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Abstract. A linear array of very low frequency (VLF) receivers, deployed along a line
roughly perpendicular to the direction of signal propagation, enables the determination
of the size and location of D region disturbances produced by lightning-induced electron
precipitation (LEP) bursts or by lightning-induced heating in the vicinity of the great circle
VLF propagation paths. The configuration essentially constitutes a strip hologram so that
the width of both the amplitude and phase perturbation of the signal pattern recorded
along the strip are simply related to the size and location of the disturbance for the range
of altitude profiles of disturbed ionization expected for LEP events. The validity of the
approach is demonstrated both analytically for single waveguide-mode propagation and
also for a realistic propagation path (Annapolis-Stanford) by using a three-dimensional
numerical model of VLF propagation and scattering in the Earth-ionosphere waveguide.
We also discuss the criteria by which the spacing of discrete elements along the strip can

be optimally choosen.
1. Introduction

Transient and localized disturbances of the D re-
gion are now known to occur regularly in associa-
tion with lightning discharges. The assessment of
their geophysical and global significance requires that
we determine their spatial distribution (i.e., location
and transverse extent). In this paper, we demon-
strate the validity of a strip holographic method to
“image” lightning-induced ionospheric disturbances
and to determine the size and location of the distur-
bances, without regarding to the altitude profile of
density and temperature within the disturbance.

The amplitude and phase of VLF signals propa-
gating in the Earth-ionosphere waveguide are highly
sensitive to lonospheric disturbances in the form of
electrical conductivity changes resulting from varia-
tions in electron density and/or temperature at or
below the reflection height (~85 kilometers at night)
and within a few hundred kilometers [Poulsen et at.,
1993a] of the VLF great circle signal propagation
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path. Since the relatively low waveguide attenuation
at VLF frequencies permits efficient signal detection
at distances of many thousands of kilometers, dis-
turbances occurring over a broad region of the iono-
sphere can be detected. However, the combined ef-
fects of the disturbance size, location, electron den-
sity and temperature profile are registered as a single
VLF signal amplitude and phase variation, making it
difficult to extract detailed quantitative information
from such measurements at a single site.

To advance further, we need to consider character-
istics of the disturbance that can be decoupled and
deduced from the measurable quantities. One such
characteristic appears to be the transverse size of the
disturbance as described below. Based on three di-
mensional modeling of the scattering of VLF waves
from localized disturbances in the Earth ionosphere
waveguide, Poulsen et. al. [1993b] concluded that
the relative amplitude of the VLF signal for differ-
ent scatter angles is almost independent of the al-
titude profile of electron density in the perturbed
region for the range of profiles expected to occur
in lightning-induced ionospheric disturbances. The
typical disturbances produced by lightning act pri-
marily as forward scatterers, with a scattering angu-
lar width (defined as ~ 15-dB point) of £7° in the

forward direction.
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These facts suggest that we can treat the D re-
gion disturbance as simply a scatterer with a finite
transverse extent. Measurements of the direct signals
from a distant VLF transmitter, as well as the signals
scattered from the disturbance, at multiple stations
appropriately spaced along a line approximately per-
pendicular to the propagation path, would provide,
in principle, a record of the disturbance character-
istics that i1s analogous to a holographic record of
an object illuminated by a coherent source. In this
paper, we pursue this analogy to show that the com-
bination of the direct plus scattered wave from any
D region disturbance can be viewed as a hologram
based on which the transverse size of the scatter-
ing region can be obtained [Born and Wolf, 1965,
p- 453]. The analogy with a hologram can most
directly be seen for the case of a single waveguide
mode signal which scatters from the D region distur-
bance. As illustrated in Figure 1, the sum of the di-
rect and scattered signals form a hologram pair [Born
and Wolf, 1965] which in principle could be recorded
on a “screen” of antennas across the waveguide. The
phase and amplitude of the total signal over the holo-
gram screen could then be used to reconstruct the
electrical properties of the D region disturbance. In

Hologram screen

Hologram screen

disturbance

(b

Figure 1. (a) Cross-sectional and (b) top views of the
paths of two different (direct and scattered) coherent sig-
nals recoded on the hologram screen. Recorded on the
bottom line of the hologram screen are the amplitude and
phase of the vector sum of these two signals.

practice, vertical measurements across this screen are
not feasible, but we can still assess the transverse ex-
tent of the D region disturbance by measuring the
phase and amplitude of the total signal at the bot-
tom strip of our imaginary hologram screen across
the waveguide.

