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Abstract. Man-made whistler-mode waves (WM)
in the magnetosphere can interact with other WM
waves at nearby frequencies. This interaction
must involve nonlinear processes because linear
mechanisms cannot explain energy exchange be-
tween waves at different frequencies. Using the
Siple VLF transmitter, an experiment was per-
formed to determine the critical frequency sep-
eration within which wave-wave interaction (WWI)
occurs. Using frequency-shift-keying (FSK) mod-
ulation techniques, several constant-frequency
waves (side bands) were generated simultaneously.
Preliminary results show that the energetic
electrons in the magnetosphere can interact only
with side bands generated by signals with short
modulation periods, indicating that electrons
have a finite 'memory time' during interaction
with the waves. Using the value of this memory
time, the length of the electron interaction re-
gion is estimated to lie between 2000 and 4000
km, It is also found that side bands with less
than 50-Hz spacing mutually interact. Suppres-
sion and energy coupling among the side bands
are often observed. The experiments in general
reveal that 50 Hz 1s the order of magnitude of
the critical frequency range within which side
bands interact. Mutual interaction between two
side bands is explained by the overlap of the
ranges of the parallel velocity (V,) of electrons
which the side bands can organize. The electrons
in the overlap can exchange energy with both side
bands and thus are responsible for the interac-
tion. By estimating the size of the perturbed
V, range the wave intensity is estimated to be
of the order of 2.5-10 my, in good agreement
with satellite measurements.

1. Introduction

Many types of magnetospheric VLF wave-wave
interactions (WWI) have been reported. Among
them are suppression and entrainment of emis-
sions by man-made signals [Helliwell and
Katsufrakis, 1974], interactions between whis-
tlers and quasi-periodic emissions [Ho, 1973],
interactions between emissions and power line
harmonics radiated by the North American power
distribution system leaking into the magneto-~
sphere [Helliwell et al., 1975], echo suppres-
sion of the growth of transmitter signals [Ra-
ghuram et al,, 1977a], suppression of hiss by
man-made signals [Raghuram et al., 1977b], and
interaction between gap-induced emissions and
the post gap signals [Chang and Helliwell,
1979 . Recently, R. A. Helliwell [1979] has
summarized various types of interactions be-
tween emissiond and man-made signals and pro-
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posed a phenomenological theory to explain these
interactions.

In this paper we shall discuss another kind
of WWI: side-band mutual interactions (SMI). It
was discovered unexpectedly during a wave in-
jection experiment concerning the relation of
signal growth to phase reversals in triggering
signals. In this particular experiment, which
will be described in section 2, the phase of a
l-second signal is altered regularly at periods
that are multiples of 10 ms, producing side
bands that are observed to interact with one
another.

In section 3 we shall discuss how the length
of the interaction region can be estimated from
our observations. This estimation is a measure
of electron 'memory time' which is assumed to
be the same as the transit time for electrons
to pass through the interaction region. 1In
section 4 we shall show that the emissions
triggered by individual side-band components
are similar to those triggered by constant-
frequency signals. Examples of energy coupling
between side bands at different frequencies will
also be shown.

In section 5 results from a new transmitter
program will be illustrated. We shall show that
for most cases the coherence bandwidth of side
bands is about 50 Hz. 1In section 6 we shall
discuss the mechanisms of WWI in both time and
frequency domains. Then a simple model of co-
herence bandwidth is used to estimate the wave
intensity in the interaction region to be 2.5-
10 my, in reasonable agreement with satellite
measurements [Heyborne, 1966; Burtis, 1974;

Inan et al., 1977].

2. A Transmitter Program for Generation
of Side Bands

The special transmitter program described
below exhibits several features including phase
shifts, shifts in frequency, and variations in
pulse length. The phase shift of a signal at a
given frequency is accomplished by shifting the
frequency by an amount Af for am interval Tg-
(This modulation technique is generally known
as the frequency-shift-keying (FSK) technique.)
The phase shift A¢y equals 2mAfTg. For this
particular format, Af ranges between 100 and
150 Hz, and Tg ranges from 10 to 100 ms. The
phase is shifted at a regular interval of 21g
at a given frequency. The top panel of Figure
1 schematically shows part of the wave form of
a l-s wave with T4 = 10 ms.

