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Radiation Resistance of a Small Filamentary Loop
Antenna in a Cold Multicomponent
Magnetoplasma

TIMOTHY F. BELL ano THOMAS N. C. WANG, MEVMBER, IEEE

Abstract—A study is made of the radiation resistance R of a
small filamentary loop antenna immersed in a cold collisionless
uniform multicomponent magnetoplasma. Assuming that the cur-
rent distribution along the loop is uniform and that the loop axis
is parallel to the static magnetic field, an integral expression is
derived for R which is valid for arbitrary values of driving fre-
quency, plasma composition and density, and static magnetic
field strength. The mathematical properties of this integral are
such that R is finite for all values of the driving frequency, in-
cluding the upper and lower hybrid frequencies as well as the
multiple-ion hybrid-resonance frequencies. Application of the
integral expression is made to the case of the inner magneto-
spheric plasma and approximate closed-form expressions are
developed for R for the very low-frequency/extremely low-frequency
(VLF/ELF) range in the magnetosphere. Numerical results in the
VLF/ELF range are also presented.

It is found that the inclusion of multiple jons introduces interesting
effects: sharp maxima appear at the gyrofrequency and the multiple-
ion hybrid-resonance frequency associated with each ion, while
sharp minima occur at the “crossover” frequencies. It is concluded
that the presence of these relative extrema in the radiation re-
sistance presents interesting possibilities for the use of a small loop
as a diagnostic tool in a multicomponent plasma.

I. INTRODUCTION

VER THE PAST years a considerable effort has gone
into the study of the radiation characteristics of
simple antennas in a magnetoplasma. The major portion
of this effort has been devoted to the study of electrie
dipole antennas (see [1] for a comprehensive review
through 1966 of papers involving plasma-immersed dipole
antennas), and to date only a few studies have been de-
voted to magnetic loop antennas [271-[77]. It is unfortu-
nate from an applications point of view that not more is
known of the plasma radiation characteristies of loops,
since there appears to be some reason to believe that loops
may be superior as radiating elements in a magneto-
plasma [17.

One area in which very little work has been done and
in which more study is especially needed is that involving
the radiation characteristics of loops at driving frequen-
cies less than the electron gyrofrequency in a moderate- to
high-density multicomponent plasma. This study has
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direct application to the planning of wave-particle inter-
action experiments involving satellite-based very low-fre-
quency/extremely low-frequency (VLEF/ELF) transmit-
ters in the magnetosphere. An important question to be
answered in planning such experiments is: given the ex-
perimental constraints on antenna dimensions and trans-
mitter power, for what type of antenna can the power
radiated into whistler mode waves be maximized?

The answer to this question involves knowing the an-
tenna input impedance as well as the power loss into
unwanted modes, and at present only partial estimates of
these quantities are available for loops at VLF/ELF in a,
multicomponent plasma. It is clear that much more study
is needed before such experiments can be properly planned.
In the present paper we hope to develop further under-
standing of the problem of the ecoupling between a
VLF/ELF loop antenna and a multicomponent plasma
through the consideration of an idealized case. Specifically,
we calculate the radiation resistance R of a small fila-
mentary loop of uniform current in a cold collisionless
uniform multicomponent magnetoplasma.

From the results of our study it is found that the inclu-
sion of multiple ions introduces some interesting effects.
For instance, at a finite number of frequencies known
as “crossover” frequencies [8], the input impedance of
the loop is identical to what it would be in an isotropic
medium of relative dielectric constant e (symbol de-
fined in Section II). In the case of a small loop it is found
that R has sharp local minima at these same crossover
frequencies with the depth of the minima varying in-
versely as the loop radius. Furthermore, it is found that
R has sharp local maxima at the lower hybrid-resonance
frequency as well as at a finite number of other frequen-
cies known as multiple-ion hybrid-resonance frequencies
[87]. The presence of these sharp maxima and minima in
R (as a function of frequency) is important to the prob-
lem of the design of a VLF/ELF satellite transmitting
system and also presents interesting possibilities for the
use of a small loop as a diagnostic tool in a multicom-
ponent plasma.

