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Siple Station, Antarctica, Experiments on Staircase Frequency Ramps

as Approximations to Continuous Ramps

T. A. MIELKE AND R. A. HELLIWELL

Space, Telecommunications and Radioscience Laboratory, Stanford University, Stanford, California

VLF wave growth and emission triggering in the magnetosphere are known to depend on the coherence of
the input signal. In these experiments the input signal may take the form of a constant frequency pulse (1 s
duration) or a linearly chirped pulse (also 1 s duration) with a frequency ramp (1000 Hz/s) of either positive
or negative slope. When a frequency ramp of 1000 Hz/s is approximated by a contiguous sequence of short,
constant frequency steps, the growth behavior is unchanged for step durations less than 25 ms. For a step
duration of 25 ms, the behavior more nearly resembles that of a pure ramp, but some evidence of individual step
growth can be seen. For step durations of 50 ms and 100 ms, growth is relatively small and is confined to each
individual step, with little coupling between steps. Rising ramps generally show more growth than falling ramps
of similar step size and average slope, confirming earlier observations. An equivalent “sawtooth” frequency
variation with an average slope of zero and a step size of 25 ms behaves much like a constant frequency pulse.
An interpretation of the response to step size can be found in the theory of second-order resonance, where the
spatial rates of change of the electron gyrofrequency and the Doppler-shifted wave frequency are equal. This
theory also accounts for the p'ewously observed “dot-dash” anomaly, where a long constant frequency pulse

shows much more growth and emission triggering than a short pulse.

INTRODUCTION

Whistler mode waves injected at Siple Station, Antarctica, are
often received at Roberval or Lake Mistissini, Quebec (near the
north magnetic conjugate point), showing evidence of nonlinear
amplification [Carlson et al., 1985]. Such amplification is pre-
sumably due to interaction with energetic electrons in the mag-
netosphere. The process, sometimes called the coherent wave
instability (CWI) [Helliwell et al., 1980; Carlson et al., 1990],
is sketched in Figure 1. The detailed nature of this interaction
is uncertain, but the data reported in this paper support previous
suggestions that electron cyclotron resonance is the underlying
mechanism. Earlier studies, assuming both cyclotron resonance
and wave fields that are strong enough to cause particle trapping
[Dysthe, 1971; Nunn, 1974; Dowden et al., 1978], were able to
reproduce some of the features of the CWIL. More recent work
[Carlson et al., 1990] found wave amplification with cyclotron
resonance even for signals much too weak to cause particle trap-
ping. All of this previous work has been hampered by computing
resources inadequate to fully simulate the wave-particle interac-
tion, and by a paucity of in-situ data which could rigorously verify
the consequent approximations. The experiment reported here was
designed to test the cyclotron resonance hypothesis; it does not
appear to provide any obvious test of the strong-versus-wcak field
controversy.

EXPERIMENTAL DATA

Data on the response of the magnetosphere to various rising
frequency staircases are given in Figure 2, which shows dynamic
spectra and amplitudes of both the Siple Station transmitter format
and the signals as received at Lake Mistissini. The step durations
used were 1 ms (equivalent to a 1-kHz/s frequency ramp), 10 ms,
25 ms, 50 ms, and 100 ms. Despite interference from atmospher-
ics, two important features in the received signal are apparent.
First, the received signal shows exponential amplitude growth (ap-
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proximately 30-dB/s growth rate) up to a saturation level (about
25 dB) despite a constant amplitude transmitted signal on the first
three frequency staircases. Second, on the first two staircases
a free-running emission (visible on the received spectra) is trig-
gered at pulse termination. The last (and coarsest) two staircases
show little evidence of either exponential growth or emissions. It
might be noted that the 10-ms and 25-ms staircases show lower
growth rates than the 1-ms staircase. This may be due to progres-
sively weaker wave-particle interactions for progressively coarser
approximations to a frequency ramp.

Figure 3 (falling frequency staircases) shows essentially the
same behavior as Figure 2. Growth and emissions are present
on the first two staircases (1-ms and 10-ms step durations), and
growth is present on the third staircase (25-ms step duration), but
neither growth nor emissions are apparent on the last two (50-
ms and 100-ms step durations), which are almost invisible in the
spectra. Interference from sferics and emissions prevents deter-
mination of growth rates.

For step sizes greater than 50 ms a staircase appears to be
too crude an approximation of a frequency ramp to exhibit the
coherent wave instability. Comparison of Figures 2 and 3 shows
that the major change from rising to falling frequency ramps is that
saturated power is slightly reduced (about 20 dB versus 25 dB).
Such moderate fluctuations in received power at Lake Mistissini
are common and may relate to ionospheric absorption variations.