One cycle of the program lasts for 30 seconds.
It consists of 30 one-second waves which are
grouped into five sets according to the value
of Tg (Tg has the values of 10, 20, 30, 50 and
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100 ms). We shall call these 1-s waves FSK
waves, A FSK wave is created, in general, by
both FM and PM modulation. It is rather in-
volved to obtain the spectrum of a FSK wave by
conventional techniques of analyzing FM or PM
signals. A simpler way to obtain the spectrum
of a FSK wave 1s to view the wave as two RF
pulse trains at carrier frequencies separated
by Af. Two successive pulses in a given carrier
frequency can be either in phase, 0 wave con-
dition, or in antiphase, T wave condition. We
shall adopt the latter approach in this paper.

Table 1 lists the phase changes between suc-
cessive pulses in a carrier frequency of all the
FSK waves in the program. The 0 wave and T wave
conditions are created by proper choices of Tg
and Af. The C wave condition stands for no
shifting in frequency, i.e., the 'key-down' con-
dition.

In frequency-time (f-t) space, a l-s FSK
wave could be represented either as segments
of sine waves alternating between two frequen-
cies at regular intervals for 1 second or as
geveral l-s long sine waves with proper ampli-
tudes, frequencies, and phases. These two rep-
resentations are schamatically illustrated in
the two bottom panels of Figure 1. It is in-
teresting to note that the same wave form can
be represented by two different displays in f-t
space. This is because 'frequency' and 'time'
are not independent quantities.

In analyzing the FSK waves we can resolve the

pulses by making the time window (TW), the length

of the data which are processed in a single scan,
shorter than the individual pulse Tg. On the
other hand, we can resolve the side bands of the

FSK waves by setting TW > 4 g. As is illustrated
in Figure 1, the processor sees 'single-frequency

signals except at the edges of the segments when
TW1 is chosen. The signals are resolved as con-
sisting of square waves alternating at two car-
rier frequencies. When TW2 is chosen, the pro-
cessor resolves several spikes in frequency in
each scan. Therefore the resolved signals con-
sist of several horizontal lines representing
sinusoidal waves at various frequencies. Thus
depending on the length of the time window, the
processor resolves the FSK wave either as seg-
ments of sine waves or continuous side bands.

TWI

An important question is raised: Do the
energetic electrons that interact with the FSK
wave in the magnetosphere see the wave as seg-
ments of sine waves or continuous side bands?
An answer is given in the next section. It has
led us to develop a method of remotely estima-
ting the length of the interaction region in
the magnetosphere.

3. Estimation of the Length of the Interaction
Region in the Magnetosphere

In the magnetosphere the interaction between
a WM wave and the energetic electrons resonant
with it is thought to take place within a 1i-
mited region, usually around the equator [e.g.,
Helliwell, 1967; Dysthe, 1971]. When electrons
move away from this region, the inhomogeneity
in the geomagnetic field destroys the resonance
between the electrons and the WM wave, and there
will be no average energy exchange between the
WM wave and the electrons. Since there is no
'clear-cut' type of boundary separating the re-
gion in which interaction occurs from the region
in which there is no interaction, there must be
an essential arbitrariness about every definition
of the length of the interaction region (IR).
For example, R. A. Helliwell [1967] defined an
interaction region as the region over which
unperturbed phase angle between the WM wave and
a resonant electron remains *7. Inan [1977]
defines an interaction region as the distance
between the equator to the point where the per-
turbed phase angle between the wave and an elec-
tron becomes T radian and shows that the length
of the interaction region not only depends on
the wave intensity and the electron pitch angle,
but is also closely related to the initial phase
angle between the electron and the wave. For a
small wave amplitude these two definitions dif-
fer by a factor of 2. These two definitions
refer to the region within which electrons are
scattered effectively. Whether the VLF wave
that interacts with the electrons is amplified
or not depends on the details of the electron
distribution in the IR [Nunn, 1974; Dysthe,
1971]. An IR defined in these ways may then
be categorized as a particle interaction region
(PIR).
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Fig. 1. Two idealized f-t displays of a FSK signal. The segment feature is resolved
by a small time window, TWl. Side-band feature becomes observable when a large time

window, TW2, is applied.
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TABLE 1. The Relative Phase Between Successive Pulses
At A Particular Carrier Frequency For Various FSK Waves

