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of the plsma frequency to incident wave frequency.) A synthesized
XN, profile for the plasma-conductor configuration under discussion
15 =hown in Fig. 3 along with the profile determined by Langmuir
probe measurements, : )

For the present laboratory conditions and the model chosen,

the enleulated values of Py/P, and ¥, — & change slowly as fune- -

tions of 1 and b. As a consequence, the n and b that one can choose

te match theory and experiment equall y well can only be determined -

within a range of values. In Fig. 3, the crosses at the beginning
uf each reetangular profile indicate these ranges. To determine

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, NOVEMBER 1464

N.{r) more closely, a more sophisticated model, such as represent-
ing the plasma by many layers, must be used.

T. G. Twanpzck!

Rosert G. Qrinx

Tonosphere Research Lab.
Dept. of Elec. Engrg _
Pennsylvania State University
University Park, Pa, = -
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On VLF Radiation Fields Along the Static Magnetic
Field from Sources Immersed in a Magnetoplasma

Abstract—The focusing of waves from radiating VLF sources
immersed in a cold magnetopiasma is investigated for the case in
which the focusing takes place zlong the static magnetic field
direction. The explicit form of tensor Green's function valid along
the field line is derived for the far fieid, and the frequency ranges
where focusing may be expected are specified. The theory is ap-
plied to calculate the power flux along the field line for ap electric
dipole and a magnetic loop with two orientations with respect to
the static magnetic fieid.

I. IxtroDUCTION

It has been suggested [1] that important knowledge regarding the
origin and nature of VLF emissions could be obtained by the con-
trolled stimulation of these emissions using a VLF transmitter
aboard & magnetospheric satellite, Although in theory this stimula-
tion can be accomplished in & number of ways, the possibility of
stimulating VLF emissions with man-made signals has aeruafly
been proved only for waves which propagate approximately paraliel
to the earth's magnetic field [2]. Thus it can be atiticipated that an
important mode of operation. for the VLF satellite transmitting
system will be one in which the production of longitudinally propa-
gating waves is optimized. The difficulty of the probleim of optimiza-
tion is compounded by the fact that, in general, the stimulation of
emissions would be effected at transmitter frequencies below the loral
electron gyrofrequency (in the range 2 to 20 kHz) where the radia-
tion efficiency of practically sized antenna arrays will be quite low.

Since the output power of the satellite transmitter will be limited
by payload restrictions, low values of antenna radiation efficiency can
be equated with low values of radiated power. In this case, the
possibility of generating longitudinally propagating waves of
sufficient amplitude to stimulate VLF emissions could well depend
upon the existence of focusing effects in the medium which would

Manuscript received April 24, 1969. This research was supported by
XNASA under Grant NsG 174-SC/05-020-008.
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serve to iucrease tle relative field strength of waves propagaiing
- paraliel to the field lines. Thus the consideration of focusing effects
along the magnetic field lines would appear 1o be of significant
importance in the design of any VLF satellite transmitting system.

Insight into the problem of the focusing of radiation from sources
in the magnetosphere can be obtained by considering the idealized
case of radiation from sources in a cold, unifortn magnetoplasma.
The asymptotic evaluation of the far fields produced by sources in
such & medium has been made by a number of warkers, and focusing
effects have been discussed [371-[6]. However, for observation points
located along the static magnetic field lines which intersect the
source, the asymptotic caleulations of the far fields reported in these
papers need to be modified. In this communication, we shall investi-
gate the far fields along the field line in detail by ealeulating the
explicit -forms of the tensor Green's funetion vaiid along -the inter-
secting field lines for frequencies approximately within the VLF
range, that is;, between the proton and electron gyrofrequency,
Application of the theory is then made by .calculating the ray
funetions along the field line from several elementary souress, and a

brief discussion of VLF fueusing effects is given.

II. Basic FORMDLATION AND ANALYSIS

In a finear, uniform cold magnetoplasma, the electric field excited
I a menochromatie (exp jwt) current source J(r) can be expressed
by the relation :

Ery = /éu —~ 'y Jir') dr. (1)
The 1enser Green's Himetion 6 is defined by
Gir =1y = DIgr - v) - (2)
whiere .
D= wpgt2rkei VUV 4 k2L ko B) (3)
r—r =, 2,70
= {77 atsinBexp — jko(r — r')-n

. dy d8 dn

/‘—11[ ‘[o a(f)[n? — m*8) J[n* — ny2(e) ] v

0
fo = worom =" Rk, 8is the polar angle between & (wave vector)
wd the statie maenetie field (oriented along positive z axis), ¢ is

v oencithal augle of 2 about the static magnetic field, and

TeLi6_1 — eqty) SIN% 6 + Deoe, +g(8)