In Figure 4 (constant average frequency pulses) the rising and
falling sawtooth pulses (made up of contiguous 25-ms-long 1-
kHz/s frequency ramps) show only slightly less growth (27 dB
and 24 dB, respectively) than the constant frequency pulse (30
dB), while all show similar emission triggering. The fact that the
sawtooth pulses are about as good an approximation to the con-
stant frequency pulse as the 25-ms staircases are to the frequency
ramps is consistent with the previous data.

Figure 5 shows a diagnostic sequence (for monitoring propaga-
tion and growth) transmitted 50 s after the coherence experiment.
This example illustrates the effect of pulse length on growth, first
observed on Morse code signals and called the “dot-dash anomaly”
[Helliwell and Katsufrakis, 1974; Helliwell et al., 1964]. The 2-
s-long constant frequency pulse shows growth and emission trig-
gering, but the 200-ms-long constant frequency pulses show no
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triggering and much less growth. While the 200-ms pulses are
staggered in time so as to form a staircase, examination of the re-
ceived spectra clearly shows each step is independent of adjacent
steps.

SECOND-ORDER RESONANCE THEORY

It is commonly believed that wave growth comes about through
interaction with energetic electrons in the magnetosphere. Both
electron motion and whistler mode waves in the magnetosphere
have characteristic helical structures, sketched in Figure 1. The
axis of the electron helix follows a magnetic field line of the Earth,
but that of the wave may deviate slightly. The pitch of the helix
is a function of position on the magnetic field line. Where the
wave and electron match in pitch, the electron sees a constant
(rather than oscillating) electric field due to the wave, and at that
location the strongest wave-particle interaction should occur. This
condition corresponds to *first-order resonance”. As Figure 1
shows, the helix described by electron motion stretches along the
axis as the electron approaches the equator. Conversely, the helix
described by the whistler mode wave becomes compressed as the
wave approaches the equator. Thus, the length of magnetic field
line over which strong interaction occurs will depend on how
rapidly the two helices diverge in pitch. A measure of the length
over which strong interaction takes place can be obtained from
the “second-order resonance” condition, the derivation of which
is straightforward.

At location s on a magnetic field line of the Earth, an electron
moving along the field line with a velocity v)| encounters a ducted
whistler mode wave at a frequency f and phase velocity vp. In
a reference frame moving along the field line at v)| the electron
executes a circular motion at the local gyrofrequency fg while
the electric field of the whistler mode wave executes a circular
motion at the Doppler-shifted wave frequency f' = f(1 + Y| [vp).
With s being distance along the field line in the direction of v,
the gyrofrequency and Doppler-shifted wave frequency can each
be expanded in a Taylor series:

d 142
Ta() = fH|so + %laoAs + ETf;{hoA’z + a1
af' 1(12 !
f'(s) = fllso + %Isom + E#I,OAsz +... (2)

For first-order resonance the first terms of the two Taylor series
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are equal; for second-order resonance the second terms of the two
Taylor series are also equal.

The phase deviation over a distance As between the perpendic-
ular velocity v of the resonant electron and the electric field of
the wave can be expressed as

A321l' /
0~ / 25 (fa(s) — £(s))ds ®)
o Y

When this phase deviation reaches = /2 the coherent interaction
between electron and wave is considered to end. Twice As is
designated the “interaction length” I; [Helliwell, 1967]. A short
interaction length should lead to a weak interaction, and a long
interaction length to an extended and therefore strong interaction,
all else being equal.

Another quantity of interest is the length of field line along
which the electron encounters a wave pulse of duration 7. This
“encounter length” might be greater than or less than the inter-
action length depending on pulse duration. A short pulse, with
a correspondingly short encounter length, is expected to interact
only weakly with the electron. Where v, is the wave group ve-
locity, this encounter length l. is given by

T

le = I/‘UHT/’Ug (4)

If the transmitted pulse is a frequency staircase or sawtooth
instead of a frequency ramp or constant frequency pulse, the in-
stantaneous phase deviation 8; (relative to a resonant ramp or
constant frequency pulse of the same average df /dt) will depend
on the step length. If 4; is small, the staircase or sawtooth should
behave like a slightly perturbed resonant pulse. The quantity 6;
can be calculated from the expression for 4, using the instanta-
neous rather than the average pulse frequency.