In the past decade, a number of aspects of lightning-
associated VLF signal amplitude and phase changes,
sometimes referred to as “Trimpi” effects, have been
investigated [e.g.,Burgess and Inan, 1993, Inan et al.,
1993, and references therein], including quantitative
interpretation of events in terms of precipitated elec-
tron fluxes and energies [Tolstoy et al., 1986; Inan
et al., 1985; Inan and Carpenter, 1987; Inan et al.,
1988a), association of events with whistlers [Inan and
Carpenter, 1986] or with lightning discharges [Inan
et al., 1988b], and interpretation of events in terms
of different models of VLF signals propagated in
the Earth-ionosphere waveguide [Inan and Carpen-
ter, 1987; Dowden and Adams, 1988, 1989, 1990,
1993; Poulsen et al., 1990, 1993a, b]. Only a few
of these works have dealt with the determination of
location and size of the D region disturbance, and we
briefly discuss these below.

Dowden and Adams [1990] suggested using the
phase difference of scattered VLF signals measured
at two receiving stations 8.86 kilometers apart to
determine the arrival angle of the scattered signal.
These authors assumed that the phase difference of
the scattered and the unperturbed VLF signals di-
vided by the wave number is the additional distance
travelled by the scattered signal. Under that assump-
tion, there exists an ellipse, on which the great circle
distances from any point to the transmitter and re-
ceiver sum up to be the same as the great circle dis-
tance between the transmitter and the receiver plus
the additional distance as determined above. Dow-
den and Adams took the D region disturbance to be
at the intersection of this ellipse and the line of signal
arrival. There is a problem with this method. Real-
izing that different points on the ellipse have differ-
ent scattering angles, this method basically requires
that the phase of the scattered VLF signal be in-
dependent of scattering angle and disturbance size.
However, in general, this is not the case since differ-
ent points on the ellipse or disturbances of different
sizes at the same point on the ellipse can introduce
extra phase differences, as is demonstrated in our nu-
merical simulation results discussed later in connec-
tion with Figure 8b. For those D region disturbances
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at the same location, but having different size, the
phase of the scattered VLF signal at the same re-
ceiver is quite different, as will be discussed in more
detail later. Dowden and Adams also used the group
delay, determined from the phase difference at two
closely spaced frequencies present in the transmitted
signal to calculate the direction of arrival.

Another very crude VLF “imaging” method was
utilized by Inan et al. [1990], based on the mea-
surement of VLF signals simultaneously at multiple
sites. Association of the observed VLF signal pertur-
bations with the D region disturbance was made on
the basis of time correlation with prominent radio at-
mospherics. Simultaneous observations of individual
events on subionospheric paths that “cross” one an-
other were used to locate the disturbed ionospheric
regions. Absence of perturbations on nearby paths
permitted an assessment of the spatial extent of the
region with a varying degree of accuracy. This tech-
nique provides for very crude spatial resolution and
is more suited for the determination of the location
of the disturbance than its size.

Instead of using an equal-distance ellipse to deter-
mine the location of the disturbance, Dowden and
Adams [1993] suggested the use of a linear array, in-
troducing the concept of VLF holography (also called
“inverse scattering”). Their method was based on
a first guess of the axis on which the disturbance
is located, and subsequent calculation of the angle
of arrival of the signal by pairwise comparison of
the phase difference of the VLF signal in order to
eliminate a potential 360° phase confusion. The dis-
turbance was taken to be located on the intersec-
tion of the axis and the direction of signal arrival.
The authors estimated the size of the disturbance
assuming that the beam width was inversely propor-
tional to the scattering aperture (although receivers
are seldom in the far field zone of the scattered field)
and used relatively crude interpolation between the
first and the second receivers 550 kilometers apart to
determine beam width, and finally determined the
disturbance size by comparsion with an analytical
model. Thus although the concept of VLF hologra-
phy was introduced by Dowden and Adams [1993],
these authors did not relate the width of the ampli-
tude and phase patterns to the disturbance size in
the context of a quantitative model. In the present
work we further develop the theory of VLF strip
holographic imaging. We also demonstrate how the
amplitude and phase patterns of the scattered sig-

337

nals can be related to the disturbance size and loca-
tion using a realistic quantitative model of VLF wave
propagation and diffraction in the Earth-ionosphere
waveguide.

