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Abstract. The generalized equations of motion
for the gyroresonance interaction between energe-
tic electrons and coherent VLF waves in the mag-
netosphere are employed to study quasi-relativis-
tic electron precipitation. It is suggested that
these exact equations be used for particle ener-
gies higher than 50 keV (corresponding to a 10%
correction in average pitch angle scattering with
respect to a nonrelativistic formulation). Based
on these equations and the relativistic cyclotron
resonance condition, a previous test particle sim-
ulation method (Inan, 1977; Inan et al., 1978,
1982) is extended to higher energies and is used
to study the wave-particle interactions involving
the near-loss—cone quasi-relativistic particles.
The root mean square (rms) pitch angle scattering
of the near-loss-cone particles and the corres-
ponding precipitated energy spectrum are then
calculated and compared. It is argued that the
full width at half maximum (FWHM) of the rms
scattering pattern would give an upper bound to
that of the energy spectrum of the precipitated
flux. Furthermore the peak widths are demon-
strated to be within the upper limit values
measured by recent satellite experiments.
agreement between the computed and measured
spectral width lends credence to the suggestions
that the observed narrow peaks in precipitated
energy spectra may indeed be caused by monochro-
matic signals injected into the magnetosphere by
VLF transmitters.

This

1. Introduction

It is generally agreed that Doppler-shifted
cyclotron resonance interactions between elec-
trons and whistler mode waves in the magneto-
sphere result in the amplification of the waves,
the triggering of discrete emissions, and vari-
ous wave-particle-wave interactions. During
these interactions the electrons are scattered
in energy and pitch angle, and their trapped
adiabatic motion is perturbed. As a result of
such scattering some energetic electrons are
precipitated out of the radiation belts and into
the atmosphere [Inan et al., 1978]. These pre-
cipitated particles can produce secondary ioni-
zation, emit X rays, and cause significant per-
turbation in the lower ionosphere [Rees, 1963;
Banks et al., 1974].

For interactions in low L shells, e.g., the
inner radiation belt, and for cases when the wave
frequency and/or the cold plasma density is low,
such gyroresonance interactions involve quasi-
relativistic electrons with energies in the range
of several tens up to several hundreds of keV.
Precipitation of electrons in this energy range
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in one-to-one correspondence with and therefore
believed to be induced by natural VLF/ULF waves
(whistlers, chorus emissions, noise bursts) has
been reported by numerous authors [Rosenberg et
al., 1971; Helliwell et al., 1973; Foster and
Rosenberg, 1976; Helliwell et al., 1980; Mende
et al., 1980; Rosenberg et al., 1981; Dingle and
Carpenter, 1981; Carpenter and LaBelle, 1982].

Recent satellite measurements show that elec-
trons in the drift loss cone precipitate from
the slot region between the inner and outer rad-
iation zones (L ~ 2 to ~3.5) and from the outer
edge (L ~ 1.5 to ~1.8) of the inmer radiation
zone [Imhof et al., 1974, 1981a, b; Vampola and
Kuck, 1978; Koons et al., 1981]. The energies
of the observed precipitating electrons in these
experiments are generally in the quasi-relativis-
tic range of 100 to 500 keV. Detailed study of
the spectral characteristics of the precipitating
electrons has suggested that these electrons
were precipitated by first-order cyclotron reson-
ance interactions with nearly monochromatic waves,
possibly from ground-based VLF transmitters.

The cyclotron resonance wave-particle inter-
actions have been studied extensively, including
the calculation of pitch angle scattering of par-
ticles [Roberts, 1966; Inan et al., 1978 and
references therein] and the investigation of
possible mechanisms for processes of wave growth
and damping as well as the triggering of emis-
sions [Dowden, 1962; Brice, 1963; Helliwell and
Inan, 1982]. 1Inan et al. [1978] have performed
a detailed study of the nonlinear pitch angle
scattering of energetic electrons by coherent
longitudinally propagating VLF waves using a
test particle approach. In most of these stud-
ies the nonrelativistic equations of motion of
the particles were used, since most of the work
thus far on wave growth and triggering events
induced by controlled wave sources involved
particles with energies below the quasi-relativ-
istic range [e.g., Helliwell and Katsufrakis,
1974] , although the relativistic resonance con-
dition has frequently been used, especially in
determining the electron resonance energy from
given wave and plasma parameters [e-8- Rosenberg
et al., 1971].

Thus, relativistic formulations are necessary
in order (1) to more directly compare theoretical
and experimental results and (2) to begin to
properly assess the effects of man-made VLF waves
on the inner radiation belt particle population.
From a more general perspective a theoretical
formulation of interactions with quasi-relativis-
tic particles and particle precipitation flux
resulting from them is important for determining
the role of such precipitation in the coupling
of the magnetosphere~ionosphere system. Precipi-
tating electrons with energies in therelativistic
range are deposited at altitudes of 80-100 km in
the ionosphere. There they create ionization en-
hancements and X rays and can cause major pertur-
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bations in the D and E regions of the nighttime
ionosphere.