II. Basic FORMULATION

For a circular filamentary loop of radius r oriented with
its axis of symmetry parallel to the positive z axis (paral-
lel to the static magnetic field) and carrying a uniform
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current 7o, the current density may be specified by

J(e) = Ioﬁ(i—’—p@—‘“i)&

(1)
where g represents the position vector of a point in eylin-
drical coordinates (p,¢,2) and ¢ is a unit vector in the
-positive ¢ direction.

Considering (1) as a source function in a cold multi-
component magnetoplasma, the formulation developed
by the authors in a previous paper [9] can be used to
determine the mean complex radiated power from the loop

.P _ 7(TeN)2Z, fw fr f‘“ n2a(0) — eeo
o 4r o Jo Yo a(8)(n* — n_?)(n? — ny?)

«J12(A n sin @)n? sin 6 dy db dn

(2)

where ny, = n.(8),¢, = 1 — 2 [X:/(1 -+ »Y,) ] (sum over
species), X, and Y, (carrying charge sign) are standard
notations for the normalized frequencies for each species
in a magnetoionic medium [107], & = (e + e-1), A =
87, Zo = (p/e)¥2 = 377 Q, and all other notation is de-
fined in [97]. An interesting feature of (2) is the fact that
~whenever e;1 = e.1, the mean complex power, hence the
input impedance, is identical to what it would be in an
isotropic medium of relative dielectric constant e;. In a
multicomponent plasma the condition e, = e_; occurs at
the crossover frequencies [8], and thus this special case
is of interest to the present work. The calculation of the
loop radiation resistance near the crossover frequencies
can be found in Section IV.

A. Full-Wave Radiation Resistance

To evaluate (2) we perform the trivial y integration
and then perform the n integration using the technique
of contour integration and assuming the medium to be
slightly lossy to ensure convergence of the integral. Used
in conjunction with the relation R = 2 Re P/I¢ and [11,
egs. (4), (5)7], the results of the contour integration lead
to the following formal expression for the full-wave radia-
- tion resistance of the loop:

R=A|e |0 [fF(y_)Jf‘(V_) dy.-

+ [ rwanv a.| ®

where
ZorhZes® | € Y — € 12
A= | 03/l2 Fly) = !
2]e—el (y — 0)*y — a)
Yz = 0Ll & = 3(ep1 — e1)
€11€-1 — €€g €y1€-1
b=—"———, a=—
€ — € €

o |ols — e)(ys — ed) ]1/2
Ve A [ (69 — &) (ye — b)

- =ll .
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and the domain of y, for the integrals covers all positive
values of 742 (the region of propagation for each mode in
the wave normal space).

B. Quasi-Static Radiation Resistance

The quasi-static approximation to the loop radiation
resistance can be obtained from (2) by taking the leading
term of the real part of P asn — o, Assuming vanishingly
small losses, this term can be easily evaluated to yield

4 €8 &
[es(es — &) 2’ €

- 172
£ = ;31*( €0 ) and
€p — €5,

when e,/e > 0.

Rq = <0 (4)

where

Ro=0

III. BouNDEDNESS OF RADIATION RESISTANCE

It is not difficult to show that in general (3) is bounded
for all finite values of the driving frequency . On the
other hand, since it has been claimed by Seshadri and
Tuan [7] that R is infinite at the upper hybrid-resonance
frequency (wuvm), it is of interest to examine here in detail
the behavior of R at the hybrid frequencies.

A. Upper Hybrid Kesonance

Define the frequency war to be the larger of wg, and w,
(electron gyrofrequency and plasma frequency, respec-
tively). For wy < w < wym, it can be shown that n?
varies from e, to ¢ as @ varies from 0 to /2, and that
n_? varies from = to @ (@ = ee_1/e) as 0 varies from 6,
(cutoff shadow boundary) to =/2.

As w— wum, €0, 61— —e_1, b— e 126, € — €.,
and ¢ — «. Equation (3) can then be written

AT [ (g — @)V
RUH - [f (6_12/60 — y+)312 l € |1/2

[T (e — )RV ] i
j; (y- — a)'2(y- — e_/e)’? ay- (%)

From (5) it is not difficult to show that an upper bound
for B at wyw is the following:

-1

dy++1m

€1

w32r2 L oo

8 =
Ron (e

(6)

Since e/ (e_1)¥2 < 1 at wyug, R is finite at this frequency
and, furthermore, may be quite small for small loops.
This result is in disagreement with the findings of Seshadri
and Tuan [7], who concluded on the basis of qualitative
arguments that E should be infinite at wya.

