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first paper,! Unz writes Maxwell's equations
for a coordinate system fixed in space. The
plasma has a mean flow velocity vy with
respect to this coordinate system. Hence,
Unz's (9) for the motion of an electron is
properly written if one interprets d/dt
as a material derivative [i.e., d/df=(0/d¢
+vr-V)]. However, in carrying out the
analysis Unz treated d /dt as /8% The present
author has reworked the analysis of Unz
using the proper form for d/dt. The correct
dispersion relation may be obtained by re-
quiring that the determinant of coefficients
in the equations Z,— AyE;j=0(i, j=x, 353
be set equal to zero. The 4; are given by

Axx=(1—41iZ - Ba)(n® — 1) + X(1 — 8.n)
Axy=—1Y.(n2— 1)

Axz = (1 —iZ — 8.n)Ben — 1V, (1 — Ban)

— i¥ By
Avx =4Y . (02— 1)
Ay =(1—iZ - 8n)xn2— 1)+ X1 — 8.n)

Ave = (1 —iZ —- Bn)Byn+ 1YV (1 — B.n)

+iV.en
Azx = XBn — iVy(n?— 1)
XBn+i¥(n?— 1)
Az =~ (1—3iZ—B8m)(1 —8n) + X

+ 1'( Yzﬁy - Yvﬁz)ﬂ-
The correct dispersion relation is of eighth
degree in » rather than sixth degree as ob-
tained by Ungz, or fourth degree as in the
classical (8=0) Appleton-Hartree equation.
The author is presently carrving out an-
alytical and numerical studies of several
limiting cases. They will be reported on at a
later date. However, a few conclusions which
have been deduced so far are: 1) The attenu-
ation factors of the new modes are propor-
tional to 87!; the new modes are therefore
very heavily damped except in certain nar-
row ranges of X, ¥ and Z. 2) The drift veloc-
ity correction to the index of refraction for
the classical modes is of relativistic order
unless there is a component of velocity in the
direction of propagation. 3) The mean mo-
tion of the plasma provides a mechanism
for coupling of the longitudinal and trans-
verse modes.

In the second paper,? the more restricted
problem of plasma motion in the direction
of propagation without an applied magnetic
field was considered. Although proper ac-
count was taken of the convective term in
the acceleration of the electron, the v¢XB
term was omitted. This was done because
the author originally conceived of applying
the results only at relatively low velocities.
However upon reconsidering the problem,
it was found that the omitted term is multi-
plied by v2(=wg/w?) and hence may be
significant even at low velocities if the
plasma frequency is much greater than the
signal frequency. Hence, (7) of the second
paper? should read

VP (o )72+ V(L= 7 + 0
+ i1 — 2% =0.
The original analysis is therefore only ac-
curate at small values of w;/w.
MEeLvIN EPSTEIN

Aerospace Corp.
El Segundo, Calif.
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Author’s Reply®

This is to thank Dr. Epstein for his
comments and for his interest in the prob-
lem.

In his original paper! the author used the
method of solution suggested by Fano, Chu,
and Adler,® namely, finding the constitutive
relations for a stationary medium subject to
the effective fields created by the motion of
the plasma. By including the convective
term of the electron acceleration, the consti-
tutive relation for the drifting plasma may
be found and used instead. Following Dr.
Epstein's suggestion for small signal theory
approximation, one could use in the con-
stitutive relations given in Section I11 of the
original paper:*

dﬁ‘“(a—l—‘ \‘)ﬁ (1)
a Nor '
where:

R = Rpei@t*a R, = Const. (2a)

B = — = B3 + 8,7, + 8- (2b)

Substituting (2) into (1) and taking ck/w=n,
one obtains:

E = l'w'yﬁ (33.)

vy=1—-nf.=1—nfz.  (3b)

Taking (3) into account, one should use in
the refractive index equation in Section IV
and in (21) of the original paper,* the effec-
tive values of the plasma parameters, Xets,
Teott, Zets, rather than the original values X,
T, Z, where we define:

X

chf = _2 (43.)
¥

- b4

I”eff = (‘1'b)
v
VA

Zept = — (4c)
¥

In the particular case considered by
Epstein,® one s@uld take in (21) of the
original paper* ¥ =0, gr=0 and one will
obtain C42=0. Using effective values as sug-
gested above, one obtains from 4 =0:

(r? — D1 — iZetd) 4+ Xeery? = 0. (5a)
Assuming # 31, one obtains from C=0:
1 — Xegt — iZess = 0. (5b)
Using (4), one obtains from (3) above:

(2= D(y—iZ) ++X =0 (6a)
—iZy —X=0 (6W

where y=1-—n3:. Eq. (6a)above is identi-
cal with the one given by Epstein in the first
part of this discussion.
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The author has written recently two
additional papers’® on the subject of
propagation of electromagnetic waves in
drifting media and they will be published in
the near future.