Af
0 Hz 100 Hz 125 Hz 150 Hz
T, ms
10 0 2w Tt 3w
20 0 4n 5m o
30 0 6w e 9T
50 0 10m tr 157
100 0 28w 257 i
Types of C wave O wave T wave T wave
waves

It is believed that waves are amplified in
the interaction region. There must be a spatial
variation of the wave intensity from one end of
the IR to the other end in steady state. Another
definition of IR can then be stated as the re-
gion between the location where the wave inten-
sity starts to increase spatially and the lo-
cation where the wave intensity becomes uniform
spatially. The length of the IR defined in this
way can be measured by satellites moving along
a duct in the magnetosphere. This IR is cate-

orized as a wave interaction region (WIR)
%Helliwell, 1979].

The length of the IR we shall discuss in this
section is characterized by the averaged memory
time of the resonant electrons. It must be re-
lated to Inan's definition of IR, that is, char-
arcterized by the time that the electrons remain
trapped by the wave., The method is to find the
critical pulse length Tgc of the FSK waves. For
the FSK wave with Tg less than Tgc the electromns
can resolve the side bands of the waves. For a
wave with Tg greater than Tge the electrons can
resolve only pulses of the FSK wave. Therefore
Tgc must be related to the electron's memory
time. This effect provides a basis for measur-
ing the average electron's memory time in VLF
wave-particle interactions in the magnetosphere.
By assuming that electrons can 'remember' only
the wave that they have encountered during the
interaction the length of the IR has been esti-
mated.

Figure 2 shows the histogram obtained by
counting the number of FSK waves which trigger
emissions versus the values of Tg of the waves
from the data between 1500 and 1525 UT on Octo-
ber 11, 1974. The program described in section
2 was transmitted during this period. The ab-
scissa indicates the values of Tg, and the
ordinate shows the number of FSK waves which
trigger emissions. Therefore the vertical
axis could be thought of as indicating wave-
triggering ability.

The histogram shows that whether the FSK
wave is in 0 or T condition is immaterial to
its triggering ability. The parameter on which
the wave-triggering ability depends is the pulse
length Tg5. The waves with Tg = 100 ms, the
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longest pulse length among the five sets, show
an emission-triggering ability as high as that
of C waves and are much higher than the others.
Among the other four groups of FSK waves with
Tg = 10, 20, 30, and 50 ms, the triggering
ability decreases at Tg increases.

This can be explained by two hypotheses:

(1) Electrons can resolve only the segment
features of the FSK waves when Tg > 100
ms and the side-band features of the
waves only when Tg < 50 ms.

(2) There are wave-wave suppression effects

among the side bands.

As was indicated before, a FSK wave consists
of two sets of RF pulse trains at carrier fre-
quencies f; and f,, respectively. The electrons
encountering more than four pulses of an FSK
wave during the interaction resolve the side
bands. Each side band can perturb and organize
electrons within a finite V, range centered at
the corresponding resonance velocity. When the
frequency spacings between the side bands are
large, their perturbed ranges of electrons in
V,, do not overlap and thus there is no mutual
interaction between the side bands. As the
frequency spacings decrease, the perturbed
ranges may overlap one another. The closer the
spacings in frequency, the more the overlap.

The chance of the electrons being organized by
any one side band coherently is decreased, and
hence the wave-triggering ability is reduced.

Chang [1978] has shown that the frequency
spacings between side bands of an FSK wave are
closely related to the value of Tg. Roughly
speaking, the spacings are inversely proportional
to Tg and independent of whether the wave is in
0 or T conditions. As Tg increases from 10 to
50 ms, the frequency spacings between side bands
are reduced from 50 to 10 Hz. This explains why
the triggering ability of the FSK waves decreases
as Tg increases from 10 to 50 ms, regardless of
whether they are 0 waves or T waves.