B. Lower Hybrid Resonance

The lower hybrid-resonance frequency (wrm) in a cold
collisionless multicomponent magnetoplasma can be de-
fined as the unique frequency lying between wz, (the
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proton gyrofrequency) and wsx,, which satisfies the condi-
tion ¢, = 0. The behavior of B at wrm varies according
to whether the plasma frequency is higher or lower than
wim. If wp < wim, it can be shown that an upper bound
on R at wpu is given by (6) with e.; replaced by e;a.

On the other hand, if wy > wrm (as will occur in
plasmas of moderate to high density), it is a simple matter
to show that the following expression represents an upper
bound for Riy:

8
Rin® = z Zo(Br)? [1 +—prle I”ﬂ . (7)
2 3T
Since | ¢ | # « when o = wry, Rra? is always finite
for finite values of the loop radius.

-~ (. Multiple-Ion Hybrid Resonances

In the event that more than one positive ion is present
in the plasma, an additional hybrid resonance e. = 0 will
appear for each additional ion. If we order the ion and
electron gyrofrequencies on a frequency scale according
to absolute magnitude, i.e., | ww, | > | wm | > | wa, |, ete.,
it can be shown that the distribution of the hybrid-reso-
nance frequencies is such that there is one and only one
hybrid-resonance frequency located between any pair of
adjacent gyrofrequencies [87]. It is possible to show that
an upper bound for R near any of these multiple-ion
hybrid-resonance frequencies wym, can be obtained from
(6) if wp < wwm, (with e.; replaced by e) or (7) if
wo 2 WMH,.

On the basis of the foregoing caleulations, it can be
stated that a filamentary loop whose axis of symmetry
is parallel to the ambient magnetic field in a cold multi-
component magnetoplasma possesses a radiation resist-
ance which is finite for all frequencies including the upper
and lower hybrid-resonance frequencies. Thus the results
of Seshadri and Tuan [77], showing an infinity in R at the
upper hybrid frequency, are incorrect.

IV. ApPLICATIONS TO MAGNETOSPHERE

We wish to use (3) in order to obtain a first-order esti-
" mate of the radiation resistance of a loop antenna oper-
ating in the inner magnetosphere. We wish to do this
both by developing approximate closed-form solutions for
R in various regimes of the plasma parameters and also
by calculating R numerically from (3).

In modeling our plasma upon the inner magnetospheric
plasma, we assume that (wo/wm,) > V2. This condition
insures that only one mode, the whistler mode, can propa-
gate for wy, = w > wg, (proton gyrofrequency), and the
condition is generally satisfied throughout the magneto-
sphere, so long as the observation point is located within
the plasmapause [12].

A. Closed-Form Solutions

In the following we list some approximate closed-form
solutions for R that can be obtained from (3) for various
frequencies in the approximate VLF/ELF range wy, >
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o > 0. In the interest of brevity these solutions are given
without proof.

1) B for wp, < v < wrg: For this case, given that
Br(a)¥? < %, R has the form

_ T )4 @ Y 172
R T Zy(Br) (es — 60) €] b]

{[3 :—" +54 2p-2] E(ep) — [4+ 2p7%]

row - (2) oo~ (2] ©

R a — €41 1/2
g = arec sin
a—2>b

(a — b)”z

a — ¢

and F(s,p) and E{o,p) are the standard elliptic integrals
of the first kind and second kind, respectively. (If
w R wy,, a simpler expression for R can be used: B =~

(Zyw/3) (Br)te ™)
2} R for wy, > w > win: For this case, given that

where

p

€ — €

460

fl

v (Br)> 2] el (9)

the following approximate closed-form expressions for B
can be obtained.
Case I) v>> max (|&|,]a]): For any given finite

- values of ¢ and a, the loop can be made small enough so

that the condition ¥ >> max (| &/, a|) will obtain. In
this limit of small loop dimensions RB; becomes identical to
the quasi-static result (4).