In this paper we extend to higher energies the
previous test particle simulation of the cyclo-
tron resonance interaction between electrons and
coherent VLF waves in the magnetosphere [Inan et
al., 1978]. 1In our formulation, we have not
directly included the effects on the wave of the
energetic particles and have assumed that the
wave field is known in space and time. Justifi-
cation of this assumption for computing the
precipitation flux is given in earlier work [Inan
et al., 1978, 1982; Bell and Inan, 1981]. Such
effects can be indirectly accounted for by choos-
ing an appropriate wave structure as is done in
this paper in connection with Figure 8. Another
important assumption in our test particle ap-
proach is the fact that we have considered the
waves to be propagating longitudinally, presum—
ably in field-aligned ducts of enhanced ioniza-
tion. Due to the higher magnetic field gradients
such ducted guiding of whistler mode waves re-
quires increasingly higher density enhancements
at lower L shells. Thus, a more realistic form-
ulation of wave-particle interactions in the
inmner radiation belt requires consideration of
nonducted waves propagating at an angle to the
magnetic field.

In the following sections, we first rederive
the equations of motion with relativistic ef-
fects included. The calculation of precipita-
tion into the loss cone at low L shells is then
performed. Finally, the theoretical results are
compared with the narrow peaks observed in the
energy spectra of electrons precipitating from
the inner radiation belt [Imhof et al., 1981a, b].

2. Physics of Relativistic Wave-Particle
Interaction

Whistler Mode Wave Structure

Consider a circularly polarized monochromatic
whistler mode signal propagating longitudinally
along the static magnetic field By. In the slow-
ly varying magnetospheric medium the WKB approxi-
mation [Budden, 1961] can be used since the vari-
ations of medium parameters within the space of
one wavelength are negligible. In such a case
the wave magnetic field intensity vector can be
expressed as z

Ew(z,t) = Bw(z) [axcos(wt —]k(z)dz)
4 0
+ 3§sin(wt - Ik(z)dz)]

where By(z) is the magnitude eof By(z,t) and is
slowly varying according to the square root of
the local refractive index, z is the coordinate
along By, w is the angular wave frequency, k(z)
is the wave number, and @y and 3y are the unit
vectors in the x and y directions, respectively.
For whistler mode propagation along the static
magnetic field in a cold magnetoplasma, k(z) is
given approximately by
w_(z)?

k(z) = ¢ [1 +—P—w(mﬂ(z) — u,)]1/2

where ¢ is the speed of light, wp(z) is the lo-
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cal electron plasma frequency, and wy(z) is the
local electron gyrofrequency.

In the magnetosphere the wave magnetic field
intensity changes due to the changing refractive
index. Also for ducted wave propagation as is
assumed here, the cross-sectional area of the
duct varies along the field line, being inverse-
ly proportional to the static magnetic field
intensity. The intensity of a ducted VLF wave
will also vary as the duct cross section changes
1f the whistler mode wave is assumed to be the
superposition of a large number of rays that
fill the duct. Including both of these effects,
the amplitude By(z) of the wave magnetic field
can be expressed as

B,(2) = B, (@ (2)k(2) /g, k )/

where Byeq, WHeq, and keq are equatorial values.
Note that here we have assumed the total power
flow of the wave In the duct to be constant.
Since By, wp, WH, and k are all slowly varying
quantities, in the rest of this paper we drop
(z) for the sake of convenience.

Equations of Motion

We now consider the cyclotron resonance in-
teraction between such a coherent wave and rela-
tivistic energetic electrons trapped in the flux
tube surrounding the field line. This is shown
in Figure 1, where p, and p, represent the paral-
lel and perpendicular components of the particle
momentum, respectively, The relation between
the total momentum P and the total velocity ¥ of
the particle is given by definition as

P = myv (L

where m is the rest mass of the particle and
vy=1//1 - v?/cZ, c being the speed of light in

vacuum. The kinetic energy of the particle is
E = mc?’(y - 1) (2)
where mc? is the rest energy of the particle,

being 511 keV for electrons. Superimposing the
adiabatic motion of the particles, defined by
pi/Bo = constant, on the wave-induced perturba-
tions, the complete equations of motion for the
cyclotron resonance wave-particle interaction
with relativistic electrons are:

2
Py B e - LM G
dat my -+ Zmey oz

dp, eB PP amH

w w 1 U
G T T my (P +pmydsing + Dy 55 (3b)

B
a¢ _ “u " w . cosd
dt - Y w k.m.Y my (Pu + k mY) Py (3(:)

where the coordinate system and the variables
are defined in Figure 1, ¢ is the angle between
the particle's perpendicular momentum vector
P. and (-By), and wg= eBy/m. Equations (3)
are written in the laboratory frame. Although
(3) describes the particle momentum, the velo-
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Fig. 1. Coordinate system for the equations of
motion. The z axis is everywhere aligned with

the magnetic field line. Dashed line indicates
the orbit of the electrons in the x-y plane.

city components can be obtained from equation
(1) with y given by

Y = vp2c? + m2c*/mc?