Ir;_':.ﬂ' =
_ 2a(8)
f[‘b' = [(ege, = €premy) SINY O + dees? cos? ]2
alfl = e, sin?f + ¢ cos?p
S e T eal’2) e ow (e —oe),2,
€ =1 — Z (XA +700
]
o the list pelation adwve, X and T are standard notations for
the erminbized frequencies in the maguetoionic theory, see, e,
Lasine 272 %and the’ sum is taken over all particle species with
S )
Iooverms of the Curtesian romponents of the relative perminivity
Tenser, the explieit forms of the ten=ors L and E have been developed

in Rowehok [63 I terms of the prineipal components of the relative
permutiviny tensor, L and E ean be expressed in the form::

oVt + o7 — 32/ay7)

I=

. (9%/0282) — jeg(8/0yaz)  e.(3%/ayaz) + Jea(d/0z02)

oty

~

E =] —jau

-0

jedVJ + en(a /a::ay)

LT aVat + w(8%/02ay) Vi + «(V2 - 3%827) e (3Y/ayoz) — Jea(9%/0z8z)

where Vi = tT:_ 18782}, For wave frequencies betweer, 1ie
Proton and electron gyrofrequencies in a plasma modeled upo:, tie
magnietosphere, it can be shown from {3) that the square oi the
refractive index of the ordinary mode n?(#) < 0 for ali 8, and thus
this mode is always nonpropagating, On the other hand, for the
whistler {or extraordinany) mode, n.*(8) > 0 for all § when < wLum
(wrmr = the angular frequency of jower hybrid resonance); when
@ > wLER, M*(08) > 0 for 0<6 <8, (8 =aretan {—eplestt¥)
and n:2(8) < 0 for 6, < & < /2. Since the fields due to the non-
propagating medes decay exponentially away from the source, only
the poles from n.2(¢) within the Propagating range of & contribute to
the radiation field.

Selecting the pole of n:2(8) corresponding to outgoing waves, the
contour integration with respect-to the variable n and the integration
with respect to azimuthal angle ¢ can be performed in I (&) 1o vield

. . I8y
I (R) = —=2nk,"? / q—l (B)ﬂ: sin eJa(km.t (9}5)
1]

-exp (—jkor(8) [Z{) do (3

where R = 7 — ¢", 5 andZare the respective transverse and longitudi-
nal companents of R in cylindrical coordinates, v(f) = n:(6) cos g,
#(0) = n2(9) sin 6, and J, is the zero order Bessel function of first
kind. The upper lmits /2 and 6, apply for the cases v < wipp
and w > wpgp, respectively. By the use of large argument. approxima-
tion of Je, the asymptotic evaluation of I (R}, for R — =, has been
considered by a number of previous workers [3]-[6] However,
their method is not necessarily correct if it is wished to evaluate the
far field along the direction of the static magnetic field lines (the
z axis}, since the source dimensions may be such that the argument of
the Bessel funetion is not large at the saddle point [8]. This would
prove to be the general case; for instance, for VLF sources in the
magnetosphere assuming the dimensions of these sources were of the
order 10* m or less 9], ‘

In these cases where ku(8)p < ! at the saddle point, the large
argument approximation of J, should not be used but instead, for a
fixed p and [Z| = », I{R) can be estiinated by the method of
stationary phase-with the mth-order stationary point defined by

(o:i/ag')vid) =0, {=
L (@m¥ aem ) (6) = 0.

1,---,m;
16

The amount of algebrs involved in the asymptotic evaluation of
1(R) can be considerably reduced if it is assumed that the electron
plasma {requency is large compared to the electron gyrofrequency
(i.e., woe? 3> wg,?), a condition which holds throughout the inner
magnetosphere (L < 4). In this case, the leading terms in J {R) are
given by one of the following three expressions,

Case A

For wave frequencies in either of the two Tanges wye > w > lwy,
OF wrup > w > whp {wup, = proton gyrofrequency), there exists a
single stationary point at ¢ = 0, and I (R®) has the form

La(5) o 2t exp (—jkov/en | Z]) L )
T eI+ 0 0+ 20 3] w
€(8%/0292) + jea(8?/dydz)

(4)
& (Vs + 32/32%) |
Jeoes 0 | |
€oia 0

0 €€
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Case B

For wave frequencies in the range dwg, > « > wrgR, there exist
three distinct stationary points: 8, = 0, and 8,5 = cos™ (2e,/es),
two of which lie within the range of integration of (5). For this case,
I(R} has the form .