Case IT) v <K min (| @ |,] & ]): In the event that the
loop is large enough so that y < min (| a |, & |), the fol-
lowing expression is obtained for R:

4 253 1/2
Ry Sz, % (60).
3 (Es - 60)”2 €L1€ 7,

(10)

Case III) |a|>v>>|e|: If a loop of small but
finite dimensions (such that v>>|e|) is driven at a
frequency approaching wrsm, then sinee |a|— « as
w — wrh, the condition must eventually obtain: [a|>>
v>> | & |. In this case R has the form

(ﬁ’l‘éd)z

7TZO
) (e+1e_ 160) 2"

(11)

Ri(w~ orn) =

Since R; varies as (Br)? while B; (Case I) varies as
(8r)3, R(w = wru) can be arbitrarily large compared with -
R(w # wiu) as r— 0, Consequently, B can exhibit a
relative maximum when o = wry. It ean be shown that
(11) is valid only if A2 | a|>> 1. Thus the relative maxi-
mum at @ = wrag will be very narrow.
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Case I'V) a = ¢: In the inner magnetosphere a reason-
able approximation over a significant portion of the VLIF
range is the assumption a =¢ ¢. Given this assumption,
R is found to be identical to (4). Note that the relation
@ =2 ¢ does not directly imply any constraint on the loop
radius.

3) R for wp, > w > 0: It is convenient to speak in
terms of a set of “basic” solutions for B which can be
applied in one combination or another to cover the entire
frequency range wg, > w = 0. The necessary set can be
deduced by consideration of the ordering of the plasma
parameters e.1, e_1, & and € as w is decreased monotonically
from a given ion gyrofrequency wy, to the next lowest ion
gyrofrequency wy, ,,. If we assume a plasma of moderate
to high density so that ¢ < 0, for v < wg,, and assume
the absence of negative ions so that e, > 0, it is found
that only the following orderings need be considered.

a) €12 € = 1 > 0: The frequency range associ-
ated with this regime is. wy, > © > Q.,, where Q. is the
crossover frequency [8]. The crossover frequencies are
defined as the set of real positive frequencies which satisfy
the relation e.1 = e_y. There is one and only one crossover
frequency between wy, and wgy,4,, and at this frequeney
the n,. modes exchange identity (based on polarization
labeling).

The n_ mode contribution to R for this regime has the
form

Zomhiter??
R = _077_.6_-1_[6_1 — e 3

ea€o’
T (e — @) } - (1)

T 266 — )

In the case of a small loop the leading term of B due to
the n . mode ean be obtained from (4). Thus to a good
approximation the radiation resistance R, of a small loop
in this frequency range is given by the sum of (4) and
(12). Note that as w—Q,,, e1— e, ¢—0, and R,
assumes the value appropriate to an isotropic medium of
relative dielectric constant ie, Ro=1%,) =
(Zom/6) (Br) e,

b) €1 > € > €.y > 0: The frequency range associ-
ated with this regime is Q,, > v > ;5 where w;® is the
ny mode cutoff frequency. The cutoff frequencies are de-
fined as the set of real positive frequencies which satisfy
the relation e_; = 0. There is one and ounly one cutoff
frequency between each two adjacent ion gyrofrequencies
wg, and wg;1,. Since the 7, modes exchange identity as
the driving frequency passes through the crossover fre-
quency, Rp is given by the sum of (4) and (12) with
€41 and ey interchanged.

¢) €11 2 & > 0 > €1t The frequency range of this
regime is w:® > w 2> wun,, and the radiation resistance R,
is given by either (4), (10) or (11).

d) €1 > 0> e > e_1: The frequency range of this
regime is wyg, > © 2> w4+, and the radiation resistance
R, is identical to that given in (8).

The preceding ordering sequence will repeat for each
pair of adjacent ion gyrofrequencies until w decreases be-
low the smallest ion gyrofrequency wy,. When o < wg,
the sequence starts once again with the orderinge_; > ¢ >

€11,

o~
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€41 > 0, but this ordering does not change over the range
0 <€ & < wp, since no crossover frequeney exists in this
range. Thus these orderings cover all possibilities assum-
ing no negative ions (e; > 0) and moderate- to high-
plasma density (e < 0; 0 < wg,).