An explanation for the observation that FSK
waves with Tg = 100 ms can trigger emissions as
often as the C waves is postulated. The elec-
trons have resolved the segment feature of the
waves, Since Tg is long, an electron may en-
counter only a single pulse and leave the in-~
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Fig. 2. Histogram of the number of FSK waves that

trigger emissions versus the values of Tg. The
number of C waves that trigger emissions has been
divided by 5, because the waves show up 5 times
more frequently than any other waves in the trans-
mitter program.



1706 Chang et al.: Side-Band Mutual Interactions in Magnetosphere

teraction region before seeing a second pulse
at the same carrier frequency. Various elec-
trons may see different portions of a pulse or
different pulses. They will respond to indi-
vidual pulses accordingly. By noting that a
100-ms pulse can trigger emissions by itself
[Helliwell and Katsufrakis, 1974], we postulate
that the emissions induced by the FSK waves with
Tg = 100 ms are triggered by individual pulses.
In Figure 3, three FSK waves with 7g = 10,
30, and 100 ms are illustrated. These examples
are taken from the data from which the histogram
in Figure 2 is constructed. The spectrograms in
the upper panel are made by setting the time
window TW of the data analyzer to 100 ms. The
analyzer can clearly resolve the side bands of
the FSK wave with Tg = 10 ms but not of those
with Tg = 30 and 100 ms. The spectrograms with
a better frequency resolution in the lower panel
can resolve the side bands of the FSK waves with
Tg = 10 and 30 ms but not those with Tg = 100 ms.
It is clear that emissions developed from the FSK
wave with Tg = 100 ms are triggered by individual
pulses. The emissions developed from the FSK
wave with Tg = 10 ms are triggered by side bands.
The 4.6-kHz side band triggeres an emission that
'steps up' to the 4.8-klz side band at about the
four-hundredth ms and then forms a rising tone.
Subsequently, it is observed that the FSK wave
with Tg = 30 ms exhibits an interesting modula-
tion pattern in the upper pamel. A rising emis-
sion appears to develop from the upper cutoff
frequency of the pattern. However, the spectro-
gram with better frequency resolution shown in
the lower panel indicates clearly that the modu~

lation pattern is formed by the amplified side
bands and that the rising emission is triggered’
by the side band at 4.6 kHz.

From this set of data it is clear that elec-
trons have a finite 'memory time' during inter-
actions with the FSK waves in the magnetosphere.
The memory time is long enough for electrons to
respond to the side bands of the FSK waves with
Tg < 50 ms and short enough to respond only to
individual pulses of the FSK waves with Tg =
100 ms.

A WM wave and an electron in resonance with
it travel in opposite directions, as shown in
Figure 4. The length of the interaction region
is L. Assuming electron velocity V,, and the
wave group velocity Vg are constant in this re-
gion, we then have

L = twvg =tV (1)

where ty and te are the time required for a group
front of a wave and an electron to pass through
the region, respectively. As an electron moves
from left to right through the IR, it encounters
a portion of the wave. That same portion when
measured at a receiving site will extend over a
time interval te + ty that we shall call the ap-
parent interaction time (AIT), i.e.,

A =
IT tw

It is important to point out that AIT is not
the real time period over which the electron and
the wave interact. The interaction time is t¢
as far as the electron is concerned and ty as

+ te = LI(1/Vg + 1/v,,) (2)
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Fig. 3. Examples of the FSK waves from which Figure 2 is constructed. The time and

frequency resolutions of the spectrogram in the upper panel are ~70 ms and ~20 Hz,
respectively, and that in the lower panel are 160 ms and 8 Hz.
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AIT > 4T (3)

that must be met for the electrons to resolve
the side bands. Electrons can resolve side
bands of the FSK waves with Tg < 50 ms. Thus
200 ms appears to'be a reasonable lower bound-
ary for AIT.

From the electron resonance condition and WM
dispersion relation [e.g., Helliwell, 1965] with
typical parameters around the equator at L = &,
fp (plasma frequency) < 180 kHz, fg (gyrofre-
quency) = 13 kHz and f = 0.33 fyg. We find that
L1 > 2000 km by assuming AIT > 200 ms.