For the nonrelativistic case, Yy = 1, and equa-
tions (3) reduce to the nonrelativistic equations
of motion which in whole or in part have been
used to study VLF wave-particle interactions by
many authors [Dysthe, 1971; Bell and Inan, 1981
and references therein].

To the first order, the relativistic formula-
tion can be approximated by a nonrelativistic one
with in effect reduction of By by a factor y due
to the heavier relativistic mass my. It will be
shown In the next section that the scattering of
particles and thus the precipitation fluxes are
proportional to By in the linear regime. There-
fore, results obtained from nonrelativistic
equations should be corrected to the first order
by a factor of Y. For example, nonrelativistic
calculation corresponding to particles with
energy of 50 keV will require a correction of 10%
since Y = 1.1. Therefore, 50 keV is a reasonable
threshold above which the exact equations (3)
should be used.

Relativistic Cyclotron Resonance Condition

Since the first terms on the right-hand side
in equations (3a) and (3b) are proportional to
sin¢, cumulative changes in p, and p, will re-
sult only when $ = 0. Based on the same argu-
ments as given by Inan et al. [1978], the last
term on the right-hand side in equation (3c) is
negligible for most magnetospheric parameters
unless v, = 0. Neglecting this term, (3c) can
be rewritten as
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“plr =
d_t =k m - Va} = k(VR_ Vll) (4)
where vg = (wg/Y - w)/k is commonly designated
as the cyclotron resonance velocity. The rela-
tivistic cyclotron resonance condition can thus
be written as
= (i)E -w)/k or w+kvy = w/Y (5)

Y “H

Vu = VR
Note that Y = (1 - v3/cZcos?a) /2 , where a is
the pitch angle of the resonating particle. Giv-
en local values of wyg and k and a specified value
of o, a positive solution for vu can be found:

Vi = VR =

(6
—wk + [wk? + (wfi - w?) (k2 + wiy/c?cos2a)] /2 )

kzi-w;/czcosza

It can be shown that for ucosa > 1, where U is
the refractive index, the above solution is the
only one which satisfies (5). However, for
Mcoso < 1, there exist two solutions: ome is
positive and is given by (6), the other is nega-
tive and corresponds to Y > w_/w. Negative v,
represents particles traveli in the same di-
rection as the wave. For typical magnetospheric
parameters, jcoso < 1 requires a very high pitch
angle. For example, for u = 10, a should at
least be 84.3°. In this paper we shall consider
only particles with v, as described by (6).

Unlike the nonrelativistic case, the cyclo-
tron resonance parallel velocity for relativistic
electrons is a function of pitch angle a. Figure
2 shows the equatorial resonance velocity as a
function of o for different values of A=uw/wHeq
for interactions at the geomagnetic equator at
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Fig. 2. Equatorial resonance velocity versus

equatorial pitch angle for different normalized
frequencies A = w/Wgeq. The result shown is for
L = 2 and neq = 800 ei/cc.
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L = 2, with fgeq = WHeq/2T = 109.2 kHz, and for
cold plasma density of 800 el/cc. The resonance
velocity is higher at lower pitch angle and de-
creases with increasing a. At lower frequencies
this decrease is much faster since the total
velocity of the particle cannot exceed the speed
of light. It is observed from (5) that 7y ap-
proaches wy/w as v, approaches zero or o ap-
proaches 90°. Therefore, the asymptotic behav-
ior of the resonance velocity near 90° pitch
angle is given by

vp >/l - /mH coso. o +90°
Figure 3 shows the energy of the resonant parti-
cles as a function of the pitch angle for the
corresponding cases in Figure 2, Since Yy ap-
proaches wy/w, the energy at resonance approach-
es me?(uwg/w) as o approaches 90°.

For resonant interactions in the inner radia-
tion belt and for cases when the cold plasma
density and/or the wave frequency is low, e.g.,
propagation outside the plasmapause, the ener-
gies of the resonant particles are in the quasi-
relativistic range. Figure 4 shows the equator-
ial resonance energy as a function of the equa-
torial cold plasma density for different frequen-
cies at L = 5 and for o = 3.87°, the half-width
of the equatorial loss cone at L = 5. Note for
example that for neq < 20 el/cc, typical of the
region outside the plasmapause, waves with fre-
quency less than 700 Hz can interact with parti-
cles of energy higher than 100 keV.