(2kodyv/—a|Z[ — =/4) -

IB(E) = IA(E) — i r/kok Ia{, (—a)in Eij

Zeneq | 2 |12 ?
a= €+lf—i/€... . {8)
Case C =+
When w = wne/2, the three stationary points mentioned above

_merge 1o form & third-order stationary point at § = 0. Here I{R)
has the form ) '

' M eatexp — jlkev/en |2] + x/4)
o gl Y e exp — jlkeyen | 2]
Toi?) = ﬂ(ko) .

= (9

Gocd ; z :112 ( )
-.\'me that for A = ~0.5(—a —re,;), neglecting 4the higher order
term of [4(z), I5(2) reduces identically to I¢{%), as it should.

Case D

When o — wLug, the dimensions of the source become important
and, in general, the assumption that kou(8Yp < Iforall source points
becomes untenable. In this case, the approximation of J(E) can
proceed along lines explored breviously by others [31-[6], and we
do not give this result here,

Substituting (7Y, (8), and (M into (2}, the explicit form of the
tensor Green's funetion Gir — ') can be found for the three cases
dizcussed above: ) :

s —jkeZoexp ( —jken e j?i]. -

~ L 10)
o= 2ril + AT £ 207 3 (a0
- Zot —a ) exp j{2kAv/—a — x/4)
Gz — kg 92 TE0L 0 E\pSJ:{ﬂ:z\/ /4) 5 an

|
- ko X' kaZueat b exp = jikov e 3] 4 £/4) A
Ge~ - (,—_) R Ty 21 g
- =1=1

. . ". -~ o~
where the nonvanizhing matrix elements of 4 and B are

duo= ot =]
dip = =1y =

Bio= By = (¢, + aisg

Bir= =By =

By = [16Ma® + eie i (1 + 8A2) Jegea.

anid
Zo ™\ me e = 377 ohms.

HI. Am-r..w.wm.\'s

L applying the tensor Green's funetion teveloped in Section II,
weocotader the power fux alung the statie magnetic field for an
mtrtitesimal ejvetrie dipole of moment feh (approximating a small
dipole with o rriangular current distribution)- and a filamentary
lonp of racins A with either parallel or perpendicular orientation.
with respect 10 the magnetic field. The calculation will be made
vhly for the case of w = oy, a frequency at which VLF emissions
are often ghserved. . : S

<. Perpendicular Dipole
Jir) is given by Fehs(r')a,. “sing (1) and (12), the Cartesian
cumponents of the electric fields are found at 5 = 0 (along z axis);
. E.~ (ko )”2 (Iohko)zoéul'"'
= T\a; >

2r

exp —F ke | ;; - 7/4) -

£,
E:

—JE; _.
=0

a3
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Using (13} along with the relations H = jv x E wyuy and
§ = Re E X H*/2, the Poynting flux along z axis can be determined:

';_u (Iohku)=ZniU£&, .

Ss 4r

{14}
WwHy 2

where w, is the plasma frequency and kp = wp/c. .
From Gu = G (the first two diagonal components of G, ix_'is

clear that fdr_ the sa_.rr'te dipole oriented along. i axis, P, again is
given by (14). . :

B. Parallel Dipole

For this case, J(r') is given by’ Johé (r)a, anud since da =0,
there is no transverse camponent of the electric field at the 2 aa.,
Therefore, P, = 0 for all three frequency ranges considered jn i
previous sections. This result is a special case of o general rule sha
can be inferred from symmetry arguments, that js,
symmetric about the 'z axis eannot produce o wonvanishing cot-
ponent of E; or E, at the z axis. Thus a loop antenns with irs 3=
metry axis parallel to the field line and w0 azimunihal vipint o of
current will also yield zero Poynting fux exacty atowe 1he fivhl, -

.1:3

HI A XRTRT VT

C.- Twoe Dipoles with Cireular Phasing .