Furthermore, we know that the resonant ener-
getic electrons do not resolve the side bands
when Tg > 100 ms. This fact sets an upper bound-
ary on Ly. We conclude that

4000 km > L > 2000 km (4)

4. Side~Band Triggering and Features of Coupling

Figure 5 shows an example of side-band trig-
gering. The triggering wave is a T wave with
Ts = 10 ms and Af = 150 Hz, The corresponding

Fig. 4. Illustration of the apparent interaction side bands are spaced in frequency by 50 Hz.
time (AIT). The upper panel shows that an elec- The calculated unamplified intensities of the
tron enters the interaction region, encountering side bands are shown in the right. A FSK wave
a pulse traveling in the opposite direction. The in 7 condition is a carrier-suppressed signal
lower panel shows the situation where the elec- [chang, 1978]. The two carrier frequencies of
tron is leaving the interaction region. the FSK wave in Figure 5 are at 4.35 and 4.50
kHz. It is clear that there is no frequency
far as a group front of the wave is concerned. component at these two frequencies.
The AIT is a mapping in the time scale of the There may be weak coupling between the 4.425-
'length' of the portion of a wave which the and 4.475-kHz side bands; the intensity of one
electron has encountered during their inter- side band decreases while the other increases.
action. It is clear that the side bands at 4.375 and
The side bands can be resolved only when more 4.475 kHz, which happen to be the strongest ones
than two pulses in each carrier frequency have at the input, trigger falling emissions at their
been encountered by the electrons. Therefore we ends. The side bands can trigger emissions just
adapt the condition as any constant-frequency wave can.
kHz RO 28 APRIL 75 1213:26 UT
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Fig. 5. A typical example of side-band triggering. Side bands can be amplified and
trigger emissions, just like any other constant-frequency WM signal.
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It is worth mentioning that side bands at
various frequencies but with the same input
power usually are not amplified uniformly. As
a good example, the side bands at 4.325 and
4,525 kHz have the same input intensity, but
the former has been amplified in the magneto-
sphere about 6 dB more than the latter. Readers
who are interested in how this quantitative fig-
ure is obtained are referred to Chang [1979].
The side-band amplification processes in the
magnetosphere are either very frequency-dependent
or very sensitive to adjacent side bands. In the
latter case the coherence bandwidth must be
greater than the frequency spacings between the
side bands.

Figure 6 illustrates an example of side band
couplings. The triggering wave is a W wave with
Tg = 10 ms and Af = 150 Hz. Its side bands,
whose unamplified intensities are calculated and
shown on the right, are 50 Hz apart. The dura-
tion of the FSK wave is indicated by the hori-
zontal bar just below the spectrogram. At the
beginning, the magnetosphere favors the 3.975-
kHz side band, which is not the strongest one
at the input end. This side band has been am-
plified in the magnetosphere 12 dB more than
the others. (The amplitude information is ob-
tained by the same technique as in Figure 5.)

It is observed that the energy is coupled
with the 3.975- to 4.025-kHz side bands at
about the four-hundredth ms and that the coup-
ling 1s through a discrete frequency jump. At
about the six-hundredth ms, energy is transferred
from the 4.025- to the 4.075-kHz side band. Sev-
eral 'weak' rising emissions developed from the
former side band tend to release their energy to
the latter. The coupling processes seem to fa-
vor the coupling of energy to side bands at higher
frequencies. However, near the end of the FSK
wave the energy couples back from the 4.075- to
the 4,025-kHz side band, which then triggers an
emission that remains almost at a constant fre-
quency for about 50 ms after the side bands are
terminated; it then becomes a rising tone. The
emission has grown about 12 dB. This suggests
that there are mutual suppressions among the
side bands. The side bands might have been am-
plified further, had their frequency spacings
been larger. At the ends of the side bands the

kHz RO 08 OCT 74

triggered emission, possibly entrained by a
power line harmonic (PLH) [Helliwell et al.,
1975] at 4.02 kHz (5 Hz below the 4.025-kHz
side band), becomes the only coherent signal
near 4.02 kHz capable of organizing electrons
efficiently. There are no other signals to
suppress its growth. Therefore the emission
grows,

The existence of an active PLH at 4.02 kHz
is postulated because the emission frequency
remains almost constant for about 500 ms. Fur-
thermore, there are a few indications (not
shown) of the existence of the 4.02-kHz PLH
within half an hour, giving support to this
interpretation.