Method of Study

Since we shall be considering the wave-induced
perturbation of a full distribution of particles,
we employ the test particle simulation approach
[Inan, 1977; Inan et al., 1978, 1982]. This
method basically uses a centered dipole model for
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Fig. 3. Equatorial resonance energy versus
equatorial pitch angle for the same parameters
as in Figure 2.
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Fig. 4. Equatorial resonance energy versus
equatorial cold plasma density for different
normalized frequencies A. The result shown is
for L = 5 with an equatorial gyrofrequency of 7
kHz and a half angle of the equatorial loss cone
of 3.87°.

the static magnetic field and a diffusive equil-
ibrium model or a collisionless model for the
background cold plasma. Subsequently the full
equations of motion are integrated for deter-
mining the effect of the wave on a sufficient
number of test particles that are appropriately
distributed in ¢, vu, and vi. From this the
perturbation of the full particle distribution
is inferred. For our application we have em~
ployed the relativistic equations of motion (3)
and the relativistic cyclotron resonance condi-
tion (5) and have modified the existing computer
model to study the wave-particle interaction in-
volving relativistic particles. Although this
model is applicable to relativistic particles

of higher energies, in this paper we are partic-
ularly interested in the wave-induced perturba-
tion of the quasi-relativistic near-loss-cone
particles and their precipitation into the iomno-
sphere. In the next section we study the be-
havior of these particles during the cyclotron
resonance interactions. Subsequently in section
4 we calculate the precipitated fluxes and their
energy spectra for selected cases and compare
our theoretical results with some recent obser-
vations.

3. Scattering of Near-Loss-Cone Particles

Root Mean Square Scattering

In this section we calculate the efficiency
of scattering of the near-loss-cone quasi-rela-
tivistic particles by moderate intensity VLF
waves. We consider the case of L = 2, repre-
senting the outer boundary of the inner radia-
tion belt, and an equatorial cold plasma elec-
tron density of 800 el/cc. For a dipole model
of the static magnetic field line the equatorial
half angle of the loss cone corresponding to a
mirror altitude at 100 km is found to be 0], =
16.77°. We consider a monochromatic wave at f =
5.46 kHz (= 0.05 fgeq) with By = 7.5 pT at the
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Fig. 5. Trajectory of a relativistic test par-

ticle under the influence of a monochromatic
wave of 5.46 kHz having By = 7.5 pT at L = 2.
Both the total scattering Aceq (solid line) and

the phase ¢ (dashed lines) are shown as functions

of time. The equations of motion are integrated
over the time when the particle parallel velo-
city is within 127 of the local resonance velo-
city. The test particle has an energy of 523

keV and an equatorial pitch angle of 16.77°. The

initial Larmor phase was taken to be 120°.

equator. (This value is selected so that the
wave power density would be the same as a wave
at £ = 0.5 fgeq and with By = 5 pT.)

Figure 5 shows the trajectory of an equatori-
ally resonant test particle having an initial
Larmor phase (¢p) of 120°, o = ajc = 16.77° and
a total energy of 523 keV. The equations of
motion are integrated over the time when the
particle's parallel velocity is within 2% of the
local resonance velocity. For the parameter
ranges used in this paper we have found that
the wave-induced perturbations can be estimated
with at most 10%Z error when the integration is
carried over the time when the particle's paral-
lel velocity is within 2% of the local resonance
velocity. Figure 6a shows the total scattering
Aceq as a function of ¢o for equatorial resonant
particles of the same energy and a. The sinus-
oidal variation of Aceq with ¢y reveals the 1lin-
earity of the scattering for the parameters con-
sidered, due mainly to the relatively low L
shell [Inan, 1977]. This is also demonstrated
by Figure 6b which shows the rms scattering of
the same particles as a function of wave inten-
sity. It indicates that the rms scattering is
proportional to the wave intensity at least up
to 45 pT.

Figure 7 shows rms scattering as a function
of the particle energy. For each energy we
have considered particles uniformly distributed
in initial phase and having the same unperturbed
pitch angle, i.e., a&q = 16.77°. 1In general,
particles with given initial energy higher than
523 keV resonate with the wave in the vicinity
of two points on both sides of the equator. The
quasi-periodic variation of the scattering is
due to the phase coherence between these two
resonance points. This phenomenon was described
by Ashour-Abdalla [1972] using linear theory.
Note that the maximum scattering, which is rep-
resented by the peak of the main lobe, occurs
when the resonance points are located slightly
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Fig., 6. (a) Total scattering Aveq versus initial
phase ¢ for equatorial resonant particles. All
other parameters have the same values as in
Figure 5. (b) The root mean suqare (rms) scat-
tering as a function of wave intensity for the
same resonant particles in Figure 6a.

away from the equator and the strength of scat-
tering decreases rapidly for particles with
energy below the equatorial resonance energy.