2. Theoretical Basis

Over the range of typical ground conductivities of
interest (10~2 to 4 S/m), the propagation of a VLF
signal in the Earth-ionosphere waveguide is not sen-
sitively dependent on the ground plane conductivity
[Poulsen et al., 1993b]. For simplicity, if we consider
a hologram strip perpendicular to the VLF signal
propagation path (note that if the strip is not perpen-
dicular to the path, we need to apply some correction
factors, as shown in the Appendix), then a symmetry
point may be found on the strip, so that the D re-
gion disturbance of interest is on the great circle path
originating at the transmitter and passing through
the symmetry point. The absence of such a symme-
try point would mean that the disturbance is outside
our region of coverage. According to [Poulsen et al.,
1993b], the scattering from typical LEP-induced dis-
turbances is confined to within +20° of the forward
direction (40-dB beam width). In other words, the
arrival direction of the scattered signal at a receiver
at distances greater than 500 kilometers or so can-
not deviate substantially from the direction parallel
to the direct signal. For measurable scattered field
amplitudes, it is thus likely that a symmetry point
of the scattered signal on the hologram strip can be
found so that the axis on which the disturbance is
located can be determined (Figure 2c). In order to
determine the disturbance location along this axis
and its size, additional information is needed; the
widths of the amplitude and phase pattern as ob-
served on the strip provide this needed information.
In the following, we first provide an intuitive discus-
sion of the general case, followed by both graphical
and analytical solutions for the simplest case of a sin-
gle waveguide mode model. In the next section, we
then further confirm the utility of the strip hologra-
phy method by means of the numerical simulation of
a realistic propagation path.

Consider Figure 1b. If the D region disturbance
forward scatters the incident transmitted signal into
a radiation pattern of half-angular width o << 7/2
(for example, where « is defined by the -20-dB point)},
then the width Az of this pattern of the screen is
Just Az = 2stana, where s is the distance of the
perturbed region from the screen. Clearly, if we know
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Figure 2. Comparison of the amplitude pattern width of the scattered signal caused by the D region
disturbance at two different locations. Disturbances infigures 2a and 2b are at the same location, which
is closer to the transmitter (T), whereas disturbances in Figures 2c and 2d are also at the same location,
which is closer to receiver (R). The solid lines show the equal received scattered power contour lines of
the disturbance region which can be rotated to determine the power recieved for receivers at different

locations.

@ in advance, we can find s merely by measuring Az
along the screen. In practice we do not know a in
advance, but we do know that it is related to the
horizontal size of the perturbed region [Poulsen et
al., 1993b]. Thus intuitively we expect the width
of the radiation pattern on the screen to provided
information on both the location and horizontal size
of the disturbed region.

This conclusion is quite general, since it is not
based on any assumptions concerning the mode struc-
ture (i.e., single mode or multimode) of the signals
propagating in the waveguide, or the electron den-
sity and temperature profiles of the D region distur-
bance, or the disturbance size and shape. The reason
for this is simply the fact that the angular scattering
pattern of typical LEP disturbances is largely invari-
ant to both ionospheric density profile and ground
conductivity [Poulsen et at., 1993b]. However, we
note that although there appears to be a qualitative
relation between the width of the amplitude pattern
and the location of disturbance, the absolute value
of the scattered signal depends on the perturbation

size, electron density and temperature profiles of the
disturbed region, the ambient profile, ground con-
ductivity, and the disturbance size, which are all un-
known and are likely to vary from event to event.
However, since the angular scattering pattern is in-
dependent of the electron density and temperature
profiles [Poulsen et al., 1993b], the amplitude pat-
tern is also independent of these parameters. There-
fore, in our following analysis, we can isolate the two
parameters, perturbation location along the axis and
the perturbation size, and relate them to the ampli-
tude and phase pattern widths.

To clarify the relationship between the amplitude
and phase patterns along the strip and the distur-
bance location, we now consider a less general case.
Shown in Figure 2a are typical simplified equal re-
ceived scattered-power contours for disturbances of
the same size located anywhere between a transmit-
ter T and receiver R. In other words, disturbances
located anywhere along any of the contours would
scatter the same signal power to the receiver, the
outermost contour line representing the locus of lo-
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cations which would scatter the lowest power. The
contours shown represent only the dominant waveg-
uide mode, so that the received power is proportional
to the square of the amplitude received without re-
gard to the signal phase in this simplified case. We
assume the amplitude of the angular scattering pat-
tern to be a Gaussian function. In other words, the
absolute value of the scattered field is taken to be

1
= . exp(—k@z) exp [—Im(So)(r1 + 72)]
sin ifl— sin Efz—
E E

where R is the radius of the Earth, r; is the distance
from transmitting station to the center of the per-
turbed region, 73 is the distance from receiving sta-
tion to the certer of the perturbed region, & is a pa-
rameter of the Gaussian function mentioned above,
g is scattering angle, and Sy is the sine of the eige-
nangle of the dominate mode [Poulsen et al., 1990].
We choose Im(Sp)=0.98542.42x 10~ 2, which corre-
sponds to an ambient ionospheric profile as shown in
Figure 6 and a typical ground conductivity of 10—3
S/m.