For this ease, we consider two dipoles oriented alimg the
axis and 90° cut of temporal phase. J (r} is then_expressed hy -

J(r) = Lh(a. = ja,)s6(n

L

with 4+ and — being, respectively, the left and rizht civeular Politrtrae
tion. Using ¢1), (12}, and (13), the eiectric field can he catleanlatend;

Ere~ — (E!’.)”2 dohkoZoz. 12

\2x)  jz i

0 . L e .
(1) eXP — jikove 2, ~r 4

E, « —jE,. i

Fur these field components, the Poynting fux hecones

Sx == —H—(Io}!ko)zzo ﬂ’- (‘:) I{" v

T Lo | 3
In (16) and {17}, the upper and lower element~ of =
to the = sign of (13), respectively.
D. Perpendicular Loop

For this case, we orient the loop (of radiug ) in the r-=x plane,
with its axis of symmetry along y axis. The current Jir) in spherical
coordinates can be written - ) : )

COrTes o]

_ Iaa(?' - h)

J) ksin ¢

[6(¢ — =) — dig) J0 LIS

where @ is a unit vector in the direetion of inereasing 4. Using (18,
(1), and (12), the transverse components of £ can be found:

jr' kor)a"”o( hko) EZéals”

B o V32 exp (—j‘\/;[ku AR
Eg=0 [ E?_ = -3 .“?\. (am
. with the resulting Poynting flux '
= 22l (ko)A Zo (wp /e, )3 (k2. (20)

From the above results, it is interesting to note the following:

1) From (14), (17}, and (20), it is seen that the focusing effect.
along the field line, as z — =, is proportional to the first power of
the effective distance &,z measured by the plasma wavelength in the
medium, ; . : -

2) Comparing (17} with (14}, it is coneluded that, at w = wHe/2,
a right-handed eirculariy polarized dipole can radiate four times as
mauch longitudinal power as a single dipole, while a left-handed
circularly polarized dipole cannot radiate energy exactly along the

field line, . - '
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3} A perpendicular loop with a diameter equal to the length of the

dipole ean radiate }xt(hkp)? times the power of the single dipole.
Thus depending upon the plasma density, the loop ean either radiate
more or less energy along the field line than a dipole.

IV. Discussiox

From the explicit forms of the tensor Green’s function given in
Section II, it is clear that focusing effects along the field line take
place only for frequencies in the range wigp < w < wie/2. Within
this range, the fields vary with distance z-* instead of varying
customarily as 27, and the focusing effect is such that the relative
enhancement of wave energy along the field line direction is propor-
tional to the first power of the distance in the far zone.

A sumewhat more quantitative estimate of the relative enhanece-
ment of wave energy along the field line direction ean be obtained
by notipg in (3) that as the observation point moves awsy from the z
axis, the iarge argument approximation of the Besse] function, ie.,
Jo(®) ~ V/2/7z cos (x — /4), must eventually be used in conjunc-
tion with a saddle-point approximation of the integral, In this
regime, the new tensor Green's function G5 will have the approxi-
mate value Gy" = [hout#,}p] 2G5, where 8, is the value of @ at the
saddle point defined by the relation pdp/d8 = zdy/ds, and the wave
energy should drop off approximately as [k (8.)p1! as the observa-
tion point: moves out sufficiently far from the z axis. Since the
quantity bt} is generally of the order 10 km™ for VLF waves
v the magnetoxphere, it is evident that the drop-off in wave energy
from the Jobe muximum ecan be rapid and .that consequentiy the
Jongitudinal foensing of VLF waves can be important as a means of
obiining eoluineed wave amplitudes from a low-power satellite
Iriahsnitier.

The weak of previous anthors [3]~[6] has made it clear that
furusing effeets i s eold magnetoplasma may also occur for ray
directions which are inclined to the static magnetic field line direc-
B, atel thas the furfield radiation pattern from a given source may
Bossts- uot onl¥ amajor lobe along the magnetie field line direction,

bt adwi vane which s inelined at some finite angle to this direction.

Thi- swndigzitudinal foensing takes place as s regult of the
Iresenee of miteetion points in the refractive index surface, and as a
fendt g Hhis foeusing the far fields drops off like r—/ {3] and the
tehintian oy drops off Jike r=32 Rinee the longitudinally focused
vreres e shown abeve, drops off like r, it is clear that in
Py the Jlommmndingd lobe must predominate as r — . Whether
vr et e dongitndinal fobe will predominate in an experimental

~itaataon will depend upon the seale of hemeogeneity of the magneto-
sphere plemn ax well as upon the details of the radiating source
functin Further study of these effects is now in progress and
resilie will be prosented in a fiture paper.