On top of Figure 7 is shown the latitude of res-
onance as a function of enmergy. It indicates
that the maximum scattering results from inter-
actions within 2° latitude around the equator

in this particular case.

The dashed curve in Figure 7 shows the envel-
ope of the rms scattering pattern. This envelope
is important since it reveals the relative magni-
tude of the scattering as a function of the lo-
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Fig. 7. The rms scattering versus the particle
energy for the same magnetoplasma and wave para-
meters as in Figure 5. For each energy, par—
ticles uniformly distributed in initial phase
and having the same unperturbed pitch angle

ugq = 16.77° are considered. The dashed curve
shows the envelope of the scattering pattern.
Also indicated is the latitude of resonance cor-
responding to different particle energy.
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Fig. 8. The rms scattering versus particle

energy for a half-sided wave structure. The
wave is turned off in the southern part of the
field line. All other parameters are the same
as in Figure 7.

cation of the resonance point. In the following
discussion we use this envelope for the purpose
of comparing the wave-induced pitch angle changes
for different cases.

Up to now we have considered a wave structure
which is distributed on both sides of the equa-
tor; the scattering differs if the wave intensity
is taken to be zero on the downstream side of
the particles. Such a model may represent a
wave which has been amplified due to wave-par-
ticle interactions near the equator [Helliwell,
1967]. Since this amplification can typically
be up to 30 dB [Helliwell and Katsufrakis, 1974],
we take the wave intensity to be 7.5 pT on the
upstream side of the particles and negligibly
small on the other side. Figure 8 shows the
rms scattering of the test particles in the same
energy range as in Figure 7 due to this half-
sided structure. The total pitch angle scatter-
ing is less than that of the full wave case since
the effective interaction length has been halved.
Although the details of the rms scattering pat-
terns for the half-wave and full-wave distribu-
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tions are different, both patterns show the same
dependence on particle energy.

Figure 9 shows the envelope of rms scattering
for wave frequencies of 5.46 kHz, 10.9 kHz, and
21.8 kHz corresponding to equatorial resonance
energies of 523, 265, and 107 keV, respectively.
The wave power density at the equator was taken
to be the same for all cases, resulting in dif-
ferent equatorial wave amplitudes, namely, 7.5
pT, 6.4 pT, and 5.6 pT, respectively, due to
different refractive indices. For waves at
f = 0.5fgeq the amplitude corresponding to this
power density would be 5 pT. The result for
5.46 kHz is the same as that shown in Figure 7
and is repeated here for comparison. The ini-
tial equatorial pitch angle was taken to be
16.77° in all cases. The peak rms scattering
is larger for higher wave frequencies (lower
resonance energies) due to the longer interac-
tion times. The dashed curves in Figure 9 show
the latitude of resonance as a function of par-
ticle energy. For the same percentage deviation
above the equatorial resonance energy, the lat-—
itude of resonance is further away from the equ-
ator for the higher frequency case, resulting in
the narrower peak of the rms scattering curve.

The Energy Spectrum of Precipitating Particles

In this section we consider the energy spec-
trum of the precipitated flux due to interaction
of moderate intensity VLF waves with a full dis-
tribution (in velocity space) of energetic par-
ticles.

Since the typical wave-particle interaction
time at L = 2 is short compared to the duration
of man-made VLF waves in the magnetosphere (for
example, the interaction time for the cases
shown in Figure 5 is less than 10 ms), the wave
can be considered to be continuous in time. Here
we neglect the possible spatial and/or temporal
amplification of the wave and assume a wave dis-
tribution symmetric around the equator.

The population of the adiabatically trapped
energetic particles can be represented by an
equatorial distribution function f(E,a), where
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Fig. 9. The envelope of rms scattering pattern versus particle energy for three dif-

ferent wave frequencies at L = 2.

The wave power density at the equator has been

taken to be the same for all cases, resulting in the slight difference in the equator-

ial wave amplitude.

The £ = 5.46 kHz case is identical to the one shown in Figure 7.

The dashed curves show the latitude of resonance as a function of particle energy.
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E and o are equatorial values. We consider an
unperturbed particle distribution of the form

£(E,q) = AE /2

gla) a > oy
- 1lc
f(E,0) a < O1e M

"
o

vhere A is a constant, n/2 is an exponent that
can be adjusted to obtain a fit with observed
distributions, g(0) represents the pitch angle
dependence, and 0]¢ is the angular half width
of the loss cone. For the purpose of comparing
with observed distributions conventionally de-
scribed in terms of the differential energy spec-—
trum in el cm 2 s ! ster ! keV !, the constant
A can be related to the differential energy
spectrum P, of particles at a given energy Eo
(keV) and with o = 90° pitch angle as

2 5
A= <I>Eu(u;icz')(?%_Y%_l) 52 (®

where mc“ is the rest energy of the electron, m
is the rest mass of the electron, and Yy is the
relativistic factor associated with the energy
Eo (in keV).