5. A New Transmitter Program

From previous sections we have found that
side bands with a frequency difference of less
than 50 Hz can mutually interact. We have also
found on many occasions that side bands with a
50-Hz frequency difference can grow and trigger
emissions independently. It appears that 50 Hz
could be a good measure of coherence bandwidth.

There are several transmitter programs de-
signed specifically to measure the coherence
bandwidth. One such program is the line spec-
trum (Lisp) program, which as shown in Figure 7
consists of FSK waves with Tg = 10 ms. The fre-
quency difference between the pulse train at the
upper frequency and the one at the lower fre-
quency is switched between 100 and 200 Hz every
minute. The upper frequency fgy remains the
same during the transitions. As a result of
this modulation; the spectrum of the wave is
switched between the two shown in Figure 8. The
side bands are spaced at multiples of 50 Hz. It
is noticed that the side band at fyy is always
at the same amplitude and continuous in phase,
while its nearby side bands change either ampli-
tudes or phases during the transition.

If the coherence bandwidth (see the definition
in the next section) of the side band at fgI is
less than 50 Hz, then its behavior is independent
of the changes in nearby side bands. On the
other hand, if its coherence bandwidth is greater
than 50 Hz, it interacts with other side bands at
nearby frequencies. Therefore altering the near-

1724:03 UT

Fig. 6. An example of side-~band couplings.
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The FSK wave with Tg = 10 ms, Af = 150 Hz,

is a T wave. The duration of the wave is indicated by the horizontal bar below the
spectrogram. The thick horizontal line at 3.9 kHz is a local induction line. The
energy of the 3.975-kHz side band is coupled to the 4.025-kHz side band at about the
four-hundredth ms, then to the 4.075-kHz side band at approximately the six-hundredth

ms.
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Fig. 7. A sketch of the Lisp program that con-
sists of FSK waves with Tg = 10 ms. The upper
frequency fyy remains the same, while the lower
frequency alternates between 100 and 200 Hz below
fyr regularly every minute.

by side bands should affect its growth. By ex-
amining the amplitude of the side band at fyj
during transitions we can determine whether the
CB is greater than 50 Hz or not.

Figure 9 shows an example of this program.

The middle and lower panels depict the ampli-
tude variations of the 4.35- (fgy) and the 4.15-
kHz (f1p) side bands. It is important to point
out that the records have a compressed time
scale. The regular fluctuations appearing on
the signals in the spectrogram are due to asyn-
chronization between the recording and playback
recorders.

There are PLHs on the spectrogram. The strong
signal around 4.26 kHz drifting slowly in fre-
quency at the rate of a few hertz per minute is
a local induction line (71st PLH). The 4.25-kHz
side band appearing every other minute is observ-
able, with difficulty, only in the first, the
third, and the seventh minute, where the induc-
tion line is above 4.255 kHz.

There are 'stimulated side bands' about 5-7
Hz away from the parent side bands. A good ex-
ample can be observed in the eighth minute. The
expanded dynamic spectrum of the eighth minute
is shown in Figure 10. The 4.20-kHz side band
has stimulated two side bands spaced at about
7 Hz above and below the parent side band. The
4.15- and 4.35-kHz side bands also stimulate
side bands in this period. It is observed that
the stimulated side bands occur only when the
parent signals are strong. It has been reported
previously that a constant-frequency signal can
trigger side bands [Park and Chang, 1978]. stim-
ulated side bands are believed to be a phenomenon
caused by nonlinear wave-particle interactions in
the magnetosphere.