ANALYTIC FORMULAS

An analytical form for second-order resonance and interaction
lengths, applicable at or very near the equator, was developed in
the paper which introduced the second-order resonance concept
[Helliwell, 1967, 1970]. Numerical modeling has been used to
examine some aspects of the theory (but not interaction lengths)
over a wide range of electron pitch angles and magnetic latitudes
at an L shell of 4.5 [Carlson et al., 1985]. This section presents
extended analytic results useful within about 10° of the equator.

For a dipole field model and a nonrelativistic electron [Roed-
erer, 1970; Helliwell, 1965], the gyrofrequency fy, equatorial
gyrofrequency fg.,, equatorial plasma frequency fp.,, electron
pitch angle a, group velocity vy, and phase velocity v, (for a
wave propagating parallel to Byg) are given by

(4 — 3cos? ¢)1/2

cos8 ¢

@) =fH )

873.6
fHeq = —LT- kHz (6)

foeq = 8.9775,/ficg kHz with electron density neq in cm™> (7)
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staircase and 100-ms staircase do not. Note that on this and subsequent specira ihe frequency resolution is 20 Hz, so only the

50-ms and 100-ms slaircase steps arc clearly resolved. The 200-ms constant frequency pulses at 5 kHz provide timing data.

Spectral intensity is indicated by a gray scale. mummmmﬁmu@ummdmmmmm

the slowly varying carrier frequency. mwumu&iuﬁMWamumdhy(eﬂu t

- fu .o where A = f/ fi and o4 is the cquatorial pitch angle.
sma = sSIn” eq @ Within about 10° of the geomagnetic equator the plasma fre-
quency fp can be taken as constant [Park, 1972], and reason-
fa a2 12 ably simple forms of the Taylor seriescgnﬁeobta.iped. The
v =¢'}-A 1-A) (®)  results presented here also assume that the wave frequency varies
2 linearly with time. The value of df/dt will vary with posi-
vg ,,zc-fHAiﬁ(l_ A2 (10) tion along the propagation path due to dispersion, but the vari-
7;_ ation of frequency with time is assumed to remain linear. At
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staircases show magnetospheric growth, but the 50-ms
appears to act as a sequence of independent CW pulses.)
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Fig. 5. Example of the “dot-dash anomaly”. The CW power ramp and the — 1-kHz/s frequency ramp both grow and reach
saturation. The reduced power frequency ramp is below threshold and does not grow. Only the second and third 200-ms steps
in the frequency staircase can be identified. Both show growth but do not reach saturation.

L =~ 4.5 and df/dt ~ 1 kHz/s (the conditions of the Stair Co-  dition f' = fy to simplify the algebra but do not specify any
herence experiment, abbreviated STACO) this is reasonable. For  other implicit relationship. With these caveats we obtain

df /dt > 10 kHz/s, dispersion introduces significent curvature, .
and a more complicated analysis is required. The formulas for & _ s, 3sind®— Scos’4) an
df’ /ds and d*f'/ds? make use of the first-order resonance con- ds Reg cos (4 — 3cos? )
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d* fg , 3(3+36sin’¢ + 118sin’ ¢ + 75sin’ )
a2 ~TH R2,(1 +35in® §)2 12)
with Req = LRE = L(6371 km), and

df' df (1+20%  dfg1+(1—Aan’e a3)

ds T dLdA(1—A)  ds 2
df'  d*fg1+(1-Atan’a
ds? = ds? 2

(Hupd=N1-Q- A)tan® o
i Afa(1-A)

_ dfg df (1+2A)[3(1 +2A) +2(1 — A)* tan® 0]
ds dt 8fmvpA(l — AP
s 2A)%(1 — 4A)
) 16fv3A2(1 - AP

14
Dispersion will alter the slope of a transmitted frequency ramp.
To calculate this effect, the group delay from Siple Station to the
equator (Ate,) [Bernard, 1973] is differentiated with respect to
frequency. Within about 10° of the equator, propagation over an
additional distance s from the equator introduces an additional
group delay (Ats) which is also differentiated with respect to fre-
quency. The resulting slope changes are

d(Ateg) in
I T RGTIN P (= Al P
[(1+A)B3An — fn/f) - BAa = 1)1 +Anf/fn)(]ls)

where An = fn/fH., With fn
denoting nose delay, and

denoting nose frequency and iy,

d(Ats) _ Speq Regd
4 acpizg? a- s/ sm, )5/2

1-8f/fu,, — 8/ fu., )’]
1= f/fH.,
(16)

The slope of a transmitted frequency ramp at a location s is then
given by

(=1 +4f/fH,, + ¢2

af d(Ateg)+d(At.)+ 1 1!
dat - daf df Mpx

an

where Mrx = df /dt at the transmitter.