B. Numerical Results

Our numerical data have been obtained by evaluating
(3) through the use of computer integration technigues.
In Figs. 1-3 we plot R as a function of frequency for vari-
ous values of plasma density, plasma composition, static
magnetic field strength, and loop radius. The curves in
each figure are parametric in the variables r, and fo/fx,,
where 7 = 2«fu,r/c, fu, is the electron gyrofrequency,
and fo is the plasma frequency. The three values of fo/fx,
that are used (fy/fz. = 2, 5, 10) were chosen as being
representative of the range of values that can be en-
countered in the inner magnetosphere.

Fig: 1 is a plot of K versus normalized frequeney over
the range 1 > f/fu, > 2.5 X 1072 The plasma, is assumed
to consist of electrons and protons. The lowest frequency
plotted is sufficiently above the lower hybrid-resonance
frequency (appropriate to each value of fo/f#,) so that
ion effects are not dramatic. For each curve it can be
seen that R is an increasing function of frequency until
f~ 0.8fy,, at which point E reaches a maximum. For
larger values of frequency R is a deecreasing function of
frequency which approaches zero rapidly as f — fx,. When
fo/fu, < 10 and r, < 0.1, the curves agree with the approx-
imate formula (4) within a few percent. In this range of
the parameters B as a function of the loop radius varies
as 78 and as a function of density varies approximately
as (fo/fn,)%

The curves of Fig. 1 are plotted under the assumption
that the loop possesses a uniform ecurrent distribution.
This assumption appears reasonable at any given fre-
quency so long as the loop is small compared to the maxi-
mum wavelength of the medium at that frequency. How-
ever, for values of 7y greater than 1 it can be shown that
even at the lowest density ( fo/fw, = 2), the loop radius
would exceed the maximum wavelength in the medium
over most of the frequency range of Fig. 1. Consequently,
values of r) greater than 1 were not considered. '

Fig. 2 is a plot of B versus normalized frequency over
the range 2 X 1073 < f/fu, < 3 X 10~% The plasma is
assumed to consist of electrons and protons. The frequency
range of this plot includes the three lower hybrid-reso-
nance frequencies (frm/fw. =2 2.07 X 1072, 2.28 X 1072,
2.33 X 102) appropriate to the three normalized densities
(fo/fu. = 2, 5, 10), and ion effects at these frequencies
are noticeable on all curves plotted. The resonance be-
havior of R at f = fux is particularly dramatic at small
values of 7o, where the resonance peak is orders of mag-
nitude higher than values of R to either side of the peak.

An interesting feature of the curve family is the tend-
ency for the LH resonance peak to wash out as either
the loop radius or the electron density is increased. An
explanation of this effect can be obtained by comparing
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Fig. 3. Loop radiation resistance as function of frequency in
multi-ion plasma. Four-specie plasma is assumed: electrons,
protons (70 percent), He*™ (20 percent), and O* *+ (10 percent).

the approximate solutions (4) and (11), both of which
will be quite aecurate for 7, < 0.05. Equation (4) can be
used to evaluate R at the relative minimum which occurs
on the high-frequency side of fim, while (11) can be
used to determine the peak value. It is found that the
peak value varies approximately as 7%fo/fx,, while the
minimum value varies approximately as 7*( fo/fu,)?; thus
the relative height of the peak varies as (rf;) !, and the
peak tends to disappear as either the radius or density
is increased.

For w < wry, B decreases monotonically as the fre-
quency decreases. In this range a comparison of the
approximate solution for R given in (8) with the plotted
curves shows that (8) is quite accurate over the range
2 X 1073y, < f < 0.98fLu as long as o fo/fu, < 0.1.

Fig. 3 shows a plot of B versus normalized frequency
over the range 7 X 1072 < f/fuy, < 1, where fy, is the
proton gyrofrequency. Two curves are plotted, one for
1o = 0.5 and one for 7, = 0.01; in each case it is assumed
that fo/fg, = 10. The plasma is assumed to consist of
electrons and three ions: atomic hydrogen, atomic helium,
and atomic oxygen. The composition of the plasma is
assumed to be 70-percent H+*, 20-percent Het, and 10-
percent O+ +. The hydrogen and helium percentages are
in line with those that can be found in the topside iono-
sphere (~1000 km) at night. The doubly ionized atomic
oxygen is included for numerical convenience and not on
the basis of any model of the ionosphere. The effects on
R due to the presence of multiple ions are clearly visible
in both curves of Fig. 3, but particularly so in the curve
for the smaller radius 7, = 0.01.