The 4.35-kHz side band is at fyy, the fre-
quency at which both the side-band amplitude and
phase remain unchanged at the transisions. The
slow changes in amplitude shown on the middle
panel are due to the slow temporal variations
in the magnetospheric conditions. The transi-
tions occur at ~2.3 seconds after the minute
marks. From such compressed time scale records
it is hard to locate precisely the time of
transitions. However, the lower panel, showing
the amplitude of the 4.15-kHz side band that is
'switched on' every other minute, provides de-
finite indications of the time of the transi-
tions. It is noticed that at the transitions
at the beginnings of the third, fourth, and
tenth minute, there are sudden amplitude vari-
ations on the 4.35-kHz side band. The variations
can be as large as 3 dB. From the studies of the
expanded records (not shown) we have found that
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there are no sudden amplitude variations during
the rest of the transitions. This observation
suggests that only when the 4.35-kHz side band
is at high intensity can the transitions affect
its amplitude, indicating that the intensity of
the 4.35-kHz side band in the interaction region
is such that its coherence bandwidth is about

50 Hz and varies slowly with time.

6. Discussion

It has long been hypothesized that the whistler
mode instability involves resonant electrons
[e.g., Bell and Buneman, 1964; Helliwell, 1967;
Liemohn, 1967; Dysthe, 1971; Nunn, 1974]. It
is our belief that the key to an explanation of
energy coupling between two waves at different
frequencies involves those electrons that can
resonate with both waves in the magnetosphere.
An electron perturbed by a WM wave oscillates
in V,, around the cyclotron resonance velocity
Vo. As far as the wave is concerned, it can
perturb and organize electrons which are in a
finite V,, range centered at the resonance ve-
locity V,. We assume the perturbed V, range
to be the trapping range AV . The corresponding
frequency range is the coherence bandwidth Afcg.
Two waves with a large frequency difference or-
ganize electrons in different V,, ranges and thus
are mutually independent. When the frequency
difference is small, the perturbed V,, ranges
overlap. Electrons in the overlapped range can
exchange energy with both waves. They serve as
a means of energy coupling between waves.

According to the homogeneous model in which
a constant wave is assumed [e.g., Dysthe, 1971],
the perturbed V, range AVy is proportional to
the square root of the wave intensity. The wave
intensity can be 'measured' by estimating the
size of AVi. The size of AVt can be estimated
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Fig. 8. The spectrum of a FSK wave with Af = 100 Hz

and Tg = 10 ms and that with Af = 200 Hz and Tg =
10 ms. The spike at fy7 in both spectra have the
same amplitude and phase.
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Fig. 9. An example of the Lisp program. The dynamic spectrum has high-frequency reso-
tution (~2 Hz). The amplitude charts centered at 4.35- and 4.15-kHz side bands with
50-Bz bandwidth shown in the middle and lower panels.

by finding the critical frequency difference account for the inhomogeneity in an interaction
within which two waves interact. region (IR), the size of AV¢ is reduced as the
It is important to point out that in reality IR moves away from the equator. Thus to produce
this homogeneous model may not be adequate be- the same AVy, a stronger wave is required in the
cause the inhomogeneity of the geomagnetic field inhomogeneous model than in the homogeneous model.
changes the size of AVt and the wave intensity Since wave-particle interaction (WPI) is believed
in the interaction region is not uniform. to occur around the equatorial region where the
According to Dysthe's [1971] simple model in inhomogeneity is small, we shall use the homo-
which a constant external torque is assumed to geneous model to estimate the wave intensity in
RO 27 APRIL 77
kHz 1217:00 UT
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Fig. 10. Expanded display of the dynamic spectrum in the eighth minute in Figure 9.
The stimulated side bands have been resolved.
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the TR, The wave intensity in an inhomogeneous
IR must be greater than the estimated value.
Moreover, the actual wave intensity is not uni-
form in the IR. Therefore the estimated value
can only account for the order of magnitude of
the average intensity in the IR.

When an electron encounters two waves in the
magnetosphere, its motion becomes complicated.
Suppose that the two waves at f) and f,, trav-
eling with the phase velocities Vp1 and Vg2,
have intensities (Ey1, By2) and (Eyi, Byz2), re-
spectively, where f1 > f;,, Vp1 > Vp2, and
Bwi > By2. The total wave magnetic field Byr,
as shown in Figure ll, is a vector sum of By
and By» and varies with time in the frame mcving
with Vp1. We have assumed that [Vp1 - szl is
much smaller than V,; and V52, so that the elec-
tric field of wave 2 is negligible. In that
frame, Ey1 disappears, By: is static [e.g.,
Matsumoto, 1972], and sz rotates with a fre-
quency 6 where é equals £, - £2|3 1/8 corre-
sponds to a time constant that equals the ro-
tation period of Bys.