H. U~z

Antenna Laboratory

The Ohio State University
Columbus, Ohio

Electrical Engineering Dept.
The University of Kansas
Lawrence, Kan.

7 H. Unz, “Drifting Plasma Magneto-Ionic Theory
for Oblique Incidence,” Antenna Lab., Ohio State
University, Columbus, Ohio, Rept. No. 1116-24,
Dpp. 1-22; October, 1962, Prepared under Contract
No. AF 19(604)-7270, sponsored by the Detection
Physics Lab., Electronics Res. Directorate, AFCR
Labs., Office of Aerospace Res., U, S. AF, Bedford,
Mass.

3 H. Ungz, “Electromagnetic Radiation in Drifting
Tellegen Anisotropic Medium,” Antenna Lab., Ohio
State University, Columbus, Ohio, Rept. No. 1021-
23, pp. 1-17; October, 1962. Prepared under Con-
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Comments on “The Magneto-Ionic
Theory for a Drifting Plasma”*

In a recent paper Unz! has attempted to
develop a magneto-ionic theory for the case
of a drifting plasma. His results, as stated,
do not agree with those obtained by other
workers.23 The principal error in his exposi-
tion arises in his confusion of wave frequen-
cies in the fixed and moving frames of refer-
ence.

In his development Unz quotes the fol-
lowing set of equations which describe the
propagation of electromagnetic waves in a
moving medium when viewed from a fixed
frame of reference:

oE aP
VXH_EOE=JI+H
+ VX (P X vy (1a)
VXE+#0§=—‘9‘(#0M)
ot 28
— VX (M X vo) (1b)
V- (E)=p~V - P (1o)
V- (uH) = —V  (uM) (1d)

in which ¥ is the divergence operator.

It is important to note that the above
equations refer to fields £ and H as seen in
the fixed frame of reference, while the polari-
zation vector P is evaluated in the frame in

* Received December 3, 1962.

1 H. Unz, “The magneto-ionic theory for a drifting
plasma,” IRE TRANS., ON ANTENNAS AND PROPAGA-
TI0%, vol. AP-10, pp. 459-464; July, 1962.
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which the electrons are at rest, 7.e., the mov-
ing frame.

In order to develop the constitutive re-
lationship Unz quotes the following two
additional formulas:

P = — NeR (2b)
d*R R .
m W <4 mu;t— = — eEr — eus(vr X Hr) (9)

Once again it is important to note that
the field quantities in (9) are those which
should be measured in the fixed reference
frame, while the displacement vector, R, by
definition is measured in the rest frame of
the electrons (4.e., the moving frame of refer-
ence).

On the basis of small signal theory, Unz
obtains from his (9) the following equation
for the harmonic time-varying components:

—mw?R + mviwR = — eE — eugivw(R X Hy)
— ewlve X H). (1)

It is quite clear that the foregoing equa-
tion is correct only if we take the frequency,
w, to be that seen in the moving frame.

Unz apparently has overlooked this
point, since elsewhere in his paper [(4a),
(4b) and (4c) as derived from (1a), (1b) and
(1c)] he utilizes the same quantity, o, to
denote frequency in the fixed frame, and
nowhere does he attempt to differentiate be-
tween the two differing frequencies.

To see the importance of this error, we
note that frequencies in the fixed frame are
related to frequencies in the moving frame
by the following well-known nonrelativistic
transformation:

wj(:l — nﬁ) = m

in which w; and w. are the frequencies as
seen in the fixed frame and moving frame,
respectively; 8=v/c where v is the drift
velocity of the electrons in the direction of
the wave normal and # is the refractive in-
dex of the fixed frame evaluated at the fre-
quency, «y. Consequently the quantities
which Unz designates as X, ¥, Z and #, are
in reality functions of the refractive index
of the fixed frame, although Unz does not
indicate this fact.

Thus Unz's theory, as stated, does not
predict, as it should, the well-known phe-
nomena of space charge waves or gyro reso-
nance waves. On the other hand, these phvs-
ically established phenomena exhibit them-
selves in the theory, if the correct frequency
is utilized in (11) of Unz's paper.