We also note that the contour representation is not
precisely correct for disturbance locations within a
few wavelengths of either the transmitter or receiver,
since a Fraunhofer approximation is implied in the
formula given above. Although greatly simplified,
the contour representation of Figure 2 is neverthe-
less quite useful for qualitative analysis. Consider the
following two examples in Figure 2, represented by
the disturbance regions, as indicated by black spots.
For disturbances as located in Figure 2a and 2c, re-
ceiver R receives the same power (or amplitude) so
that we cannot distinguish between these two distur-
bance locations by means of measurements only at
R. Because of the symmetrical nature of the contour
pattern, we can rotate the equal-power pattern to
determine the power received at any other location
and thus determine the position along the strip at
which maximum power would be received, as shown
in Figures 2b and 2d. It is clear that the width of the
amplitude pattern would be wider for a disturbance
region as shown in Figure 2a or 2b, than those shown
in Figures 2c or 2d. In general, the amplitude pat-
tern width would be larger for disturbance locations
closer to the transmitter. Similar considerations ap-
ply for the width of the phase pa‘,tern, which can be
discussed by constructing equal-phase contours.

3. Analytical Single Waveguide-Mode
Solution

Before we undertake quantitative analysis of a re-
alistic case, we introduce an analytical approxima-
tion of three dimensional VLF signal propagation in
the Earth-ionosphere waveguide to assess the utility
of the strip holographic method. For simplicity, we
still assume the presence of a single dominant waveg-
uide mode, and consider an ionospheric density dis-
turbance with a cylindrically symmetrical Gaussian
shape in the transverse direction. Following the work
of Poulsen et al. [1990], which is based on earlier
work by Waat [1964], it can be shown that the ratio
of the scattered field e; to the unperturbed field eq
is proportional to

S x ——2 _exp [—(r1 + jr2)ud]
e /1+ jo?a?
where
ata?
"= 14+ atat
o2
Ty = ———
2T 1+ a%at

d
— o ¢
oo \/kOS 2zp(d — z7)

and yo, a, d, and zp are defined in Figure 3, k¢ is the
free space wave vector, and S° is the complex sine
of the eigenvalue of the local dominant waveguide
mode.

In order to apply this formulation to the geom-
etry of our strip hologram, we transform variables
to express the ratio of the scattered field e, to the
unperturbed field eg in terms of the relevant spatial
parameters as shown in Figure 3. We have

Figure 3. Coordinate system and various parameters
used in the analytical formulation of the amplitude and
phase pattern widths of the signal received along the
hologram strip.
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and z, a, dy, d1, and z7 are defined in Figure 3, and
ko and S° are defined above.

Note from Figure 3 that if we change yo or move
the disturbance along a line perpendicular to the
great circle path between the transmitter (T) and
the receiver (R), both the amplitude and the phase
of the scattered signal at the receiver would vary in
accordance with a Gaussian form. Similarly, we can
see from (1) that both the amplitude and the phase of
the received signal along the hologram strip are very
nearly Gaussian functions, since typically a?a? << 1
and ¢ << dy . Thus we can easily define the symme-
try point as the center point of the Gaussian func-
tion, define the amplitude pattern width to be the
3-dB (or half amplitude) width, and define the phase
pattern width to be the range over which phase varies
by +#/20 from that which corresponds to the sym-
metry point. The value chosen for the phase width
range is based on the simulation results discussed be-
low. Also note that the right-hand side of (1) is inde-
pendent of the electron density and temperature pro-
file of the ionospheric disturbance region, although it
does depend weakly on the ambient profile, which in-
fluences the complex eigenvalue S°.

We can now apply (1) to determine the ampli-
tude and phase pattern widths for different distur-
bance diameters and locations. In (1), the term