The perturbed distribution is obtained by
computing the wave-perturbed trajectories of a
large number of test particles [Inan et al.,
1978] . The precipitated energy flux can then
be calculated by integrating the quantity
EvEi(E.0) over energy and pitch angle within the
loss cone of the perturbed distribution, where
v is the total velocity of the particle with
energy E. To comgute the energy spectrum of the
flux in el cm 2 s ! keV ! , we simply integrate
(1/AE)vE(E,0) over the loss cone, where AE is the
differential energy corresponding to a given
energy E. The absolute value of the precipita-
ted flux is proportional to the trapped particle
differential energy spectrum $E¢ and the wave
intensity By adopted for the calculation and
therefore can always be scaled up or down accord-
ing to other given values of ®E¢ and By as long
as By 1s less than By, which is defined as the up-
per limit of the wave intensity below which the
linear theory applies [Inan et al., 1978, 1982].
For the parameters considered in this paper, By
is found to be greater than 50 pT.

Figure 10 shows the calculated energy spectrum
of precipitating particles for the case of Fig-
ure 7. The energetic particle distribution was
taken to be as given by equations (7) or (8),
with g(a) 1 (isotrogic), n =4 and 0y = 4.5
x 10° el cm %5 ! ster ‘keV !for Ep = 100 keV. Note
that if we assume the energy dependence_ of the
energetic particle d15tr1but1on to be E 2 R then
this gives ¢ of 10% el em 2 87! ster ‘keV ! for
1-keV energy which was the reference flux level
used in some of the previous work [Inan et al.
1978, 1982]. For such a trapped distribution
and the assumed moderate wave inten31ty (7.5 pT),
the peak value (~10% elcm 25 ! keV !) of the
energy spectrum shown in Figure 10 is comparable
to those observed data in satellite experiments
[Vampola and Kuck, 1978; Imhof et al., 1981a, b].

The energy spectrum of the flux exhibits a
phase coherence pattern similar to that of the
rms scattering. The small irregularities result
from the finite bin width used in the numerical
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Fig. 10. The energy spectrum of precipitating
particles for the case of Figure 7. The energet-
ic particle distribution was taken to be as given
by equations (7 and (8), with g(a) = 1, n = 4,
and or 4.5 x 10° el em™? s~! ster™! kev-! for
180 keV at 90° pitch angle.

calculations. By comparing Figures 7 and 10 it
can be noted that the maxima and minima in the
energy spectrum show a one-to-one correspondence
to those in the rms scattering pattern with neg-
ligible shift in energy. This in turn indicates
that the energy change suffered by the particles
in negligibly small compared to the pitch angle
change since Figure 7 is plotted as a function
of initial resonance energy while Figure 10 is
in terms of the precipitated or scattered energy.
Also note that the rms scattering pattern is not
dependent on f(E,0) while the precipitated en-
ergy spectyum which results from the integration
of vi(E,a) will strongly depend on the assumed
distribution function.

The spectral details cannot be detected with
presently available particle detectors due to
lack of sufficiently high resolution [Imhof et
al., 198la]. However, the envelope of the en-
ergy spectrum gives measurable information. The
variation of the envelope is determined by the
relative strength of scattering given by Figure
7 and the relative population of particles at
different energies. The decrease of envelope as
energy increases in Figure 10 is faster than that
in Figure 7 since we assume an E 2 variation of
the particle distribution. If we define the
equivalent width of the energy spectrum as the
full width in energy at half maximum of the flux
(FWHM) , then the width seen in Figure 10 is ~20
keV. By using the same definition the equivalent
width of the rms scattering in Figure 7 is more
than 20 keV. The width of the energy spectrum
will be further reduced for initial trapped dis-
tributions that have steeper falloff in energy.

In the present calculation we have assumed a
sharp loss cone edge and an otherwise isotropic
initial trapped particle distribution. The
maximum pitch angle scattering at a given energy
determines the range in pitch angle above the
loss cone of the trapped particles which contrib-
ute to the precipitation at that energy during a
single encounter with the wave. For energies
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near the equatorial resonance energy the maximum
pitch angle change is larger and thus the con-
tributing range in pitch angle is wider. Due to

this factor, particle distributions with a smooth-

er loss cone edge, e.g., a linear or an exponen-
tial increase with pitch angle (rather than a
step), will result in a narrower width in the
precipitated energy spectrum. Assumption of a
smoother edge of the loss cone would be more
realistic since the particle distributions in
the magnetosphere tend to have this property
[Lyons and Williams, 1975].

Although the energy spectrum of the precipi-
tated flux is strongly dependent on the assumed
trapped particle distribution, the equivalent
width of the rms scattering pattern of the near-
loss-cone particles can give us an upper bound
to the equivalent width of the energy spectrum
due to a full distribution of particles. 1In the
next section we compare the experimentally ob-
served peaks in energy spectrum of precipitating
particles with the widths predicted by our
results.

