ Upstream gecmagnetic latitude,
pb -

Upstream and downstream boundry positicns (zwdown )'zwup)

Number of points between zwup and zZwdown, inclusive. . o : - -

Latitudinzl step size, Negative since electrons go from North to South.

N1 a0 0aNn0aaNanNnn

PR

subroutine 2_to phi{zwup, zwdown, regq, mz, phi, dphi}

implicit real*8 (a-h, o-z)

common /field [/ regqscl, phits, zts

parameter (

SQR3 = 1, 732050807563377 ’
RO = £.3712e ’
R} = RO+ es H
reqscl = -req+*0.5/5QR3
phits = acos(sgrt(ﬂl/req))
clL = SQR3I*sin{phits)
<2 = sqrt{l.+clecl)
zts reqgscl*{log{cl+c2}+clee)
call Iatxtude {phi, zwup) .
if (zwdown .eq. -zwup) then
dpbi = -phi
else
uail latitude {dphi, 2wdown}
end
dphi = (dphi-phi)/float(mz-1)
return
end

latitude subroutine listing

AN AAN A A

AAAAAA

~

Yariables. in common with subroutine latitude
Parameters )

Square root of 3
Earth radii
Radii at 1000 km altitude

Latitude to position scale factor
Geomagnetic latitude at 1000 km altitude

Field line length from
Get upstream latitude
Are boundries symmetrically located?

Downstream latitude negative of upstresm latitude
Not symmetrica

Get downstreal latitude

eqguator to 1000 km altitude {neq)

Latitude step size

Computation of latitude given z using the pegasus root finding routine

Given: z -

Return: X3 - Geomagnetic latitude corresponding to z

Field line pgsitiun measured south from eguatox

G N aa anaaannan

o

subroutine latitude(x3, z}

implicit real*B (a-h, o-z}

common /field / regscl, phits, zts
parameter { S50QR) = 1.732050807568277 )
Farameter { ACCURACY = 1. )

zm = abs{z)

xl = @,

X2 = 0,

x3 = phits

if (zm .gt. -zts} then

write (6, 2) zts/1000.
iurmat(; LATITUDE ERROR: abs(z}) replaced with *,el0.4,' km')
Zm = =zts N

end if’

fl = zm

£2 = zm

£3 =-zmtzts

if (abs(f£3) .gt, ACCURACY) then
1f ((£2+£3) .1t. 0. ) then
Xl = %2
fl = f2

t1 = F1e£2/({£2413)
if

X2z = x3

13

{X2¥L1~xTe62) /(£1-£2)

SQRI*sin(xl)

sqre(l.+cizcl) .
ZT+reqsc1'(109(c1+c2)*c1!c2]

if (z .gt. 0.) x3 = -x3

return
end .

~

AR AAA AAA A

~ on

Variables in common with subroutine z_to_phi

Sguare root of 3
Accuracy 1o meters:

Absclute value of position

Root bound at equatorial latitude
Root bound at eguatorial latitude
Root bound at 1000 kam altitude

1s position below 1000 km altitude?

Replace positiop with zts
root at equatorial bound

root at eguatorial bound
root at 1000 km altitude bound

Distance from
Distance [rom
Distance from

Still haven't converged?
Is latitude between x2 and x3
Make latitude to be between X1 and x3

Latitude between x1 and x3 or zm = 0 . :
Pegasus modificatien to prevent end point retention

Make lLatjtude to be between x1 and %2 .

Axis intercept of line between f1 and f2 predicts new x3
Distance from raot to prediction

Iterate

Convergedt
Male sure z and %3 haxe opposlte sign
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