a/(1+ ja?a?) /2 is almost constant for locations along
the strip, so that we can neglect it in calculating
the amplitude and phase pattern widths. We choose
the complex sine of the eigenangle of the dominant
mode S° to be 0.985 and neglect its imaginary part
since it is much smaller (This value for S° corre-
sponds to an ambient ionospheric profile shown in
Figure 6 and typical ground conductivities of 10~3
S/m [Poulsen et al., 1990]). With these assump-
tions, for a transimitter-receiver strip pair 4000 kilo-
meters apart, we can construct contour patterns rep-
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resenting the locus of points of constant amplitude
(3 dB) and phase pattern width (7/20) as functions
of the disturbance size and location with respect to
the screen (dg — d1) as shown in Figure 4a and 4b.
The numbers on the contour lines represent the half
widths of the amplitude or phase pattern in kilome-
ters. From Figure 4a, we see that the amplitude pat-
tern width changes with both disturbance location
and size. For a disturbance location closer to the
transmitter, the amplitude pattern width is wider,
as discussed before in connection with Figure 2. It
is interesting to note that for a <~ 50 kilometers,
the amplitude pattern width increases with decreas-
ing a. whereas for a >~ 50 kilometers, the amplitude
pattern width increases with increasing a. For dis-
turbances with very small size (a—0), there should
be isotropic scattering, so that the amplitude would
be constant if we assume do—d; >> « and the ampli-
tude pattern width would be very large, which is why
the amplitude pattern width increases as a—0. On
the other hand, if the disturbance size is very large,
and aa >> 1, then all points on the screen will be
in the near field of the scattering region and the am-

~15(
E
=
81
QO
g
a3

1000 1500 , 2000 2500 3000

Distance fronz Receiver(km)
a)
204

=150
E
=
@ 100
©
&
S 50\@\

1000 1500 2000 2500 3000

Distance frombl)?eceiver(km)
(

Figure 4. Width of amplitude and phase patterns of the
scattered fields divided by the unperturbed fields across
the screen as a function of the disturbance location and
size.
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plitude pattern width will also be very large. As an
extreme case, if a — oo, only forward scatter occurs,
all of the beams are parallel to each other and the
pattern width is infinite. The behavior of the phase
pattern width in Figure 4b is similar to the upper
part of Figure 4a. For a disturbance location closer
to the transmitter, the phase pattern width is wider,
as it also is for larger disturbance sizes. It is clear
from the dependences summarized in Figure 4 that if
we know both the amplitude and the phase pattern
widths from measurements along the hologram strip,
we can determine the disturbance location and size.
One way this can be achieved graphically is by simply
overlapping Figure 4a and Figure 4b and determin-
ing the crossing points of contour lines corresponding
to the measured pattern widths.

4. A Case Study: NSS-Stanford

We now undertake a case study by numerical so-
lution of the propagation along a realistic great cir-
cle path with signal amplitude and phase measured
along a holographic strip. For this purpose, we use
the three-dimensional multimode VLF propagation
code recently developed at Stanford [Poulsen et al.,
1993a). As a representative case, we choose NSS (39°
N, 76° W; Annapolis, Maryland, 21.4 kHz) as the
transmitter and SU (Stanford University, 37° N, 122°
W) to be the first receiver (R1) in our holographic
array, which is taken to be perpendicular to the NSS-
Stanford path (Figure 5). The path of the VLF sig-
nal in this geometry mainly crosses the southern part
of the United States, so that the ground plane con-
ductivity is relatively uniform except for mountains
on the west side. Using the model, we carry out
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X

Figure 5. Description of the disturbances of different
size and locations used in the numerical simulation. Lo-
cations A, B, C, D, and E are on the great circle path
between the transmitter (T) and the receiver (R) and
are located at fractional distances from the transmitter
of 2/8, 3/8, 4/8, 5/8, and 6/8. Three different diameters
(100, 200, and 300 kilometers) are considered.
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Figure 6. The altitude profile of the electron density and
the collision frequency used in this paper. The profiles 1,
2, and 3 span the range of disturbance profiles expected
in lightning induced electron precipitation events.

calculations of the amplitude and phase patterns as
would be observed along the strip for different dis-
turbance sizes, and locations, as well as electron den-
sity and temperature profiles within the disturbance,
to assess the circumstances under which information
about the disturbance size and location can be in-
ferred from measurements along the strip.

4.1. Dependence on the Disturbance Location

For fixed disturbance size and given disturbance
electron density and temperature profiles we investi-
gate the dependence of the received amplitude and
phase on the location of ionospheric disturbance along
the great circle path (NSS-SU). For this purpose, we
consider five different disturbance locations at frac-
tional distances of 2/8,3/8,4/8,5/8,6/8, (labeled,
respectively, A, B, C, D, and E} from the NSS trans-
mitter, as shown in Figure 5. We assume the lower
ionosphere everywhere along the path to be as shown
in Figure 6 and the electron density profile within the
disturbance to be profile 1, as shown in Figure 6a.
The ambient collision frequency profile was taken to
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be that in Figure 6b. We obtain results for three
different sizes of the disturbance region diameter,
namely 100, 200, and 300 kilometers. The numer-
ical results are shown in Figure 7a for the amplitude
response and Figure 7b for the phase response along
the strip. The quantities plotted are the amplitude
and phase of the scattered field as a function of the
distance along the strip.