4. Comparison With Experimental Results

Data for Comparison

Recent satellite experiments have frequently
shown that the energy spectra of electrons pre—
cipitating from the inner radiation belts con-
tain peaks having central energies which de-
crease with increasing L value [Vampola and
Kuck, 1978; Koons et al., 198l; Imhof et al.,
1981a, b]. This observed characteristic suggests
that the precipitation may be due to first-order
cyclotron resonance interaction of the trapped
electrons with monochormatic waves near the mag-
netic equator. The electrons involved in these
interactions had to be precipitated into either
the drift loss cone or the local bounce loss
cone due to the pitch angle scattering induced
by the waves. The observed energies of the
precipitating electrons were generally in the
range of 100 to 500 keV.

In the following we compare these observed
narrow peaks in the precipitated energy spectra
with our theoretical predictions. It should be
noted that the precipitating electrons which
were observed in the drift loss cone might have
interacted with the wave near the equatorial re-
gion a large number of times during their bounce
motions while drifting across a longitude sector.
The total pitch angle scattering accumulated from
all such individual interactions must thus have
been large enough to be observed. We argue here
that the spectral content of the precipitating
electrons resulting from the cumulative inter-
actions would be similar to that due only to one-
pass interaction since the energy changes of
these near-loss-cone particles after being pitch
angle scattered have been found to be negligibly
small compared to their unperturbed emergies un-
der conditions of moderate wave intensities.
Therefore, the calculations of one-pass scatter—
ing of the test particles at the edge of either
the drift loss come or the bounce loss cone will
reveal much of the spectral properties of the
precipitating electrons.

In the following we choose the data for June
16, 1979, presented by Imhof et al. [1981b] for
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comparison with our theoretical study. For this
day, seven energy spectra at selected L shells
from L~ 1.57 to L ~1.75 were presented. We
select three of these spectra, corresponding to
L~1.57, 1.65, and 1.75, with peak resonance
energies of 277, 200, and 120 keV, respectively.
It was suggested that a strong monochromatic
wave at ~23 kHz measured by plasma wave experi-
ments may have caused the sharp peaks in these
spectra [Imhof et al., 1981b]. To derive the
equatorial cold plasma densities from the ob-
served peak resonance energies, the waves were
assumed to be traveling parallel to the magnetic
field 1lines. For this set of data it was found
that the plasma density profile varies as L3,
being consistent with the plasma densities de-
rived from the measured upper hybrid resonance
frequencies. From the extrapolated profile the
equatorial plasma density corresponding to L =
1.5 on this day is found roughly equal to 4500
el/ce. In our calculation we used this estimated
value at L = 1,5 as a reference and assumed an
L™? dependence as shown in Figure 1l. Also

shown in Figure 11 is the value of the equatorilal
bounce loss cone as a function of L. The loss
cone angles are derived from the dipole magnetic
field model by taking a mirror height of 100 km.
Although propagation is likely to be nonducted

in the low-L shell regions, we have assumed duct-
ed longitudinal propagation for purposes of com-
parison. The equatorial wave amplitudes in all
three cases were taken to be 5 pT. This value

is within the range of typical intensities of
signals from ground-based VLF sources as measured
on satellites [Scarabucci, 1969; Inan et al.,
1977].

Theoretical Calculations

Having established the magnetospheric para-
meters for our computations, we present in Fig-
ure 12 the computed rms pitch angle scattering
versus energy of the near-loss—-cone particles
induced by one-pass interactions with the 23-kHz
waves for the three selected cases. The results
are shown in a format similar to that of Figure
9. TFor cases of lower equatorial resonance
energy in Figures 9 and 12 the peak scattering
is larger while the absolute width of the peak
in keV is narrower. The differences in peak

5000 . . . . 35*
4000} 30°
g
S 3000} 25° g%
4
=
2000 {20°
1000 ! f N . 5°
15 16 17 18 19 20
L

Fig. 11. The equatorial cold plasma density and
the equatorial bounce loss cone as functions of
L value used for the results shown in Figure 12.
The equatorial cold plasma density is proportion-
al to L3,
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Fig. 12,

The envelope of rms scattering pattern versus energy for the near-loss-—cone

particles resulting from one-pass interactions with a 23-kHz wave on three different

L shells.

width of the rms scattering for the different
cases can be attributed to the same factors as
discussed in connection with Figure 9. The peak
energies corresponding to L = 1.57, 1.65, and
1.75 cases in Figure 12 are 257, 187, and 126
keV, respectively; these are not exactly equal
to those observed by Imhof et al. since the cold
plasma densities deduced by them are only approx-
imately equal to the extrapolated demsities that
we have used. However, this obviously will have
negligible effect on our study of the spectral
properties.