At a location s, application of the second-order resonance con-
dition df’/ds = df iy /ds requires a choice of electron pitch angle
a. The second-order resonance condition is not very sensitive to
electron pitch angle for o < 45°. Accordingly, loss cone elec-
trons were selected in order to minimize assumptions about the
electron distribution function. The magnetosphere contains a di-
verse population of energetic particles. This leads to a theorem
which might be phrased as “anything you want will be there”.
In this case, electrons slightly more energetic than the resonant
electrons are expected to give up energy to the wave and provide
growth while slightly less energetic electrons are expected to be
accelerated by the wave and produce damping. Electrons far from
resonance should interact only weakly with the wave and can be
neglected. An unfortunate corollary to the above theorem might
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be stated “all the stuff you don’t want will be there too”; thus as
lower energy electrons are typically more numerous than higher
energy electrons, damping should be expected. A way out of this
difficulty is to select resonant electrons at the loss cone, assumed
to be empty. In that case for a given resonant v||, only electrons
with v) greater than that of the resonant electrons will be present.
Thus the resonant electrons are taken to have pitch angles given
by [Roederer, 1970]

1

S S— 18
L3\/4-3]L 8

sin2 acq =

An alternative wave-particle interaction mechanism is possi-
ble between a costreaming electron and the whistler mode wave
when the electron v equals wave phase velocity vp (Landau res-
onance) [Brice, 1966] Here again the electron sees an essentially
constant field, and if a longitudinal wave E field exists (which
is to be expected in a ducted whistler mode wave, analogous to
light propagaﬁon in a fiber-optic cable) a strong interaction can
occur. As | is greatest at the equator (a dipole field is assumed)
while vp is minimum there, such a costreammg interaction can
occur over only a limited region. By expressing both vp and v
in Taylor series and matching terms in the respective series one
can estimate the location and extent of the interaction region in
a manner analogous to that used for the gyroresonance case. An
important difference between the longitudinal and gyroresonance
cases is that gyroresonance places far more stringent restrictions
on wave coherence. The gyroresonant (counterstreaming) electron
“sees” hundreds of cycles of the wave as it traverses its interac-
tion region, and if wave coherence fails then the interaction is
prematurely ended. In contrast, the Landau resonant (costream-
ing) electron “sees” only a single point of the wave. The length
of the interaction region can in fact be defined by those locations
at which the electron has “slipped” relative to the wave by a quar-
ter wavelength (+A/4). In the Landau resonance case therefore
staircase step length and pulse length (for steps and pulses longer
than one wavelength) are unimportant to the interaction. Since
the “dot-dash anomaly” shows experimentally that pulse length is
important in the coherent wave instability, Landau resonance is
presumably not the cause.

COMPARISON OF DATA AND THEORY

The STACO format (a variety of constant frequency pulses,
linear frequency ramps, frequency staircases, and frequency saw-
tooth pulses) was transmitted from Siple Station, Antarctica, and
received at Lake Mistissini (near Roberval, Quebec) on July 25,
1986. It provides an excellent test of the first~- and second-order
resonance concepts. Measurements of frequency and time delay
of the received signal [Ho and Bernard, 1973], combined with a
diffusive equilibrium magnetospheric model [Park, 1972}, yielded
the propagation parameters L shell = 4.5 and neg = 530 cm™3
With these parameters and the transmitted signal characteristics
(f = 3.8 kHz and df /dt = +1 kHuzs, -1 kHzss, or 0 kHzss) it
was possible to determine the second-order resonance locations.
Loss cone electrons were assumed. The regions of second-order
resonance were located at the geomagnetic latitudes of —5.684°
for the +1-kHz/s ramps, +6.005° for the —1-kHz/s ramps, and
0° for the constant frequency pulses. Interaction lengths I; were
calculated to be about 900 km, while the encounter length . for
al-s pulse was calculated to be about 5000 km. This prediction
of strong interaction between coherent whistler mode waves and
energetic electrons fits with the growth and emissions seen on the
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frequency ramps and constant frequency pulse.

Encounter lengths were also calculated for the individual steps
of the frequency staircases and sawtooth pulses. The greatest
step encounter length was 460 km for the 100-ms staircase pulse
(Figures 2 and 3), considerably less than the interaction length.
This suggests weak wave-particle interaction for a single isolated
step even for the longest steps. In the data the 100-ms steps do not
seem to be coupled to adjacent steps and are also much weaker
than the 1-s pulses.