The relation between the amplitude pattern width
(or phase pattern width) and the disturbance loca-
tion are quite apparent from Figures 7a and 7b. Note
that the maximum of the scattered field does not
change significantly with the disturbance location.
Although in principle this behavior might seem to
imply that the maximum scattered field amplitude
may be used to determine disturbance size, in prac-
tice this is not possible since the absolute value of the
signal amplitude change varies from event to event,
being dependent on many factors such as the light-
ning intensity, and the precipitation flux level.

Last, we compare the results here with those in
Figure 4b. We need to transform the data in Fig-
ure 7b (which represents the phase of the scattered
field) to express it in terms of the phase of the ra-
tio of the scattered field divided by the unperturbed
field in order to directly compare it with Figure 4b,
since the unperturbed field is not constant along the
holographic strip. Such a transformation results in
Figure 7c. Note that in Figure 4b, as the distur-
bance size a approaches 200 kilometers, the contours
are very close to each other, meaning that the phase
pattern width increases rapidly with increasing a. A
large phase pattern width indicates that the phase it-
self changes slowly along the holographic strip. Such
a behavior is consistent with the results we have
in Figure 7c, where phase changes relatively slowly
along the strip and almost becomes a horizontal line
when the disturbance diameter approaches 200 kilo-
meters or more.

4.2. Dependence on the Disturbance Size

We now consider fixed disturbance locations and
electron density and temperature profiles but vary
the disturbance size. We choose the same electron
density and temperature profiles as shown before in
Figure 6, and carry out calculations for three differ-
ent disturbance diameters, namely 100, 200, and 300
kilometers each for three different disturbance loca-
tions A, C, and E (Figure 5). The results of the
amplitude and phase responses along the strip are
shown respectively in Figures 8a and 8b. Note that

the amplitude pattern width does not change signif-
icantly but the absolute value of the scattered field
is higher for larger disturbances at the same loca-
tion. Such behavior is entirely expected as a larger
disturbance diffracts more power from the direct sig-
nal to a receiver position along the strip. As for
the almost constant width of the amplitude response,
it appears that we can conclude that the amplitude
pattern width alone is enough to determine the lo-
cation of the disturbance for the case in hand. Once
we determine the location from the amplitude pat-
tern width, we can use the phase response separately
to determine the disturbance size. Note that we do
not use the absolute amplitude value to determine
the disturbance size since the absolute amplitude of
the scattered field nearly proportionally depends on
many other parameters (e.g., intensity of lightning,
etc.) and varies from event to event. Also note that
the phase width in Figure 8b is also proportional to
the disturbance size. The larger the disturbance re-
gion, the wider the phase width and the slower the
phase changes along the strip.

In section 2, we discussed the fact that the assump-
tion made by Dowden and Adams [1990], namely that
the phase of the scattered field is independent of scat-
tering angle and disturbance size, is generally not
true. That this is the case is quite clear from Fig-
ure 8b, which shows that for disturbances of different
sizes 100, 200, and 300 kilometers, the absolute value
of the received phase change at any specific location
is quite different (for example, 200 kilometers off the
symmetry point on the strip, the phase difference can
be over 100°). It thus appears that the phase of the
scattered field changes not only due to propagation
distance but also due to the disturbance location and
size.

4.3. Dependence on the Electron Density and
Temperature Profiles

In earlier sections, we assumed that the ampli-
tude and phase pattern widths are independent of
the electron density and temperature profiles within
the disturbance region and that the physical makeup
of the disturbance can be decoupled from location
and size. With the numerical model in hand, we
are now in a position to quantitatively assess the
validity of this assumption. For this purpose, we
consider the three different disturbed region electron
density profiles shown as profiles 1, 2, and 3, in Fig-
ure 6a, and assume a fixed collision frequency pro-
file, as given in Figure 6b. We carry out calcula-
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Figure 7. Numerical simulation results of (a) amplitude of the scattered field, (b) phase of the scattered
field, and (c) the ratio of the phase of the scattered field versus the unperturbed field as functions of
transverse distance along the hologram strip. Results are shown for three different disturbance diameters,
100, 200, and 300 kilometers. A, B, C, D, and E correspond to the five different disturbance locations

shown in Figure 5.
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Figure 8. Numerical simulation results of (a) amplitude of the scattered field and (b) phase of the
scattered field as functions of transverse distance along the hologram strip. Results for three different
locations, A, C, and E (Figure 5), are shown for disturbance diameter of 100, 200, 300 kilometers as

indicated.

tions for a fixed disturbance size of 100 kilometers
diameter and for disturbance locations A, C, and E
as shown in Figure 5. The resulting amplitude and
phase pattern are shown respectively in Figures 9a
and 9b. According to these, it is apparent that the
amplitude pattern widths are essentially independent
of the electron density profiles. Disturbances repre-
senting larger electron density changes (as, for exam-
ple, would be expected for LEP bursts with higher
peak fluxes), such as profile 1, result in larger scat-
tered field amplitudes, as expected. Furthermore,
the phase pattern width also appears to be indepen-
dent of the electron density profile, confirming our
earlier assumptions.