Utilizing the correct frequency in (11),
the following dispersion relation can be ob-
tained for the case of longitudinal drift and
longitudinal propagation, neglecting the in-
dependent space charge modes:

m?— 1Y =148 —X(1—-8r) =0

in which all parameters are evaluated in the
fixed frame. We note that this equation can
easily be obtained by means of a Lorentz
transformation applied to the refractive in-
dex in the moving frame. The above rela-
tion is in agreement with those obtained by
other workers?? and gives results which can
differ significantly from the results of Unz's
work.

Communications

As a result of Unz's error we must con-
clude that the validity of application of his
theory is seriously in doubt.

T. BELL

R. SMitH

N. Brice
Radioscience Lab.
Stanford University
Stanford, Calif.

Author’s Reply*

This is to thank Bell, Smith, and Brice
for their discussion and for their interest in
the problem. Their comment is essentially
the same as the one communicated to the
author by Dr. Epstein about three months
ago and published recently.5

In his original paper! this author used
the method of solution suggested by Fano,
Chu and Adler,® namely, finding the con-
stitutive relations for a stationary medium
subject to the effective fields created by the
motion of the plasma. If the constitutive
relations of the drifting plasma are used in-
stead, it can be shown® that the effective
zolues of the plasma parameters Xegr, Yert,
Zes; rather than the original values X, ¥, Z
should be used in the refractive index equa-
tion in Section IV and in (21) of the original
paper.! where we define

X
Xeit = (T_——ﬂﬂL) 5 (1a)
7
Veti = . o (1b)
Zeff = ‘Z— . (IC)
1—#nBg

For the particular case of longitudinal drift
Br=0 and longitudinal propagation ¥Yr=0,
one obtains therefore from (21) of the origi-
nal paper,! assuming Cesr#0,

Aert = (n® — 1)(1 — iZer) + Xerr(1 — nBL)?
=+ Vien(n?—1) (2)
Substituting (1) into {2), one obtains
(n?2— D1 —nB.+ ¥ — iZ)
+ X1 —08.) =0 (3)

where + 17 refers to the ordinary wave and
— It refers to the extraordinary wave’ in
the case of no drift velocity 82 =0. Eq. (3) is
in agreement with the relationship given in
the above discussion for the case of the ex-
traordinary wave (negative sign) and no
collisions Z=0. Eq. (3) is also in agreement
with a result given previously® for the case of
no magnetic field V5 =0.

The author has attempted to explain
some physical phenomena by using the con-
stitutive relations for a stationary media.

4 Received December 12, 1962,
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This was possible since it basically involved
only quadratic equations for the refractive
index n. It is believed that these physical
phenomena could be explained along similar
lines also when one uses the constitutive re-
lations for the drifting media. However, as
seen in (3), this will be a more difficult prob-
lem as it involves cubic equations for the
refractive index #, which could be simplified
under certain assumptions. The author is
presently considering this problem and the

results will be published elsewhere.
H. Uxz
Antenna Lab.
The Ohio State University
Columbus, Ohio

and

Electrical Engineering Dept.
The University of Kansas
Lawrence, Kan.

Beam Position Errors vs Frequency
of Antenna Arrays with Delay-Line
Phasing*

The experimental Inertialess Steerable
Communications Antenna (ISCAN) in La
Plata, Md., employs long lengths of low-loss
70-ohm transmission line to feed the 24
array elements.! During the initial testing
and alignment of the antenna the electrical
length of the lines was measured. It be-
came clear from the results that the phase
velocity depends upon frequency. This
means that the phase of the elements is in
error for frequencies other than the fre-
quency at which the adjustment is made,
and raises the question of beam position
errors which, in turn, may impose band-
width limitations. These aspects have been
investigated quantitatively by these writers.
The main points are presented here because
of the possible implications which they have
on all antenna arrays using delay-line phas-
ing.

The total inductance per unit length of a
coaxial transmission line is composed of the
internal inductance of the inner and outer
conductors and the external inductance,
associated with the flux external to the con-

ductors.
The external inductance is
b
Lo=2In—, )
2 a

For the ISCAN lines L,=0.285 pH/m.

The general expressions for the internal
inductance are quite complicated, even in
the simple case of a round wire and of a tubu-
lar outer conductor.? They simplify greatly,

* Received October 12, 1962.

1 H. Brueckmann, J. Gruber, and C. Bramble,
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