T. N, C. Waxg
T. F. Ber.
. Radioscience Lab.
Staniord University
stanford, Calif,
{EFERENCES
7 UMy sies of the carth in space,” Space Science Board, Woods Hole,
M, NAS/NCR Pech, RHept.. August 1988, ’
20 Ky Helliweth, 1, Katsefrakis, M. Trimpi, and N. Brice. **Artifi-
ey stimulisted very-low-frequency radiation from the ionosphere,”
S teraphigs, Res., vol. G4, pp. 2391-2394, June 1964,
41 K. Arbel and Lo B. Felsen, “Tlheory of radiation from sources in an
anisotropic media, pary 11" in S{np. on Electromagnetic Theory and
.\mt'n,r:uit‘. P 1. E. C. Jordan, Ed. XNew York: Pergamon, 1963,
. 42 1=450,
‘-‘. V. Bunkin, 'On radiation in anisotropic media,” J. Ezptl. Theoril,
Phys. (USSR, vol. 32, pp. 338-3406, 1957.
5/ H. H. Kuehl, “Electromagnetic radiation from an electric dipole

lll'slj 62?’ cold anisotropic plasma,’ Phys. Fiuids, vol. 5, pp. 1095—1103._

[6) H. Kogelnik. “'On electromagnetic radiatton fn magnetoionic media,”
J. Res. NBS, sec. D (Radio ropagation), vol. 64, pp. 515-523, 1960.

[¥*] J. A. RatcHfe, The Magnelo-Tonic Theory and Is Applications
to the Ionosphere. New York: Cambridge, 1959,

[R] W. S. Ament, M. Katzin, J. R. McLaughlin, and W. W. Zachary‘

"'Satellite antenna radiation properties at VLF in the jonosphere.’

f‘;gc(:]n;onll;g;xetic Research Corp., Coliege Park, Md., Rept.. ONR-

T. X. C. Wang and T. F. Bell, “On radiation resistance of a ‘short’

19

dipole in a cold magnetoionic medium,” Radip Sci., vol. 4, pp. 167~177,

Februafy 19649,

Transionospheric Radio-Ray-Path Rate of Change:
from Polarization and Frequency Measurements
of Satellite VHF Signals '

Abstract—The rate of change of the radio-ray-path length for
transionospheric sateliite signals is determined from Doppler and
Faraday effect analyses for quiet ionospheric conditions. VHF
beacon signals are used. The transionospheric path length of
40-MHz signals showed g natural oscillatory behavior of 1 wave-
length per second.

Determination of & natura] rate of ‘change of the actual ray-path
length of a signal traversing jonuspheric regions is important, for
example, in VHF radio-location and direction-finding problems. The
ray-path length difference between two positions of the satellite and

"-the ground station defines the total rate of change of the ray path,

When the ionosphere is assumed to vary, the effects from the
medium’s rate of change as well as those from satellite motion will be
reflected in the total rate of change of the ray path, Effects from the
medium are reduced when ionospherie conditions are stable and can
be assumed to displey neither frequency [17 nor polarization [2]
scintillations. Qur determination of the ray-path rate of change for
such quiet conditions utilizes an analysis of the 40-, 41-, and 360-MHz
beacon signals of satellite S-66 BEC. Faraday rotation and Doppler
shift data are taken every second. Variations between a smoothed fit
to the data and the actual data refleet the variations caused by the
medium,

The equation defining the Doppler shift in the ionosphere using
only first-order approximation for the refractive index is

af = (f/0)8 — (k/efin (1)

where £ is the fi'equency, ¢ the speed of light in vacuum, § the rate of
change of the radio ray path, k = 4.03 X 107in €g8 units, and #, the
integrated electron density N, slong the radio ray path:

5
7] —‘-—f N',ds. .
0

The equation .&!eﬁning the Faraday rotation in the ionosphe.re
{again with first-order approximation for the index of refraction} is

a = (K/MMn, (2)

where a is the polarization rotation angle, M the effective geomag-
netic field component at icnospheric heights, and K & constant, equal
to 2.36 X 10¢ (cgs units). Combining (1) with differentisted (2)
we obtain

kld M
Sz;”"'i[ﬁ“ﬁ?}' (3)

Taking the variation of both sides of {3}, we obtain
£ k -a M
88 ==3(af) +=8]x — 2=a.
7 (J')+K [M M’a]
The following interpretation is then used in considering that the
left-hand side of (4) represents the momentary deviation of the

(4)

" path length’s rate of change in comparison to a smoothed variation.

The first term on the right represents the path change according to
the measured frequency scintillations [1], whereas the second term
is derived from polarization measurements [see (2) J. The term 5{Af)
is the measured momentary deviation of the observed frequency
from & fitted curve through all shserved frequency points; similarly,
$[dé/M — M /M3] represents the momentary devistion of the ob-~
served values from the corresponding value of & best-fitting curve
through all- observed values of @ and 4. The two terms in (4) are.
determined by the medium. Instabilities of the ionospheric electron

“content have a strong effect upon Af from both terms in (1); small

Manuseript recelved May 1, 1969.