The detailed calculation of energy coupling
between two waves through the resonance elec-
trons is still being investigated. Meanwhile,
we can still argue qualitatively for a rough
criterion that determines whether the waves
will mutually interact or not. It is believed
[e.g., Helliwell, 1967; Helliwell and Crystal,
1973] that the bunching time Tp is a character-
istic time of energy exchange between a constant

9=f1-'f2
q=1/9

“Fig. 11. An electron motion in two waves. The
frame is moving with the phase velocity of wave
1. The magnetic field of wave 2 rotates with an
angular frequency that equals the frequency dif-
ference of these two waves.

amplitude wave and its resonant electrons. When
f1 - £, is large, the electrons in resonance with
wave 1 cannot effectively interact with wave 2.
In one bunching period, By2 has rotated more
than one cycle. Its effect on an electron which
is in resonance with wave 1 has been smeared out.
Similarly, electrons in resonance with wave 2
cannot effectively interact with wave 1. Thus
these two waves are organizing different sets of
electrons and do not mutually interact. One
could specify a criterion under which two waves
are mutually independent as

T, > 1/6 (5)

We can rewrite the criterion as [Chang, 1978]

Af . < |f1 - £2] (6)

cB
eB \%
2 (kV m“) (N

Equation (6) is a rough criterion. We have
assumed By, to be small enough so that it does
not alter the motions of electrons which are in
resonance with wave 1. When By, is not small,
a criterion that determines whether two waves
interact or not must involve both By, and By,.
One such criterion is

where

fep = (Tp) =

(B oy, +8fp ) < |1 - £2| (8)
where Afcp, and Afcg, are the corresponding co-
coherence éandwidths of wave 1 and wave 2. It
implies that the perturbed V,, ranges associated
with the two waves in the electron distribution
overlap unless

BAV, + AV ) < IV01 - V02[ (9
where Vg, and V45, are the resonant velocities
associated with wave 1 and wave 2, respectively.

From (8) it can be shown that there is a
factor of 4 in the estimated intensity of wave
1, Byy, between the cases in which By, = By
and thosein which By, >>By,. Since we are
interested only in the order of magnitudes of
the wave intensities in the IR, (6) appears to
be suitable for our purpose. We shall bear in
mine, however, that the estimated value could
be off by a factor as large as 4.

The excursion ranges AV,, for various electrons
in resonance with a wave are different. It seems
reasonable to average these excursion ranges. It
can be shown that an averaged coherence bandwidth
(over the phase angle and pitch angle) can be ex-
pressed as [Chang, 1978]

A . 4
CB = fCB % ET'kﬁon (10)

Voo

This is the relationship between the coherence
bandwidth and the wave intensity in the magneto-
sphere. When the frequency difference Af between
two WM waves is greater than CB, there is no mu-
tual interaction between them. When Af < CB,
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they will interact. For simplicity we shall re-
fer to CB as 'coherence bandwidth' hereafter.
From Figure 9 it is observed that only when
the 4.35-kHz side band is at high intensity can
the transitions affect its amplitude. This sug-
gests that the intensity of the 4.35-kHz side
band in the IR is such that its coherence band-
width is about 50 Hz and varies slowly with time.
Using the available whistler data, we have found
that the path is at L = 4 and Ngq = 400 cm™3.
Assuming a CB equal to 50 Hz, we have calculated
the wave intensity in the IR by (10) to be of
the order of 2.5 my. From the argument given
earlier in this section there could be an error
as large as a factor of 4 in the estimated wave
intensity. Thus the estimated wave intensity
is somewhere between 2.5 to 10 my, in good agree-
ment with satellite measurements [Heyborne, 1966;
Burtis, 1974; Inan et al., 1977]. This estima-
tion is based on the assumption that the inter-
action occurs at the equator. If the inter-
action occurs off the equator where the inhomo-
geneity of the geomagnetic feeld becomes impor-
tant, the estimated wave intensity will be larger.
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