For the 200-ms pulse in the diagnostic sequence (Figure 5) the
encounter length is about equal to the interaction length. It would
appear that an encounter length somewhat greater than the interac-
tion length is required to produce growth to saturation and emis-
sion ftriggering. Based on extrapolation of the observed growth
rate and on the saturated power level of the 2-s pulse, the required
ratio of encounter length to interaction length is around 2-3, cor-
responding in this instance to a 400-600 ms pulse length. These
data are summarized in Table 1.

Examination of the instantaneous phase deviation of the 50-ms
and greater staircase pulses gives a reason for the uncoupling of
adjacent steps. The maximum instantaneous phase deviation was
calculated for all frequency staircases and sawtooth pulses. For
steps of 1, 10, 25, 50, and 100 ms the corresponding maximum
6; were 0.0003x, 0.03x, 0.17x, 0.67x, and 2.7x respectively. As
these data show, maximum 8; exceeded x/2 only for the 50-ms
and 100-ms staircases. These staircases are therefore expected
to show weak interactions with energetic electrons and indeed
are much weaker than the other pulses when received at Lake
Mistissini. These data are summarized in Table 2.

In the cases shown in Figures 2, 3, 4, and 5 (July 25, 1986,
1130-1132 UT) the second-order resonance theory explains why
the rising frequency ramps, rising frequency staircases with mod-
est step length, falling frequency ramps, falling frequency stair-
cases with modest step length, sawtooth, and constant frequency
pulses transmitted from Siple Station all showed similar magneto-
spheric growth. It also explains why the coarser frequency stair-
cases showed little magnetospheric growth. Frequently, however,
behavior such as that of Figure 6 (October 8, 1986, 1147-1148
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kHz LM
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Fig. 6. The rising frequency staircases (2.98 kHz 1o 3.98 kHz) with step
durations less than 50 ms (top panel, like those of Figure 2) show growth
and emissions on at least three paths. The constant frequency pulses
(3.48 kHz) and 25-ms sawtooth pulses (bottom panel, like those of Figure
4) also show growth and emissions on multiple paths (the multiplicity of
paths causes the extension of the received pulse length). Falling frequency
staircases (3.98 kHz to 2.98 kHz) (middle panel, like those of Figure 3)
show less growth.

TABLE 1. Interaction Lengths and Encounter Lengths for CW Pulses

Interaction Encounter
Signal Length ;, km Length le, km le/; Observations
2-s CW power ramp 920 9200 9200/920 = 10 growth and triggering (Figure 5)
1-s CW pulse 920 4600 4600/920 =5 growth and triggering (Figure 4)
200-ms CW pulse 920 920 920/920=1 growth, no triggering (Figure 5)
100-ms CW pulse 920 460 460/920 = 1/2 no apparent growth (Figures 2, 3)
50-ms CW pulse 920 230 230/920 = 1/4 no apparent growth (Figures 2, 3)
TABLE 2. Phase Deviations of Frequency Staircases
Relative to a Resonant Frequency Ramp
Maximum Instantaneous
Signal Phase Deviation 6; 0;/(x/2) Observations
1-ms stair 0.0003 = 0.05° 0.0006 growth and triggering (Figures 2, 3, 5)
10-ms stair 0.03x = 54° 0.06 growth and triggering (Figures 2, 3)
25-ms stair 0.17x = 30° 0.34 growth, no triggering (Figures 2, 3)
50-ms stair 0.67x = 120° 1.34 no apparent growth (Figures 2, 3)
100-ms stair 2.7x = 490° 54 no -apparent growth (Figures 2, 3)
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UT) is seen. Here the constant frequency pulses and rising fre-
quency ramps show much stronger magnetospheric growth than
the falling frequency ramps. Second-order resonance theory pre-
dicts near symmetry for rising and falling frequency ramps. Rea-
sons for the observed preferential magnetospheric growth of ris-
ing frequency ramps versus falling frequency ramps are not clear.
Factors that may be important in this connection, but are outside
the scope of this paper, are the effect of the actual f(t) shape of
the ramp in the interaction region and the variation of the temporal
growth rate with frequency that could affect the relative overall
growth of rising and falling ramps.

CONCLUSION

Experimental evidence supports identification of the electron
cyclotron interaction as the underlying process for nonlinear wave
growth and emission triggering in the magnetosphere. Based on
this wave-particle interaction, second-order resonance theory pre-
dicts the observed relative growth of coarse versus fine frequency
staircases. It also predicts the observed relative growth of short
versus long constant frequency pulses (“dot-dash anomaly”). An
additional feature of the experimental data is that rising frequency
ramps often grow more than falling frequency ramps. A theo-
retical explanation of this preference for rising ramps is not yet
available.
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