5. Discussion

Our results above indicate that the amplitude and
phase patterns as measured along the holographic
strip allow us to determine the disturbance loca-
tion and size, nearly independently of the physical
makeup of the disturbance. However, in order to be

able to measure the pattern widths, we need to deter-
mine the symmetry point (i.e., the point of maximum
amplitude) along the strip, which in turn indicates
the need to measure the scattered signal along the
entire strip. However, in practice, we can only make
measurements at discrete points. By analyzing the
scattered signal in the spatial frequency domain, we
conclude (see below) that receiving sites with 50 kilo-
meters separation would be sufficient to fully recover
the signal variation along the strip. If stations are
farther apart or if the strip is not long enough, we
will have incomplete information. If receivers are too
close to each other, we will have redundant informa-
tion.

In order to determine the required receiver sepa-
ration, we can apply a spatial Fourier transforma-
tion to the complex signal with amplitude and phase
as given respectively in Figures 7a and Tb. The re-
sults of such a transformation are shown in Figure 10.
Note that for disturbances at the same location, the
larger the disturbance size, the narrower the spatial
bandwidth, as expected. Also note that for a distur-
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Figure 9. Numerical simulation results of (a) amplitude of the scattered field, and (b) phase of the
scattered field as functions of transverse distance along the hologram strip. Results for three different
locations, A, C, and E (Figure 5), are shown, for disturbance profiles of 1, 2, and 3 (Figure 6).

bance of the same size, the closer the disturbance to
the transmitter, the broader the spatial bandwidth,
although the amplitude and phase pattern widths are
also larger for those disturbances closer to the trans-
mitters. From Figure 7, we see that the curves la-
beled D and E are always smoother than those curves
labeled A and B, in other words, the amplitude pat-
terns for the D and E cases (which are farther from
the transmitter) have a narrower spatial bandwidth.
If we consider only the portion of the spectral ampli-
tudes greater than 0.05 times maximum amplitude
(which is the minimum measurable scattering signal
if we assume the maximum scattering signal is 20-dB
weaker than the total VLF signal), a spatial band-
width of 0.01 km~! appears to be wide enough in
most cases, especially when we are interested in those
disturbances which are closer to the receiving station.
The spatial sampling rate should then be higher than
twice the bandwidth, or 0.02 km~!, so that receiving
sites should be separated by 50 kilometers or less in
order to fully recover the original hologram. From
Figure 7a we see that the signal becomes negligibly
small at receiving points at distances > 400 kilome-

ters from the symmetry point along the strip. Be-
cause of symmetry of the amplitude pattern along
the strip, we only have to measure signals around
the center point and at either side of it. This means
that seven or eight stations would be sufficient for
holographic imaging of the ionospheric disturbance.
However, we need to remember that this is a lower
limit, since it only covers those disturbances which
occur along a single line (the great circle path from
NSS to SU). The longer the holography strip, the
broader a region that can be monitored.

If we compare the results of the simplified ana-
lytic solution to the numerical modeling results of
the previous section, we see some interesting differ-
ences. The discrepancies are largely because of the
fact that the simplified model only considers a sin-
gle waveguide mode and neglects the variations of
ground conductivity.

In this paper, we have considered only cases of dis-
turbances with circular horizontal cross-section and
Gaussian profiles. However, our results can be read-
ily generalized to the case of Gaussian profiles with
elliptical cross sections using the results of Poulsen et
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Figure 10. The spatial Fourier transform of the complex
signal with amplitude from Figure 7a, and phase from
Figure 7b. The amplitude of the spectrum has been nor-
malized to 1 at zero spatial frequency. A, B, C, D, and
E represent the five different disturbance locations, as
shown in Figure 5. Results are given for three different
disturbance diameters, 100, 200, and 300 kilometers, as
indicated.

al. [1990, appendix]. Assuming that either the minor
or major axis of the ellipse is parallel to the screen,
we find that (1), for example, still applies but the
parameter a is now interpreted as the width of the
ellipse perpendicular to the great circle path between
the transmitter and screen. The axis of the ellipse
parallel to this great circle path a;, affects the mag-
nitude of the scattered signal, but not the radiation
pattern of the scatterer. Therefore the amplitude
and phase pattern shapes along the screen allow the
determination of a but not a;. In general, in order
to determine the two dimensional cross section of an
arbitrary disturbance, two orthogonal screens would
be required. These should be separated and placed
in such a way as to monitor a region, such as the
midwestern United States, where LEP disturbances
are Very common.