Both curves show large resonance peaks occurring at
the multiple-ion hybrid-resonance frequencies (points la-
beled 4 and C on the frequency axis) and both curves
show minima near the crossover frequencies (points
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labeled B and D on the frequency axis). However, the
resonance peaks are higher and the crossover minima are
deeper and sharper at the smaller radius. In addition the
crossover minima for the larger radius plot show a sig-
nificant shift away from the true crossover frequency loca-
tion. Numerical data not shown here indicate that the
smoothing of the relative extrems continues to occur as
7o 18 increased.

It can be seen from the plots that relative maxima in
R also occur at frequencies very close to, but slightly
below, each ion gyrofrequency. Thus between each pair
of adjacent ion gyrofrequencies two sharp relative max-
ima and one sharp relative minima are located, and in
this sense the curves of Fig. 3 may be taken as represent-
ative of the behavior of R for small loops in a multi-
component plasma.

V. Discussion

To the authors’ knowledge the present paper is the

first published work which uses a full-wave formulation
to treat the subject of the radiation resistance of a finite
loop in a multicomponent plasma. Previous authors who
have studied the loop problem have done so using con-
siderably simplified models [23-[5], [7], [13] which in
the main fail to deseribe the interesting radiation effects
produced by the ions in the VLEF/ELF frequency range.

In a recent paper in the field, Duff and Mittra [6]
calculated the input impedance of a small loop in a cold
magnetoplasma using both a uniaxial approximation and
" -an approximate quasi-static theory. Both approximations
lead to closed-form expressions for & for the parallel loop,
but a comparison with our own calculations shows their
expressions to be significantly in error over most of the
VLF/ELF range. As a result of these discrepancies, we
infer that neither approximation in [6] is sufficiently
accurate to allow a meaningful evaluation of the loop
radiation resistance.

The usefulness of the closed~form expressions for R
which were developed in Section IV-A depends upon the
possibility of satisfying the restriction Br(e)'2 < % or
that given in (9). Similar restrictions have been discussed
in earlier papers [97, [11], and by applying the results of
these papers to the present problem it is possible to show
that our expressions for £ will be valid for loop dimen-
sions of the order of, or greater than, those presently used
in VLF/ELF magnetospheric satellite experiments.

The presence in R of sharp relative maxima at the ion
gyrofrequencies and hybrid-resonance frequencies and
sharp relative minima at the crossover frequencies is
clearly of importance to the problem of designing a
VLF/ELF satellite transmitting system in the magneto-
sphere and also presents interesting possibilities for the
use of a small loop as a diagnostic tool in a multicompo-
nent plasma. One scheme that might be practical would
involve using a small loop as a sweep-frequency radiating
element immersed in the plasma. The far-field signal
would be detected by two equidistant receivers: one posi-
tioned approximately on the same magnetic field line as
the loop, and the other positioned in a direction inclined
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approximately 50-90° away from the field line. (Two re-
ceivers are necessary since the radiation from the loop
flows almost directly along the magnetic field lines when
w X wyn,, while it flows at a steadily increasing inelina-
tion to the field as w — wy,.) Assuming that w; and wy,
are known, the location of the ion gyro, hybrid-resonance,
and crossover extrema then determines the ion masses
and densities in the intervening plasma (in some average
sense). An experiment of this sort might be conveniently
carried out from one of the manned space platforms pres-
ently proposed by NASA, using two of the proposed re-
mote-maneuvering vehicles to receive the far-field signals
from the loop. Needless to say, this scheme is just one
of a host of interesting plasma diagnostic experiments
which could be performed using a VLF transmitter on a
manned space platform.

Although we have neglected complicating effects due
to collisions, finite temperature, inhomogeneities, and non-
linearities in the plasma, the results presented here should
prove useful in providing a first-order look at the problem
of the coupling between a loop antenna and a multi-
component magnetoplasma.
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