The rms pitch angle changes in Figure 12 drop
to about one half of the maximum value when the
latitude of resonance moves ~3° from the equa-
tor for all three cases. The resonance energy
corresponding to this latitude is less than 10
keV above the equatorial resonance energy in
each case. Thus, in terms of our definition of
TWHM the peak width is less than 10 keV. For
our computations we have assumed a monochromatic
wave with equal intensity on both sides of the
equator, and the conjugate resonances have been
treated as phase-correlated. In the presence of
other electromagnetic turbulence, however weak
it may be, the dephasing of the two resonances
would occur at some latitude above the equator
and thus smear out the interference pattern in
rms scattering, causing the total scattering to
drop to a lower level and thus a possible reduc-
tion of the effective peak.

We have shown in the previous section that the
peak width in energy of the precipitation flux

is generally less than that of the rms scattering.

Referring to Figure 12 and the above discussion,
the theoretical peak width of the precipitated
energy spectra will thus be less than ~10 keV for
the cases shown. As reported by Imhof et al.
[1981a, b], in some cases the electron energy
spectra have FWHM values of the order of 30 keV,
which represent upper limit values since they
include contributions from the instrument reso-
lution. Widths as narrow as ~20 keV or less
could be derived after the instrument resolution
is unfolded. Therefore, our theoretical estima-
tion of peak widths is within the possible upper
limit values obtained from the experiments. Note
that we have assumed a monochromatic wave with

The dashed curves show the latitude of resonance versus energy.

a sharply defined wave normal angle at 0°, There-
fore the estimated peak results from the depen-
dence of the interaction strength on the lati-
tude of resonance only.

In the following we consider other possible
effects whidch might cause the widening of the
observed peaks and thus confirm the presumption
that equatorial interactions at these low L
shells would produce narrow peaks in the precip-
itation spectra.

Discussion

While our theoretical results show agreement
with those of Imhof et al. [198la, b], compari-
son with experimental results is complicated by
a number of factors. One is the angular spread
of the wave normals in the general case of non-
ducted propagation.

The parallel resonance velocity expressed by
equation (5) is for longltudinally propagating
waves. For a first-order correction for oblique
propagation with k at an angle 0 to the static
magnetic field, the k in (5) has to be replaced
by k(0)cos8, which is the component of k along
the magnetic field line, where k(6) is the mag-
nitude of k, a2 function of 6. Note that k is
proportional to the refractive index u, i.e., k =
(w/c)i. For the cases of Figure 12 the equatorial
refractive index would increase from 8.30 to 8.48
as L varies from 1.57 to 1.75 under the cold
plasma distribution given in Figure 11. If we
take the angular spread of wave normals to be
within #30° with respect to the direction of
longitudinal propagation, the range of the cor-
responding equatorial refractive index variation
is found to be within ~6% below the equatorial
refractive index for the longitudinally propaga-
ting wave. The broadening in the equatorial
energy bands of electrons effected by this wave
normal spread would be approximately 23 keV, 17
keV, and 12 keV for L = 1.57, 1.65, and 1.75,
respectively.

One interesting feature revealed by our re-
sults is the asymmetry in the rms scattering
versus energy curve with respect to the peak.

As pointed out in the previous section in connec-
tion with Figure 7, the strength of scattering
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decreases rapidly for particles with energy be-
low the equatorial resonance energy. If this a-
symmetry could be detected experimentally, it
might be used as an additional test of whether
or not the peaks of the precipitated energy
spectra are due to wave-particle interactions
involving monochromatic waves.

5. Summary and Conclusions

We have rederived the equations of motion
for the cyclotron resonance interaction between
coherent whistler mode waves and energetic par-
ticles with relativistic effects included. A
test particle method employing these relativistic
equations was then used to study the pitch angle
scattering of the near-loss-cone quasi-relativ-
istic electrons trapped in the magnetosphere.
The precipitated energy spectrum due to the wave-
induced perturbations of a full distribution of
particles was also computed. It was found that
the FWHM (full width at half maximum) peak width
of the rms scattering pattern of the near-loss-
cone particles would give an upper bound to the
peak width of the associated precipitated energy
spectrum under the condition of moderate wave
intensities (By < 10 pT) in the low L shell re-
gion. We have compared the peak widths in the
energy spectra of precipitating electrons ob-
served in recent satellite experiments with our
theoretical calculations. It was found that our
estimation of peak widths is generally within
the upper limit values obtained from the experi-
ments. We have discussed the possible broadening
in the spectral peaks resulting from the angular
spread of the wave normal.

Our results indicate that, in general, inter-
actions of inner radiation belt particles with
monochromatic waves would produce precipitated
fluxes with relatively sharp spectral widths,
and that therefore the L-dependent narrow peaks
observed by low altitude satellite particle
detectors could indeed be caused by such inter-
actions.
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