Our assumption of a Gaussian profile for the dis-
turbances is not critical. The radiation patterns of

a few non-Gaussian disturbances are considered by
Poulsen et al [1993b]. As long as the disturbance is
a number of wavelengths in a cross section, the side-
lobes of the radiation pattern are generally negligible.
Furthermore, the width of the radiation pattern does
not depend markedly upon the disturbance profile.

6. Conclusion

In analyzing the inherently complicated problem
of VLF signal propagation in the Earth-ionosphere
waveguide in the presence of localized disturbances,
we have identified two measurable factors: amplitude
and phase pattern widths, which are relatively sim-
ply related to the ionospheric disturbance size and
location but relatively independent of electron den-
sity and temperature profiles in the disturbance re-
gion. It thus apprears that the amplitude and phase
patterns measured along a holographic strip provide
one-dimensional boundary conditions for this two-
dimensional electromagnetic problem regardless of
the third dimension in the vertical direction. This de-
coupling of otherwise mixed parameters offers promise
for direct assessment of the size and location of
ionospheric disturbances produced by lightning dis-
charges.

Appendix: Correction for a
Nonuniform and Noncollinear
Receiver Distribution Along the
Hologram Strip

We have shown how a set of receivers deployed
along a holographic strip perpendicular to the VLF
propagation path can be used to measure the ampli-
tude and phase pattern widths. In this Appendix, we
show that the receivers do not have to be deployed
along a straight line since corrections can be made
to the scattered signal amplitude and phases in order
to estimate the pattern width along a strip.

As shown in Figure Al, for any transmitting station
T, and for any strip AB, we can always find a great
circle path (GCP) GT which connects the transmit-
ter and the strip and which is perpendicular to the
strip. In general, the resultant area of coverage may
turn out to be very small, although we do not have
to make any corrections for receivers not being along
the same line. The following procedure would allow
the least amount of estimation and also provide max-
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Figure Al. For any strip we can atways find a GCP from
transmitter T to the strip which is perpendicular to the strip.

(3

imum coverage: (1). Draw a GCP from T to each
clement antenna, as shown in Figure A2. (2) Find
a strip which is perpendicular to all the GCPs and
which minimizes |ai|+ |az] + las[+ ... - (3) Estimate
the signal received on the strip to be e;s -exp(xjka;)
where e, 1s the scattered field received on element
antenna ¢ and the plus corresponds to the situation
when the distance from the transmitter to the loca-
tion along the strip is shorter than that to the an-
tenna element. (Note that the different waveguide
modes all travel roughly at the same speed of light,
so that over short distances such as a;, the phasors
of different modes would maintain the same relation-
ship with respect to one another.) (4) Assuming that
the length of the strip 1s I, the number of antenna ele-
ments is n, and that & respresents the distance along
the strip, substitute the signals received at n stations
on the strip corresponding to n different nonequally
spaced z values into the following equation:

1 ]
r—1

where A, is the signal received at n equally spaced
antenna along the strip. This procedure leads to n
equations in terms of n unknowns A;. After solving
for A,, (A1) provides an estimate of the signal as it
would have been measured on the strip. (If the signal
to noise ratio S/N is high enough, we can perfectly
recover the signal on the strip. If receiving stations
are far from equally spaced, we need S/N to be even
higher to recover the original signal on the strip.)
Note that the extra distances we calculated above
are those of the unperturbed waves, not those of the
scattered waves. The extra distances that the scat-
tered waves travelled should be calculated from the

(A1)

es(z) = Z A; - sinc [n;

1=—00

Figure A2. Steps (1),2) of procedure to estimate an
approximate strip.

scattering center. Although the location of the D
region disturbance is not known, the directions of
the unperturbed wave and the scattered wave are
almost parallel (less than +20°), and the extra dis-
tances are much smaller than the total distance that
the scattered wave travels. Thus we can use the extra
distances calculated from the transmitter to approx-
imately estimate those from the scattering center.
For this, we can start with an approximate scatter-
ing center location and after several iterations, the
result will converge to the correct location of the D
region disturbance.
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